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1 Introduction

By competing short and long-range interactions, there exists some energies have been intro-
duced and studied in the mathematics. These energies are relevance to the diblock copolymer
microphase separation model. The diblock copolymer is a linear-chain molecule with two
sub-chains. These two sub-chains are covalently linked to each other. One of the sub-chains
is N4 monomers of typed A and the other one is Ng monomers of types B. The problem
of diblock copolymers was introduced by Ohta and Kawasaki [1] in 1986 at first based on a
density-functional theory. Nowadays, this problem has rekindled the interest of mathemati-
cians.

The following research of the diblock copolymers is about the droplet regime. Further-
more, a continuous study of the sharp interface of the diblock copolymers is addressed as a
study of small volume-fraction asymptotic properties of a nonlocal isoperimetric functional
with a confinement term. This functional is the sharp interface limit with a large number
static nanoparticles as a confinement term and penalize the energy outside of a fixed region
2].

Then, the research in Gamow’s liquid drop model [3] is a variant model with a general
Riesz kernel and a long-range attractive background potential with weight Z. The back-
ground potential is a regularization for the liquid drop model. Also, it restores the existence
of minimizes for arbitrary mass. This research resurfaced on diblock copolymers and gained
attention in the field of mathematical research. [4] provides a general overview of this prob-
lem and [5, 6, 7, 8,9, 10, 11, 12, 13] provide the studies in some spesific areas of this problem.

Finally, after studying the diblock copolymers and its related problems, the triblock
copolymer is the following research to focus on. Nakazawa and Ohta address the theory
of triblock copolymers in two dimensions. The triblock copolymer has been studied in [14]
and [15]. The ABC triblock copolymer [16] is a linear-chain molecule with three sub-chains.

These three sub-chains are covalently linked to each other. One of the sub-chains of type A



is connected to another one of type B monomers. Also, one of the sub-chains of type B is
connected to another subchain of types C' monomers.

This thesis paper is organized as follows. Section 2 analyzes the problem of small volume
fraction limit of the diblock copolymers based on [17] and [18]. This problem is studied
by two parts: the sharp interface and the diffuse interface. Section 3 analyzes the nonlocal
isoperimetric problem of the droplet phase based on [2]. Section 4 analyzes a variant of the
Gamow’s liquid drop model with background potential based on [19]. Section 5 analyzes the

energy functional of the triblock copolyerms based on [16].
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2 The Diblock Copolymers

2.1 Introduction
Ohta and Kawasaki [1] first propose a density-functional theory and develop it to a nonlocal
Cahn-Hilliard free energy by a long-range interaction term. This long-rang interaction term

has a connection with the sub-chains in the diblock copolymer macromolecule as

2
e |Vu|2dx+/ u2(1—u2)d9€+%||u—MH%,HT”). (2.1.1)

This energy can be minimized by a mass or volume constraint

][ u=M.

In the above equation, u represents the relative monomer density. When u = 0, it
represents the pure-A region. When u = 1, it represents the pure-B region. As a result, M
represents the relative abundance of the A-part, which is the volume fraction of the region
A.

The fine scale structure is depended on €, 0 and M by a mass constraint, and these three

can not be vanished. Therefore, by choosing the o = e, a rescaled (2.1.1) is given by

1
E(u) := 5/ |Vul*dz + g/ w (1 — )z +yl|u—  ul|}- qm (2.1.2)
Tn n

The functional € is used to model self-assembly of diblock copolymers [20, 1]. The first
term is a penalized large gradients to balance the second term. It separates the two phases

smoothly. The third term - the nonlocal term is
Ju— f u||12ﬁr1(1rn) - fqrn Vwl?dz, —Aw = u — Jan u,

which favors the rapid oscillation. In addition, its sharp-interface limit in the sense of I'-



Figure 1: A two-dimensional cartoon of small-particle structures

convergence is given by [21]

E(u) = / IVl + 3l = f 0l

The most crucial part in a regime of small volume fraction is that such small regions
called particles. The particles exist when e4/0 is small and M is close to zero or one and
both situations combined together since these two parameters control the phase diagram.
The research on this topic gives the description of the energy when the volume fraction tends
to zero but the number of particles in a minimizer remains O(1). To achieve the goal, the
limit off minimizers converge to weighted Dirac delta point measures should be examined
[17]. Then, effective energetic descriptions for their positioning and local structure is able to
be found. The small particle structures of the diffuse-interface are in Figure 1. The size of
the periodic box T™ is 1. The interfacial thickness is O(g). The size of the droplets [ is not
fixed, which is depended on the parameter v in £ and volume fraction.

2.2 Definitions

Before the description of the main results, some definitions are needed to introduce. T" =

R™/Z™ denotes the n-dimensional flat torus of unit volume where T" is an additive group with



neutral element 0 € T”. v denotes the characteristic function of some set A and for v € BV,
it is denoted as [, |Vv| where BV is T"; {0, 1}. X denotes the space of Radon measures on
T". Furthermore, ji,, u € X and pu, — p denotes the weak-measure convergence.

In addition, Green’s function is necessary to be introduced as G for —A in dimension
n on T" is given by

“AGpn =6 — l,with/ Gon = 0,

TTL
where the ¢ is the Dirac delta function at the origin. In two dimensions, for all x = (21, x2) €

R? with max{|z1],|z2|} < 1/2, the Green’s function is given by
Grala) = —5-og ] + ¢ (2
! 27 '

In three dimensions, for all x = (z1, o, z3) € R? with max{|z|, |z2|, |z3|} < 1/2, the Green’s

function is given by

Grps(z) = + ¢ ().

4 |x|

To solve —Av = pon T" for p € X such that p(T™) = 0, the equation is given by
el Fr-1pmy = ] [Vu[*dx

if v € H(T"), and then p € H*(T"). Furthermore, if y € L*(T") and (u—f u) € H1(T"),
then the norm

o~ fullZyom = /'/ (y)Gon (2 — y)dady.

Lastly, let f be the characteristic function of a set of finite perimeter on all R®, —Av = f

on R? with |v| — 0 as |z| — oo, and define

o v [ 2
11 o) /|VU| RS R347T|x—y|



2.3 Rescalings
For the sharp interface, to rescale some fixed M, a new parameter n is needed to introduce
to control the vanishing volume in order to set the total mass as "M [17]. Then the rescaled

equation is
u

Un: 77”

This lead to functionals defined over functions v, : T — {0,1/5"}, and

/u:n”M while /vn:M.

Besides, on v, : T" — {0,1/n™}, there exist the following collection of equations

= Z vl = —XAZ, (2.3.1)

which the A; are disjoint and connected subset of T".

Since A; have a diameter less than 1/2, then it is possible to assume that the A; do
not intersect the boundary 9[—1/2,1/2]". As a result, it is possible to extend V; to R" by
defining it to be zero for € A;. The components v} to functions 2 : R* — R by the

mass-conservative rescaling to map their amplitude to one as

First, in the case of n = 3, the norm can be written by using the form (2.3.1) as

o = Fnlly-1cz0 = Z [ [ tersu)Gasta = y)aady

//UJ Vvl (y)Gs (x — y)dady.
T JT3

,j=1
i#£]



Therefore, when the limit 7 — 0, the norm can be written as

i — foi - ms)—// (4)Grs( — y)dedy

= 24 g+ / [ @i g e - ydady

Therefore, the H~1 norm in v is

1 . 1
Ezi: 12l r-122) = 0(5)-

As a result, the energy is defined as

= [ 1Vl = Fulfm

=1’ <77/TS Vo +7774||U _va%I—l(T?’)) :

By choosing to use 7 = nig and (2.3.2), (2.3.3) can be defined as

1 0 Jpa VOl llo = foll gy i v € BV(T?40,1/0°})

Ef’]d(v) = —&(u) =

il 00 otherwise.

(2.3.2)

(2.3.3)

(2.3.4)

Defining the energy in the case n = 2 is similar as case n = 3. When the limit n — 0 the

norm can be written as

1oy = Fou o172

/2/T2v (y)Gr2(z — y)dzdy
:%(/R? )!10g77| !
J

T
/ / z y)log |z — y|dxdy
RrR2 JR2

[ @) - sy,
T2 JT2

10

(2.3.5)



Therefore, the H~! norm in v is

1 i ’ | log | i ’

u

As a result, by setting v = E the energy is defined as

e = [ 1Vl +3lu = fulfyen

= (n [ 1961+l = folly )

By choosing to use v = ——— and (2.3.5), (2.3.6), the energy can be defined as

Ilognln

1 N fro |V + |logn| v — fol|3- gy if v eE BV(T%{0,1/9%})
2/ N T H-1(T?)
E)(v) = =E(u) =

U 00 otherwise.

For the diffuse interface, the rescaling process is very similar to the sharp interface. To

rescale the energy € in (2.1.2) in three dimensions, define

u

V= n3

for some 1 > 0 is needed to be defined. Therefore, the energy ¢ is defined in v as

6
/’7 —
° - |Vol?dz + . /11‘3 W (v)dz +~ n°[jv — f UH%{*I(’H@)? (2.3.7)

where

W(v) == v*(1 — n’v)

Besides, on v, : T" — {0,1/n"}, there exist the following collection of equations
- Z 77’ = _XAN

11



which the A; are disjoint and connected subset of T™. Then by using the Modica-Mortola
convergence theorem [22] linking the perimeter to the scaled Cahn-Hilliard terms, the number

of A; remains O(1) under the assumption as

3 —
77[6773/ |Vo|*dz + U W(v)dw} < 17/ Vo] = O(1).
T3 g Jrs T3

The leading order of ||v, — fv,| |§{_1(T3) is 1/n since the self-interactions such that the leading
order of ||v}, — fu}| @1,1@3) is 1/n. Therefore, for balancing the third term in (2.3.7), choosing

v ~ 1/n3 which is
1

v=3
773

As a result, the energy is defined as

3
77 —
e(w) = {n[zn® [ (vePdz T [ Wiopds] ey~ foolfyien
T3 g Jrs

Besides, since the contents of the outer parenthese is O(1) as n — 0 with e < 7, then the

re-normalized energy is defined as
3
’r] —_—~
Eep(v) = 77[6773 /TS Voldz + . /TS W(v)d:v} +nllvg = fogllf- s (2.3.8)

2.4 Main Results

Results in Three Dimensions

For the sharp interface, in three dimensions, the results of Ef;d are defined in I'- convergence.

Therefore, the I'-limit can be defined over countable sums of weighted Dirac delta measure

12



By defining the function [17]

es?(m) := inf {/ |Vz| + ||z||§{_1(R3) . 2 € BV(R?; {0, 1}),/ z= m} : (2.4.1)
R3 R3
the limit functional can be defined as

00 B iy e N0 is [0 Jiati i
£y - Yoeat(mt) ifv=> " m"é,, {«'} distinct, and m' > 0

00 otherwise.

Theorem 2.4.1. Therefore, the first main result is stated as following. Within the space
X,

Ef;d AN ExY as 1 —0.
Besides, there exists two conditions:
e Condition 1 - the lower bound and compactness: There exists a sequence v,, — vy and

supp v is countable such that

ligl_jglf Eid(vn) > Ex(vo)

when v, is a sequence such that the sequence of energies Ef;d(vn) is bounded.

e Condition 2 - the upper bound: There exists a sequence v,, — vy such that

lim sup Ef’)d(vn) < E3(vp)
n—0

when E3%(vp) < oo.

Moreover, there exists only a finite number of m" are non-zero if {m'};ey with >, m’ < oo

satisfies
Zegd(mi) = egdZmi. (2.4.2)
; i=1

i=1

13



Therefore, define the set of admissible limit sequences [17]

M = {{mi}ieN :m' > 0, satisfying (2.4.2), such that ej®(m’) admits a minimizer for each z}

(2.4.3)
The global minimizer of E}? is
min {Egd(v) ; / v = M} = ed(M).
T3
Thus, the appropriately rescaled functional as the limit of E%d —eddis
HOBIOEE R

Then, the limiting energy functional F3¢ can be defined as

> et 99(0)(m?)?

Fol(v) == { + D iy MG (2t — ) if v =371, m',, {2} distinct, and m' € M
00 otherwise,

Note that the main part of F3¢

Z m'm? Gps (' — 37)
i#j

is the two-point interaction energy as known as a Coulomb interaction energy.
Theorem 2.4.2. As a result, within the space X,

Ff]d LN ng as n— 0.

Condition 1 and Condition 2 of Theorem 2.4.1 are still hold with the replacing of Ef;d and

E3? with Ff;d and F3¢.

14



For the diffuse interface, the small behaviour of E, ,, is the crucial part to be focused on as
well as the description of this behaviour via functionals over Dirac point masses. Therefore,

firstly, define the surface tension as

o= 2/1 VW (t)dt. (2.4.4)

By defining the leading order function [18]

eo(m) := inf {a/ V2| + ||2][7- 13 : 2 € BV(R? {0, 1}),/ z= m} ) (2.4.5)
R3 R3
the limit functional can be defined as

Eaf0) Yo eo(mt) ifv=7>3""7" m'd,, {z'} distinct, and m’ > 0
olv) (=

00 otherwise.

The global minimizer of Ey is

min {EO(U) : /T v= M} = eo(M).

Therefore, the appropriately rescaled functional as the limit of £, — e is

oo =t [Euten o[ )]

Then, the limiting energy functional Fy can be defined as

>t g9(0)(m')?
Fo(v) := § + X, mmIGrs(z' —¢7) if v =377 m'd,, {2} distinct, and m' € M

%) otherwise,
where M := {{mi}ieN :m' >0, 3.7 eg(m’) = eo(d i, m'), and eg(m’) admits a minimizer

15



for each z}

Theorem 2.4.3. As a result, one of the main results is stated as
r r
Es,n — EO and Fs,n — Fo.

Besides, there exists two conditions:

e Condition 1 - the lower bound and compactness: Let ¢, and 7, be sequences tending
to zero for some ¢ > 0 and &, = o(ni*¢). There exists a sequence v, — Vo and supp vy

is countable such that

lim inf EE'n’/r]n (Un) > Eo(U()) (246)

n—o0
when v,, is a sequence such that the sequence of energies E., , (v,) is bounded.

Moreover, the limit vy is a global minimizer of Ej if F;, ,, (v,) is bounded and ¢ > 1
such that
liminf F. , (v,) > Fo(vo). (2.4.7)

n—oo

e Condition 2 - the upper bound: There exist two continuous functions
Cl,CQ : [O, OO) — [O, OO) with Cl<0> = 02(0) =0.

Let &, and 7, be sequences tending to zero and ¢, < C1(n,). Then there exists a

sequence v, — vg such that

limsup E., ,, (v,) < Eo(vo) (2.4.8)

n—o0

when Ey(vg) < 0.

16



Moreover, the limit vy minimized E and 7, < C3(n,), then there exists

limsup F;, ,, (v,) < Fo(vo). (2.4.9)

n—oo

In addition, by the sharp interface functionals, the limit functional of E. , with € tend to

zero for fixed 7 is defined as

o [ |Vvl +nllv = fol|%_, s if ve BV(T?:{0,1/n3
e | el ol O

00 otherwise.

Therefore, the appropriately rescaled functional as the limit of E,, — ¢ is

Fo(0) =1 [En(v) e (/T v)] |

Theorem 2.4.4. As a result, one of the main results is stated as
r r
E, —Ey and F,—Fy, asn—0.

Besides, there exists two conditions:

e Condition 1 - the lower bound and compactness: Let 7, be a sequence tending to zero.

There exists a sequence v,, — vy and supp vy is countable such that

liminf E,, (v,) > Eo(vo) (2.4.11)

n—oo

when v, is a sequence such that the sequence of energies E,, (v,) is bounded.

Moreover, the limit vy is a global minimizer of E, if F, (v,) is bounded and vy =

S._, M6, where m' € M such that

liminf F,, (v,) > Fo(vo). (2.4.12)

n—o0

17



e Condition 2 - the upper bound: There exists a sequence v,, — vy such that

limsup E,, (v,) < Eg(vo)

n—oo

when Eg(vg) < oo and Fg(v) < 0.

Moreover, there exists a sequence v, — vg such that

limsup F., ., (v,) < Fo(vo).

n—oo

when Fy(vg) < o0.

Results in Two Dimensions

(2.4.13)

(2.4.14)

In two dimensions, there are two differences compared to three dimensions. The first dif-

ference is the leading-order limiting behaviour. The second difference is the next-order

behaviour. In addition, the critical point that makes the two-dimensional case special is the

scaling of the H~! (2.3.6).

Therefore, for the sharp interface, a function [17] is introduced for the local problem in

two dimensions as

m

2
2y = " intd [ V2] : 2 € BV®RZ O, 1}),/ c—mb
27T R2 R2

2
- + 2v/1mTm.
21

The lower-semicontinuous envelope function is defined as

e_gd(m) := inf {Z e2(m?) - m? > O,ij = m}

j=1 j=1

since the function e€2? does not satisfy the lower-semicontinuity condition. Thus, the limit

18



functional is defined as

00 od(, i) if . N i8S  [d) Jiat i
£21(,) . Yo egt(mt) ifv=> " m"é,, {«'} distinct, and m' > 0

00 otherwise.

Theorem 2.4.5. As a result, within the space X,
Egd AN E2Y as n—0.

Condition 1 and Condition 2 of Theorem 2.4.1 are still hold with the replacing of Ef;d and

E3? with E%d and E2¢.

For the next-order behaviour, the global minimizer of E3? is defined as

min {Egd(v) ; /T v = M} = e24(M).

Therefore, the appropriately rescaled functional as the limit of E%d —e5® is

Fo'(v) = [logn| {Eid(“) — </1r U)} |

The situation so far looks similar as the three-dimensional case that the limiting weights
m' satisfies the minimality condition and the compactness condition for boundedness of the

sequence F%d. The compactness can be simply written as
A’ = (')

However, in two dimensions, the minimality condition is stronger than in the three dimen-

sions. When {m'};cy is a solution of the minimization problem, then

min{z el (m') :m' >0, m' = M}. (2.4.15)
=1 =1

19



Comparing to the three-dimensional case, the functional F%d has one additional term as

the limit n — 0 as
E y) log |x — y|dzdy. 2.4.16

Therefore, to calculate the above equation, it is needed to assume zﬁ] to be a characteristic
function of a ball of mass m’ since it has only balls as solution. Then. the first term in
(2.4.16) is
2
m m
m):=—(3—2lo —>.

fo(m) 8T ( & s

In addition, some notation and optimal sequences need to be defined. For the notation,

when n € N and m > 0, the sequence n ® m is

. m 1<i1<n
(n®@m)' =
0 n+1<171<o00.

Define M as the set of optimal sequences

—~

M :={n®m : n®m minimizes (2.4.15) for M = nm, and e24(m) = 2¥(m)}.

Then, the limiting energy functional F2¢ can be defined as

n{fo(m) + m2g(2)(0)}—|—
FA(p) .= { = Yoo Gre(@’ —a7) ifv=m37" 8., {2’} distinct, and n @ m € M
it

00 otherwise.
\

(2.4.17)

Theorem 2.4.6. As a result, within the space X,
ng RN F%d as n— 0.

Condition 1 and Condition 2 of Theorem 2.4.5 are still hold with the replacing of Efld and

20



E5? with F2* and Fg°.

For the diffuse interface, the process to have the results is very similar to the sharp

interface. There is a function [18] for the local problem in two dimensions as

2
ezP(m) = % + inf {0

|Vz|: z € BV(R? {0, 1}),/ z= m} ,

R? R2 (2.4.18)

m2

= — + 20/7Tm.
47
The lower-semicontinuous envelope function is defined as
= inf {Ze (m?) :m? >0 ij = m} (2.4.19)

JjeJ jeJ

since the function e3P does not satisfy the lower-semicontinuity condition. By rescaling with
v=u/n?and v =

—L__the two-dimensional function of E.,, is
[logn|n®? n

E2D(v) = en /]Vv|2

The analogous sharp-interface limit as ¢ — 0 is

/ 2(1 — n20)® + log | Mo — f vl-.

E%D(U) =

0,9)

1 Jp2 [VO] + [logn| 7! Jv = follf-ypy i v € BV(T;{0,1/n%})
otherwise.
where the o is defined in (2.4.4). As a result, the first-order limit is defined as

2D (i) if p =
oy o | S

> iep M0y, I is countable, {2'} distinct, and m’ > 0
o

otherwise.

For the next-order behaviour, the global minimizer of E2” is defined as

min {EgD(U) : /T v = M} — e2D(M).

21



Therefore, the appropriately rescaled functional as the limit of E%D — eg_D is

F20) i= ltogl [£2500) - ( [ ).

However, in two dimensions, the minimality condition is stronger than in the three di-

mensions. When {m'};cy is a solution of the minimization problem, then

=1

min {Z e2P(m') :m' >0, Zmi = M} . (2.4.20)
i=1

Therefore, define M as the set of optimal sequences

—

M = {n®m : n®m minimizes (2.4.20) for M = nm, and €2 (m) = 2”(m)}.

Then, the limiting energy functional F2P can be defined as

AR
F2P(v) :={ = Yoo Gre(at —a7) ifv=m}7, 8., {'} distinct, and n®@m € M
i
00 otherwise.
\
(2.4.21)

Theorem 2.4.7. As a result, one of the main results is stated as
r r
E}}77 — EO and FE,T) — Fo.

Besides, there exists two conditions:

e Condition 1 - the lower bound and compactness: Let ¢, and 7, be sequences tending

to zero such that &,n,37¢ — 0 for some ¢ > 0. There exists a sequence v, — vy and

22



supp g is countable such that

liminf EZP (v,) > E3”(vo) (2.4.22)

n—oo

when v, is a sequence such that the sequence of energies ngnn(vn) is bounded.

Moreover, the limit vy is a global minimizer of E3” if F2P (v,) is bounded such that
lim inf F2D (vn) > F3P(wo). (2.4.23)

Condition 2 - the upper bound: Let ¢, and 7, be sequences tending to zero such that

enln | logn,| = 0. Then there exists a sequence v, — v such that

lim sup E?fnn(vn) < EZP(v) (2.4.24)

n—oo

when E2P (v) < oo.

Moreover, the limit v minimized E and if &,7,!|logn,|> — 0, then there exists

limsup F20, (vn) < F2P(v). (2.4.25)

n—oo

2.5 Proof

Sharp Interface

Let v, be a sequence in BV (T3;{0,1/n3}) such that both [, v, and E>*(v,) are uniformly
0 13 Un n \Un

bounded. Define the function w, := nv, satisfy w, — 0 € L'(T?), and |Vw,| = n|Vuv,|

bounded in L!(T?). Besides, w?,/ ? = v, is bounded in L'(T?) by definition.

Lemma 2.5.1. As a result, a subsequence has v,, — vy as measures. Then, v, can be defined

23



as

o
Vg = Zmiéxi, m' >0, ' € T? distinct, (2.5.1)

i=1
such that v, — vy as measures after implying the Lemma 1.1 (i) from [23] with m = p =

1,q=2/3.

Lemma 2.5.2. To prove the lower bound on E}%(v,) and F3%(v,), under the same conditions

as previous lemma, assume for some n € N without loss of generality that

n
Uy = ’U17
=1

with w — liminf, vfl > md,, supp vfi C B(2%,1/4), dist (supp vfl, supp v%) > 0 for all

7

i # j, and diam supp v,

< 1/4. Besides, to prove the lower bound on F3!(v,), assume

v}, — Mg for each . Thus,
/3 |z — & vy (z)de > C'n?, &) € T° (2.5.2)
T

where the constant C* > 0.

The details of the proof of this lemma is given in [17] Section 5.4.

Proof of Theorem 2.4.1
Lower bound

Define v, as a sequence such that the sequences of energies Egd(vn) and masses fw v, are
bounded. Then, a subsequence converge to a limit vy of the form (2.5.1) by Lemma 2.5.1.
L C

Also, a sequence v, such that v, = > " v} with w — liminf, ,ov) > m{d,:, supp v}

=1 "7n

B(z,1/4), and dist (supp Uj], supp ng) > 0 for all i # j by Lemma 2.5.2. Therefore, define
2 () = 1Py’ + ny). (2.5.3)
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Then, there exist

i _ i i i
/Tavn—/R?)zn and /Tg]an]—/Rg\Vzn\,

R R [ Ay i O PR

by (2.3.2). Then, define
- /11‘3 Uy = /R3 &

and

Therefore,

EX(v,) = ZESd +nZ / /T 3 y)Gs (& — y)dady

i,7=1
i#]

- Z [/3 V| + ||Z7i7H12LI*1(R3)] +772/TB /11‘3 Ui](a:)v;(y)g(3)(;z;
' i=1

+1 // (y)Gps(x — y)dzdy
T3 J T8

3,7=1
i#]

n

> Ze ) + ninf g Z(m;)2 + ninf Grs i m;mj

i=1 ij=1
i#j

Therefore, the continuity and monotonicity of e3¢ imply that

n

—y)dxdy

— y)dxdy

(2.5.4)

hmmf Ef’]d vy) > Z <l1m1nfm ) > Z€3d< Z) > Egd(vo)
=1

-0
K i=1

since the last two terms of (2.5.4) vanish in the limit.
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Upper Bound

Let v satisfy E3¢(vg) < oo. Then, the infinite sum vy = > ;- m'd,: can be approximated by
finite sums trivially as
B (Do midan ) = D eilm') < Y i) = Ef(uo).
=1 =1 =1
Thus,

n
vy = E m'o.
i=1

In addition, let € > 0 and 2% be near-optimal in the definition of ¢3¢(m?) such that

i i i €
LV leglrgen < e + 5. (255

n

Assume the support of 2% is bounded based on the isoperimetric inequality. Then, define
vy (z) =022 <n_1(x — x2)> (2.5.6)

Thus,

/ vl =m'.
n
’]1‘3

Besides, when 7 is sufficiently small, v, := )", U% is admissible for E3¢ since the diameters of

the supports of the v; tend to zero and the 2’ are distinct. Therefore,

et'o) = 3 [ [ 191+ lailfien] +0 3 [ [ o 0)e® e sy
i=1 =1

+1) zn: /TS /TS vl (@) (y)Grs (. — y)dady.

1,j=1
i#j

Therefore,

lim sup EX*(v,) < Ej?(vo) + €.
n—0
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Proof of Theorem 2.4.2
Lower Bound

Following the definition of v, in Lemma 2.5.2, converge to

n
vy = E m'd.i, my > O0and 2" are distinct.
i=1

Then, define

Thus, follow (2.5.4)

F3dv7, nl[Ed —ep </T31)7,>}
[ 1 el — i) + S tm) - ead(Dm:;))]

,r/z*l T/ =1
()0 — y)dzd y)Gs (z — y)dady.
+n§4343vn(x)vn( (x nyrn”Zl/?’/W )Gs (z — y)dady

i#£]

(2.5.7)

As a result, since the boundedness of F%d(vn), continuity of €3, and the first two two terms

are non-negative,
0= 3 ) -t (3nd) =y b - ()] <0

i=1

Under the condition (2.5.2), the sequence 2}, is tight since it is bounded in BV (R?; {0, 1}).
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Thus, a subsequence converges in L'(R?) to a limit z}. Then,

0 [ 19341+ 1l = ebilm)

< Timi i Q2 ] 3d(, i
< lim inf [/R3 IVl + 2 llr-12) hr%eo (m

n—0

)=0

by (2.5.7) and implies 2 is a minimizer for e3¢(m?).

As a result,

3d G (r —
hInn_glf o (v,) > 1117711_}ng (Z/TB /W (x — y)dxdy

+Z/ /T y)Gs (z — )da:dy)

1,7=1
i#]

— 4®)(0) Z(mi)2 n Z mimd Gps (z' — ) = F3(up).
i=1 1,j=1
£

Upper Bound

Let x' be distinct and {m'} € M, define

n
vy = E m' 0.
i=1

2% can be chosen to achieve the minimum in the minimization problem defining e3?(m’) by
the definition of M. Based on the isoperimetric inequality, the support of 2z is bounded.
Also, by (2.5.6), the function

UT] = E
=1

Fid and v, — vy for some sufficiently small . Therefore, by the second line

is admissible for
of (2.5.4),

lim ng(vn) = F3%(vp).

n—0
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Diffuse Interface

To proof Theorem 2.4.3, Theorem 2.4.4 is required. In addition, the following lemma from

[18] is required in the proof.

Lemma 2.5.3. When there is a constant Cy(«), a > 0, for any characteristic function y of

a subset of T and & > 0, there exists an approximation v € H'(T", [0, 1]) with

1
/ §|Vul? + SUQ (1 —u?)dr < (0 + a)/ Vx|,
T3 T3

and
/ |x—UId:c§Oo(Oé)5/ Vx|
T3 T3

Lower Bound

For the lower bound, appropriate cutoffs are used to relate the approximate diffuse-interface
sequence to the sharp-interface sequence with the same limit and smaller energy difference.
To prove the condition 1, define ¢, 7, and v, be the same sequences in the theorem. Recall

that the energy in the original scaling u,, = n3v,. Thus, in terms of w,,

En 1
Bronn() = 55 [ 1V fido + W o)+l = By

nien Jys

Furthermore, define the continuous and strictly increasing function

o(s) = 2/08 VW (t)dt.

Then, there exist

1 1
Buvin () 2 75 [ V()| + =l funl s 253
M JT3 Mn
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since the consequence of the inequality a? + b* > 2ab.

In addition, define o, = 1/(0—n%). Recall the previous surface tension o := 2 f01 VW (t)dt =
o(1) — 6(0). Thus,

61— 28,) = 6(28,) = 9(1) = 6(0) — 7in = —

n

where the quadratic behaviour of W at 0 and 1 implies that 4,, = 0(777%/ ?). Therefore, 6, > 0.

Besides, the notation|n] for the clipping to the interval [0, 1] is defined
[u] :== min{1, max{0, u}}.
The size of the set

Ay = {t € [0(0), (1] : H' (0 {6([ual) > 1} = o | [Vo([ua))l}

T3
can be estimated by

1 #(1) . _i
Al = [ 1< g [ (ol > = -

by using the characterization of perimeter from Theorem 2.1 in [24] as

#(1)
[Vt = [ 3@ (i) >
T ¢(0)
Therefore,
WO (0[] > ) < 0 [ [90([ua) (259)

where t,, € [¢(0,,), #(1 — ¢,,)]/An by the definition of «,, and d,.
In addition, define an auxiliary sequence %, Its corresponding v,, = 1, /n, is admissible

for the sharp-interface fucntional E,. Then, map the values of u, to {0,1} with cut off
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0 if ¢(un(x)) <ty

Up(x) :=
1 if p(u,(z)) > t,
Therefore, there exists
[ IVl =@ (o) > ) (25.10)
Then, define v as
2 i
o) = U fo((u)) <t,

(- if o((w) >

since ¢! (t,) € [0n, 1 — ¢y). Also,
Un(u) < CO2W (u) < C'675W (u)

for some C' and C" independent of n, which means that v, (u) is bounded by an increasing
factor times W. Thus, the sequences %,, and u,, are close in L? and the final estimate results

from the boundedness of E., , (v;,) is

o = all = [ ) < o€ [ Wlt) = O ) = 0.
T3 T3
Furthermore, they are close in H~! as

it — T —][<un — @)l < Cllun — —][<un )|
< ||Un _EnHLQ (2.5.11)

— Ol (=¢) 0.
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For the squared norms, the same holds and using the hypothesis €, = o(ni+¢) as

i = f il = Vi = of Tl
< <||un _][unHHl + | _][ﬂn”Hl) [, — T, _][(un = Up)|[ -1
< (= f walls 4l = 0 = = )1 ) Ol 23-72)

= (nZEsn,nn (vn))1/20(€711/2777(11—§/2)) + O(€n7727§)

(2.5.12)

= O(e,/* 0y "4%) + O(ewry*)

= o(ny).

As a result, the lower bound (2.5.8) in the sequence %, by (2.5.9) and (2.5.10) is

1 . 1
By () = —HN O {@([un]) > tn}) + = lun — + a7+ (by (2.5.8),(2.5.9)
QpM n
_ 1 [ Iva + %Hﬂn —][an“i,_l + o(1) (by (2.5.10), (2.5.12))
annn T3 nn
= [ 190+l f Tl + o)
Oy T3
1 _ )
> po E,. (Tn) + o(ny) (smce oo, >1 (oo, - 1asn — oo)>

(2.5.13)

Moreover, by combining the above results and Theorem 2.4.4, there exists a subsequence

v, converging to a limit vy with countable support as

liminf E,, (Dn,) > Eo(vo). (2.5.14)

k—oo

Besides, since ¢ € C(T?), this subsequence converges weakly to the same limit as

_ 1 _ o
| [ (0 =0)6] < -l = Tllsllells = O(el2a2) =0,

Nk

Therefore, the compactness of the sequence v,, and the characterization of the support of the
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limit are proved as the lower bound inequality (2.4.3) is proved by (2.5.13) and (2.5.14).

For the lower bound of F,, the boundedness of F, , implies the boundedness of F.

nyln *

Thus, the characterization also implies. As a result, by (2.5.13),

ZL[E%(@Z)—EO(/;U”)} +i( ! 1) By, (B) + o(1).

As a result, the lower bound for F, ipmlies

liminf F, ,, (v,) > Fo(vo),

n—oo

since o, = 1+ o(n5) with € > 1. Thus, (2.4.6) is proved.

Upper Bound

For the upper bound, at first, it is needed to deal with F. ,. By the proof of Theorem 2.4.4,
there exists the vy as

N
vy = g m'd,:, = distinct.

=1

Thus, there exists a sequence T,, — vg by (2.4.13) such that

limsup E., ., (Un) < Eo(vo). (2.5.15)

n—oo

Then, for E,, such that an admissible sequence v,, — vy with a given vy,

lim E,, (v,) = Eo(vo). (2.5.16)

n—oo

Moreover, define the characteristic function of a subset of T composed of N sets as

a3
Up, 2= M, Un,
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where diameters are decreasing to zero. By Lemma 2.5.3 (a = 7,,), there exsits a Cy(n,,) for

any €, > 0 with each n. Therefore, there exists an approximation as

1
/ |V, |* + —u2 (1 —u2)dx < (o + nn)/ (V| (2.5.17)
T3 g T3

n

and

/ [T, — up|de < C’o(nn)en/ (V|
T3 T3

for w, € H'(T3,[0,1]). In addition, define

Thus,

[ / Ty — wn|da
']T3
C n n
< Lf/ V| (2.5.18)
Tln T3

OO(nn)gn
Tin

<C
Then, the estimated H ~!-norm is

an — Uy, _][(Un - En)HH—l(’]IB) < Can — Up _][(Un - @n)HLQ(T“)

< Cllvn = Tall32 () (2.5.19)

< C||Un — EnHLoo(TS)HUn — FnHLl(TS)
CO(nn)gn

<C
b
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Then,

€ 1 1
E _n:_n V_712 W_n — ||[un — _n2—
@) = 5 [ VA W)+ i, = f e
1

1
== | <5n|Vﬂn|2 + g—ﬂi(l - ﬂi))dw + 1| [On —][mﬁq_l

Np JT n
1 1
< [ (GIvmP o+ Zw - w)de+ il — f el
T}n T3 En
+ H'Un — En —][('Un — En)HH_l(Tg’)

C n n
< Do + 1) /TB V0| + 7|0 —][vn||§,_1 + C% <by (2.5.17) and (2.5.19))

n

Co(nn)en
= Ey(on) 2 [ (Vo] + D
T3 n
(2.5.20)
Then, define a function C; as in the Theorem [18]. Therefore,
C n n
CLS)8 0 as n—0 (2.5.21)
U

such that satisfies g, < C}(n,). As a result, by taking the lim sup as n — oo in (2.5.20) and
(2.5.16),

limsup E., ., (U,) < Eo(vo).

n—oo

Moreover, define

N
vy = Zmiéwi, {m'} € M.
i=1

Thus, there exists a sequence v,, — vy by (2.4.14) such that

lim £, (v,) = F(vo). (2.5.22)

n—oo
Follow the steps in (2.5.20), there exists

Co(n?)en,
Bepin (50) < Ey(u) 412 [ rvmw%. (2.5.23)
']1*3

n
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Besides, let L be the local Lipschitz constant of ey, there exists

Fep i, (0n) = 777:1 [Ee,n(ﬁn) - 60(/11‘3 5n>]

<t Byt +t [ Vol +C

—%(A¥%)+<%<A;%)—%(Aj%»](mwza%»

00(77727,)571
3

R Co(m3)en
< 0) + 000 + 1 (L] — 12 + ¢ ]
Then, define a function C5 as in the Theorem. Therefore,
Co(n?)en
Ciﬂgi—w as n -0 (2.5.24)
T

such that satisfies €, < Cy(n,). As a result,

limsup F., ., (0n) < Fo(vo).

n—oo

3 The Non-Local Isoperimetric Problem Under Confinement

3.1 Introduction

The droplet regime in the spare A-phase is described effectively by the droplet centers, which
are the particles in the previous study. The droplet regime is in the mass fraction between the
two phases tends to zero with very strong nonlocal interactions [2]. Besides, the minimizing
phases resemble small spherical inclusion of one phase in a large sea of the second phase. The
droplet regime is able to decompose the nonlocal effects into self-effects as a single droplet
and interaction-effects between different particles. Furthermore, since replacing the torus
T3 with the smooth bounded domain D € R3 is reasonable in mathematics and physics,
there is no need to impose periodic boundary conditions to observe the droplet splitting and

confinement. In the previous study, the location of the centers :Bf7 is determined by the next
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order term in the energy expansion and a Coulomb-like repulsion will arise from the nonlocal

term. On the same definitions, define the energy functional

E(v) =0 190l + allo = Mosgeo = [ vle)ole)ds (3.1.1)

for a fixed function p € C(T?) in the limit of  — 0 by rescaling the energy functional
from previous study. The confinement term here is at the level of particle interaction. It
is drawing the centers x% towards the global maximum of the nanoparticle density p(x).
Therefore, isolate individual droplets at a much smaller scale is necessary.

Suppose minimizers form n droplets and center at points x! = 0p;,i = 1,2,...,n;0 =

d(n) — 0. Therefore, define

— in_ng(x —775]91')7 w; € BV(R3; {0, 1}) (3.1.2)
=1

as an admissible test configuration. Define

m' = w;dzx.
R3

Then, by expressing the H '-norm in Green’s function (G(z,y) ~ 1/4xw|x — y|), evaluate

E,(v,) asymptotically as

n

Ey) 2 3 [ [ 190l | = Mo
=1

13 o]

ij=1
i#]

(3.1.3)
_I_

where the distance between droplet centers §(n) > n.

Recall (2.4.1), since droplet profiles z; are minimizers for the nonlocal isoperimetric prob-

37



lem in R3, then define

eo(m) := inf {/ |Vz| + ||z||%1_1(R3) : 2 € BV(R?; {0, 1}),/ z = m} . (3.1.4)
R3 R3
Therefore, for minimizers of E, in Gamow functional, define
Mgy :={m > 0: ey(m) admits a minimizer},

for which the nonlocal isoperimetric probelm attains a minimizer. When total mass M € M,
there is no need to split and minimizers v, remain connected as 7 — 0. However, when total
mass M ¢ My, minimizers will split into droplets with mass m’ € M. Here is an optimal

droplet blowup. As a result, recall (2.4.3), define a set

n
My = {{ml " ooneNm >0, Zm’ = M, such that eg(m’) admits a minimizer for each z}
i=1

where droplet masses must lie in.

3.2 Main Results
The most important result is to confirm the expected behavior by means of a precise asymp-

totic expansion of the energy of minimizers.

Theorem 3.2.1. Let v, be minimizers of E, in BV (T? {0,77°}). Since m' := [, widz,

Jgs Unda = M.
e (I) Supp v, C B,(0) C T? for all sufficiently small > 0 and any r > 0.

e (II) There exists a subsequence of n — 0 and points y,, € T with |y,| < Cn'/? for
M € Mg such that

T —Yn

Y ) 5 0e LY(T?),

Uy — 7)*3zM<

where zj; attains the minimum ey(M).
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e (III) There exits a subsequence of n — 0,n € N, {m’}" , € M, and distinct points

{xy,...,an} for M ¢ My such that

‘ ) —0e Ll(Tg), w; € BV<T3a {07 1})7

(S

where w; attains the minimum in eg(m;),7 = 1, ..., n. Furthermore,

771/3 7,_>1,Z€R3

and

n mimi n i
EW(UW) = e0(‘]\4) - Mpmax + 772/3 Z + Zm (](ZL’Z) + 0(772/3)'
ij=1 ;

i)

47'("371' — Jl'j’

In addition, the expression in brackets above is minimized by the choice of points

{z1,...,2,} given the values {m'}" , € M.

3.3 Structure of Minimizers

For studying the concentration structure of minimizers, will begin with second-order ap-
proximation since the first-order limit functional and convergence result have been studied
already in the previous section. This limit depends on the specific form of the penalizing
measure p. Mass constrained minimizers of E, concentrate at the origin as 7 — 0, which
depends on the size of the mass constraint M. When M is very large, a minimizer of e, fails
to exist and the minimizer split at a scale larger than n as n — 0. When M is very small,
there is no splitting.

Moreover, consider the upper bounds on the minimum energy of E,,.

Lemma 3.3.1. For any n € N, {p;}!; distinct fixed points in R* and {m'}?_; € M;. Thus,

~ mim?
fmlnME 2(0) < (eo(M) — M ppay) + 0?3 ZmZQ(Pz Z D: +o(n*?). (3.3.1)
3 v i=1

1] 1
i#]
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Besides, when M ¢ M,

Lmin | Ey(0) < (eo(M) ~ Mpu) +O(n) (3.3.2)

As a result, the upper bound is verified. Furthermore, normally, the most difficult part
is to verify the lower bound. First, establish the existence of points in T® by a compact-
ness result. These points are separated by a scale much larger than n apart. Therefore,
the weighted Dirac-Delta measure at these points approximate v,. Then, it achieves the
minimum of the first-order energy Ey by the existence of components of supp v, since the
supports are n-resaclings of minimizers of the nonlocal isoperimetric problem. Moreover,
consider that there can only be finitely many distinct components for minimizers of E,,

there is a strong convergence result and there may be a unique component.

Lemma 3.3.2. For each n > 0, let v, be a minimizer of E,, with ng vydx = M. Therefore,
there exists a subsequence n — 0,n € N, {m'}7, C (0,00), {z}};~; C T® and functions

w;, € BV(T?{0,1/n°}) with [[w}||p1(rs = m’ + o(1) as 7 — 0 for n > 2 such

7, = i

— oo for every i # 7j; (3.3.3)
n
— : ; 3.4
Uy izlwn L) — 0; (3.3.4)
eo(m') is attained for each i = 1,2,...,n and eg(M) = Zeo(mi); (3.3.5)
i=1
liInIl_}élf E,(v,) > lign_}glf Zl E,(w,) > Zl eo(m') — M pmax. (3.3.6)

Besides, when n = 1, then M € M,. Thus, there exist points x, € T? such that

vy — 77_32M<x /N O) in L'(T?) as n — 0, 2, attains the minimum eo(M).  (3.3.7)
n
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For the detailed proof, please see [Lemma 2.5 [2]].

3.4 Regularity of Minimizers
In addition, there exists a possible error of o(1). It means it is not sharp enough to compute
the interaction between droplets. Therefore, it is necessary to use the regularity theory of
minimizers to refine the decomposition to obtain a lower bound without error term. The
fundamental idea is to show the minimizers v, of E, blow up to w—minimizers of perimeter
in R? which w is independent of 7.

By defining the w—minimality, there exists a strong regularity result for minimizers v,,.
Let O C R? be an open set and w > 0. Let A be a set of finite perimeter as A C R®. Let B
be any set of finite perimeter as B C R? any ball B,(zq) C O. Thus, if AAB CC B,(x),

then A is an w-minimizer for the perimeter functional [, [Vx4|in O. Therefore, there exists

/ Val < / Vxs| + wrd,
(@) O

In addition, the second step is to blow up the minimziers set A, = supp v,. For any fixed
p € T? and a R > 0 which is given in [Lemma 2.8 [2]], there exists the gp,n as an w-minimizer
of perimeter in Bg(0) for w > 0, and uniformly for all n € (0, 7). Besides, by [25], define

an unconstrained functional

Y

EAu) 1= Ey(u) + )\’ / udzr — M
T3

for any A > 0 and u € BV (T?; {0, 1}. This functional will penalizes deviations from the usual

mass constraint. Therefore, there exists constants 7y, Ay > 0 such that for every 0 < n < ng
inf{E)°(u) : u € BV(T?;{0,1})} = E;*(v,) = E,(vy).

Therefore, the following regularity result is the important consequence of w—minimiality:.

Theorem 3.4.1. Let © C R3 be a bounded open set, and Qn C O be a sequence of
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w—minimizers of the perimeter functional such that

Z/lVXQ|<+oo and  xg, — xq in L'(O)

n>0

for Q C O of class C?. Then, for the small enough 7, ﬁn is of class CV'/? and
0, = {z + by (z)%(z) : x € ON}

with ¥, — 0 in C1%(9Q) for all « € (0,1/2) where v denotes the unit outward normal to

of.

As a result, by the regularity theorem to minimizers of E,, the minimizers split exactly

and disjointly into the sets U} found in Lemma 2.5 of [2].

Lemma 3.4.2. Let v, = x4, be minimizers of E, with [A,| = Mn®. Let n € N, and u;,

and Uriz € R3,i=1,2,...,n. There exists R > 0 independent of 7 such that

U} € Bg(0), zn:|U;|:zn:mf7:M, and v, (z Zu
i=1 i=1

for all sufficiently small » > 0. Moreover, the sharp lower bound on the energy is

n<vn>zi§:En oS [ ey o)

2,7=1
i#j

for sufficiently small n > 0.

vy, splits into exactly n components and the residual sets exactly vanish. Thus, =,, V" = 0
for small 7.
3.5 Proof
To prove the main result - Theorem 3.2.1, one good way is to match the upper bounds and

lower bounds on E,(v,). The sharp form of the decomposition is used to it.
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Upper Bound

Let n € N, {p;}1, distinct fixed points in R® and {m‘}?"_, € M;. Recall (3.1.4), then there
exists z' attains the minimum in ey(m’). In addition, there exists a constant r > 0 for Z* :=
supp 2' C B,(0),7 = 1,2,....,n by considering a finite number of 2’ only since the support of

z; are bounded. Then, define

and
=V
i=1
Here, v, is a function on T since suppr, C B; /4(0) for all very small > 0. Therefore,

/|vun|+nZ/Tg/Tg Gz — y)dedy — Z/TS

2,7=1

- 7 Mmax d
Zeom / +nz/3/m4m_y| ,

i,7=1
£

- Z / )(pmax — p())dz + O(1).

(3.5.1)

Moreover, set the change of variables as

1/3 1/3

n{=xz—n""p; and nC=y—n"'"p;.

Thus, to evaluate 7 # j, by the Dominated Convergence applied to the integral (n — 0),

@VaY) g — / / dédc
/1r3/1r3 47TIar—yl i J i Amn?3(€ ) (pi — p))|

mimJ

(3.5.2)

—+0n2/3
Tlp =g T
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Similarly,

[ A omas = ptente = [ (ot 6l de + oo
T3 VA
=/ / q(pi + 1°/€)dE + o(*"?) (3:53)
YA
=0 *miq(p;) + o(i*"?).
As a result, the desired upped bound for n > 2 is by inserting (3.5.2) and (3.5.3) into (3.5.1).

When M € M, by attaining eq(M), let n = 1,p; = 0, and z = xz. Then, define

vp(x) = z(z/n). Therefore, (3.5.1) can be written as

E, (1) = €0(M) — Mpuae + / (1) — P dé + O(n)

S eO(M) - Mpmax + 0(77)

Note that the principal error comes from the regular part of the Green’s function.

Lower Bound

To derive the lower bound, it is appropriate to begin with the droplet centers {x%} For each

n > 0, let v,, be a minimizer of E, with fT3 vydx = M. Define
Ay = rr;m |x§7 - :137]7| and 3, := max |:E§7| (3.5.4)
iF£] i

for a finite number of i,7 = 1,2, ...,n. Let {u’ — n}}, with v, = >°"  u} be the functions

found in Lemma 3.3.2. Thus, £, > 7 since |z}, — x| > 7.
The first step is to evaluate the nonlocal and confinement terms. Consider the case n > 2.

There exist
1 1

v =yl fad, — a3

4R,

oy — P

for all 2 € supp u, = (nU}, + ;) and y € supp u} = (nU] + x]), i # j since U}, C Bg(0).
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Therefore,

// s L Ot — 3% = — (1 o(1)). (3.5.5)
oo o e =y = g T O o) 35

dr|zi — 7| dr|xh — )|

For the confinement term, set a k in [z} = f3,. Thus, there exits |z] > 1/2f, for

T € (nU,’; + :ij) Therefore, the rough estimate is
p(x) = pmax < —q(x) + o(|z|*) < =282, constant ¢; > 0 and independent of 7).

by using the hypothesis on the structure of p(x) near zero. As a result, a rough lower bound

18

& i 7 mimj
Ep(vy) > (eo(m)) = mlpmax) + Y n (1= o(1) + ey
=1 i,j=1 7T|x77 I"]|
i#£]
u mim/
> eo(M) = Mpmax + > 1———(1 = 0(1)) + c2f3;, (3.5.6)
47r\:v§7 — a7

for constant ¢, co > 0 and independent of  , and M = Z m;.

i=1

For the scale of concentration when n > 2, let |zf| = 3, and |z} — x| = A, where
k#1€{1,2,..,n}. Therefore, by matching the upper bound (3.3.1) with the lower bound
(3.5.6), here exists

eo(M) — M pmax + 0?2110 > Ey(0y)

C
Z eO(M) - Mpmax + 77>\_1 + CQﬂ,?]-
n

Therefore,

Ay > G and B, < Con'®0
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for some constants Cy, Cy > 0.
Consider the case n = 1, since there are no interaction terms, there exists a simpler lower

bound as
E,(vy) 2 eo(M) = Mpuax) + |yg|* — 0(n) = eo(M) — Mpuax + B — o(n) (3.5.7)
Therefore, be matching the upper bound (3.3.2) with the lower bound (3.5.7), here exists
eo(M) = M puax + B — O(n) < Ey(vy) < eo(M) = Mpiax + O(1).

As a result, |y,| = 8, < O(n/?).

Lemma 3.5.1. In conclusion, let n € N is given as in Lemma 3.3.2 . When n > 2, points
{ai}i, satisfy

x% = O(n'/?), for each i = 1,2,...,n.

When n = 1, points ¥, from above satisfy

Yn = 0(771/2)'
Now, everything is ready to prove the main result - Theorem 3.2.1.

Proof of Theorem 3.2.1

Let v, € BV(T?%{0,1/n?}) with [, v,dz = M be a minimizer of E, for each n > 0. Recall
Lemma 3.3.2, there exists n € N, {m'};.; € My, {z]}; C T°. Therefore, by the second
part of Lemma 3.5.1 and (3.3.7) of Lemma 3.3.2, (II) holds when n = 1.

When n > 2, there exist x% = O(n'/?),i = 1,2,...,n by the first part of Lemma 3.5.1.

Therefore, there exist bounded sequences {n~"/3zi},50 C T% i =1,2,...,n.
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The precise lower bound is

i,7=1
i#]

> Z (Q(Uf;) - / plel + )i

Uy
7,7=1

1
déd O
/z/wm ) <>|€”+ )
2]

>Zeo ) Mpu t 3 //U“m| e

7,7=1
i#]

+§; / Prna — (i + 1E)]dE + O(n)

1
> eo(M) = Mppa + S /3 / / . ddn
olM >  Jug A1 (zt — 2f) + 23 — ©)

i,7=1
i#]

+772/3Z/,q ~1/3,i +772/3f>df+0( 2/3)
i=1 YUy

Thus, by Dominated Convergence,

mim?

dédn = ——
Sdi Ar|z; —

1
lim :
”_’0/% /U% A= 13(ah — ap) +n?3(§ — )|
and
lm [ q(n~ "3z + n?/3¢)dé = miq(a;)

T]*}O U7Z7

since each n~1/ 35537 — z' and Ué — (; globally. Therefore, the desired lower bound is
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4 The Liquid Drop Model with Background Potential

4.1 Introduction

The liquid drop model predicts the spherical shape of small nuclei and the non-existence of
arbitrarily large nuclei. However, the competition between the surface tension and Coulombic
repulsion makes these predictions not accurate.

Counsider the variant model as
ez(M) ;= inf{E(Q) : Q € R%|Q| = M}, (4.1.1)
where the energy functional E is

1 1

o |z[P

with 0 < p < s < d and d > 2. Per(Q2) is the perimeter of the set  in the sense of

Caccioppoli and it is defined as

Per(2) = sup { / div ¢dx : ¢ € Cj(R%RY), @] poo(may < 1}.
Q

The small Z regime from Gamow’s liquid drop model [3] models the shape of an atomic
nucleus. Gamow’ model is equivalent to the variant model (4.1.1) with d = 3,s = 1, and

Z =0 as

1
minimize Per(Q2) + / / | ‘dxdy over Q C R? with |Q] = M. (4.1.3)
eJo |t —Y

Note that the non-existence of minimizers for large M is associated with the breakup
of droplets tending to infinity. In physics, for a large M, there is the expectation of other

forces to be involved to restore the existence. Then, it is possible to predict a structured
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configuration of droplets. Thus, add an external attractive potential

Vi(z) = _Z (4.1.4)

[P

to (4.1.3) for Z > 0 and 0 < p < 1 is a way to introduce the effect. This attractive is the
background nucleus. Set this background nucleus as the center at the origin. They have
slower decay than the Coulombic nonlocal interaction term for longer range. From [26] and
[27], the effect of V' increases the critical threshold in M for the non-existence of minimizers
is proved at the case of Coulombic attraction, which is the physical case of p = 1. In addition,
when p < 1, the existence is restored for all M [28]. Therefore, it is possible to think of the
attractive long-range potential as regularizing the generalized liquid drop model. Thus, the
next step is to focus on the structure of minimizers in small Z regime. The following results
are particular configurations of generalized minimizers [[10], Definition 1.1] of the the liquid

drop model.

4.2 Main Results

Theorem 4.2.1. For all Z > 0 and any M > 0, the minimum e, (M) is attained.

This result is a generalization result in [28]. This result confirms that the presence of the
external potential (4.1.4) with p < s indeed restores existence for all masses M > 0. The
continued research is in minimizers of Ez in the limit of 7 — 0. For d > 2, there exists

m* =m*(d,s) > 0 such that Z =0 as

eo( M) == inf{Ex(Q) : @ C R%, | = M}, (4.2.1)

which does not admit minimizers for M > m* and s € (0,2). Therefore, a sequence of
minimizers €2z of the functional E; lose compactness as Z — 0 when M > m*. For small

Z >0, Qz is composed of a finite number of disjoint compact components that are separated
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by a distance on the order of Z/(7?) [19]. Besides, after rescaling by Z'/(~P) a discrete

interaction energy is optimized by the way of how the components are arranged

N
mim?
FN,m<yan17 YN = Z Z |y |p

~ ly; — y;]*

where m = (m°, m!,...,m") with Zi]\io m' = M, and

Z = {(yo, Y1, ..., yn) C R3EHD 0 — 0},
N

(4.2.2)

(4.2.3)

Theorem 4.2.2. The following is the most important main result that describes the struc-

ture of minimizers of Ez for small Z > 0 [19].

Let €27 be minimizers of E; for Z > 0. Thus, there exists a subsequence Z, — 0 for any

sequence Z — 0 such that either

(I) there exists a set E° with |E°| = M which minimizes eq(M), for which Qz, — E°

globally as

Xa,, — xpo € L'(RY) as n — oo;
or
(IT) there exist:

(i) N eN;

(ii) (mOm',...,m"),mi > 0 with S m’ = M;

(iii) 29, 2L, ...,z € R? with 22 = 0, and |z!| — oo for i # 0, and |z!, — 27| — oo for

n’ n’

i # j asn — oo;

(iv) E° E', ..., EN compact sets of finite perimeter with |EY| = m' # 0 for i =

0,1,...,N;

such that Q, := Qy satisfies the following:
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0, € CY1/2 and for fixed R > 0 such that all £ C Bg(0),

. . 1
(0°Q, — 2%) N Br(0) — 0*E" in C** for all a € (0, 5), (4.2.4)

N
E U\ J(E + )

=1

Q,A

| — 0; (4.2.5)

E' attains the minimum in (4.2.1) as eg(m") = Eo(E"),i = 0,1, ..., N; (4.2.6)

o
Zy P, = yiasn — 00,1 =1,2,.... N, where (0,91, ..., yy) minimize Fy,, over Z

(42.7)

For Gamow’s model, the minimizers are only for small mass M and connected. However,

for Z > 0, the minimizers of E; are always for any M but not connected for mass M > m*.

Definition 4.2.1. Then, adapt the definition of E; from [[10], Definition 4.3] to conclude
the resulting structure (4.2.5) and (4.2.6). Let Z > 0 and M > 0. The generalized minimizer

of Ez is a finite collection (E°, E', ..., EN) of sets of finite perimeter such that
(i) |E| :=m',i=0,1,..,N, with >N 'mi = M,
(i) EY attains the minimum in ez(m°) and E? attains eq(m'),i = 1,2, ..., N;
(iii) ez(M) = ez(m®) + 321, eo(m?).

Therefore, the result is improved from the result in [10] as they proved the existence of
generalized minimizers for the Gamow problem Z = 0. The improvement is that the result
follows immediately from the concentration characterized up to sets of vanishingly small

measure, and along subsequences by a generalized minimzers.
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Corollary 4.2.1. Let Z > 0, M > 0 and {Q,,-n € N} be any minimizing sequence for ez(m).

Thus, there exists a subsequence, N > 0, and a generalized minimizer (E°, E', ..., EV) of Ez,

with
N
QA ECU| (B + ) ' —0
i=1
: i \i=1,2,..,N
for a sequnece of translations (), - :

The above Theorem 4.2.2 shows that the family 2 of minimizers of E; makes a particular
selection of a generalized minimizer for the generalized liquid drop problem Ej. Besides, the
special choice of generalized minimizer in this way may not be canonical such that the sets
and the pattern they form as Z — 0 depend on the choice of external potential [19].

Furthermore, in [5], Bonacini and Cristoferi show that there exists a critical value 5(d) of
the power in the Riesz kernel such that if s € (0,5(d)). Thus, the minimizers of eo(M) must
be balls. It means that for small s, the critical mass for existence exactly coincides with
the critical value at which minimizers must be balls [19]. As a result, the following theorem

describes minimizers for small Z > 0 as a finite configuration of balls of equal radius.

Theorem 4.2.3. Assume 0 < s < 5(d) and 0 < p < s < d. Then, the sets E’ in Theorem

4.2.2 are all balls with equal volume m? = M/(N +1),i=0,1,..., N.

4.3 Concentration-Compactness Structure
Furthermore, this section focuses on the concentration-compactness structure of minimizing
sequences for Ez. There are some studies in this area from [23] or Chapter 29 of [29]. Here,
the result from [6] by Frank and Lieb is used as it is the well-suited one.

Consider a sequence of sets F,, — E is globally in R¢, while the measure of the symmetric

difference |E,AE| — 0. Thus, similarly, E, — E is locally for every compact K C R4, (K N

1
loc

E,) — (K N E) globally. Therefore, when the local convergence is only L; . convergence
of the characteristic functions, the global convergence is equivalent to convergence of the

characteristic functions yz, — xx in L'(R?).
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Lemma 4.3.1. Let Z € [0,00) be fixed and {€,},eny a minimizing sequence for ez (M).

Thus, there exists a subseqence such that either

(A) there exists a set EY with |E°| = M that minimizes ez (M), for which ,, — E° globally

such that yg, — xgo in LY(R?) as n — oo; or

(B) there exist N € N;{z}, 22, ..., 2} }en C R? with |2 | — 0o and sets of finite perimeter

cey by

{FO F, ..., EN QN}, ey such that |2 — 2| — 00,4 # j; with
N
Q,=FU [U(Fg + x;)} Uy, (4.3.1)
i=1
a disjoint union with components satisfying the following:
(i) QY — 0 and F! — E* globally in R? with m’ := |E?| > 0 for all i = 1,2,.... N
and |E°| > 0 for Z > 0;
(i) M =325, [B'] = Timnin gy (2o | + 1903
(iii) E" attain the minimum for ey(m?) for each i = 1,2, ..., N;
(iv) E° attains the minimum for ez(m");
(V) ex(M) > ez(m®) + 31, eo(m?),
Note that the collection of sets {EY, ..., E"},cn is a generalized minimizer of E; for any
Z > 0. In [10], the existence of generalized minimizers for the case Z = 0 is proved. The
truncation of energy Eq and obtain density bounds for minimizers of the truncated energy
have been used. Here, to prove this lemma, a better way is obtained by [19] with qualitative

information of the structure of minimizing sequences. The following lemma is needed to deal

with the confinement term.

Lemma 4.3.2. Assume A, is a sequence of measurable sets with |A,| = M and A, — 0
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locally. Tt means that |A, N K| — 0 for any compact K. Thus,

1
lim ——dx = 0.
n—oo [4 |z|P

There are several steps to prove this lemma. Please see [[19], Section 2] for the detailed

proof.

4.4 Regularity Results
Next, in this section, the research is mainly focused on the limiting finite-dimensional en-
ergy Fnm (Yo, Y1, .., yn). It is not clear whether this minimizing sequences for this energy
with some number of points diverging to infinity split or not [19]. However, the following
proposition will show that Fy ,, attains its minimizer for all choices of N and m.

In (4.2.2), there exists a minimizer of the finite-dimensional energy functional Fy ,,. Then,
define

LN i= I0f Frp.
N

Then, consider any minimizing sequence {z%},en, i = 1,2,...,N in > 5. There exists
PN = 1My, 00 Fym (0, 27, .y 2% ). I all the sequences {a? },cn are bounded, then they are
convergence to a minimizer along some subsequence. Otherwise, assume there is an integer

k€ (0,1,...., N — 1) and a subsequence that

(4.4.1)

For the case k > 1, decompose Fy ., into

1 Ny _ 1 k k+1 N
FN,m(()? Ly eeey Ty, ) - Fk,(mo,ml,...,mk)(oa Ly -ee l’n) + Fka,(mk+1,mk+2,...,mN)(xn y ey Ly ) + [k,N7

(4.4.2)
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where

Yy
i=0 j=k+1 ’xl n
Therefore, by using (4.4.1), there exists
N mimd
N m > liminf |:Fk; mo,ml,. mk)(O,x}l, ,ZEI:L) + Z —]:|
n—00 ) |$% —al|s
7 (4.4.3)
> liminf Fy 0 it iy (0, 2, ..y 7)) -

n—o0

= lim inf Fk (mO,ml,.. k)(O, Aty ..., ak).
n—00 -

In addition, define a new configuration given by the points {aq, ..., ax, Ry1, ..., Ryn_x}
with {y1, ..., yn_x} distinct points on the unit sphere |y;| = 1, and R > 0. By the same

decomposition in (4.4.2), there exist

FN,m(Oa ai, ..., g, Ryl, ceey RyN—k) = Fk7(mo7m1’m’mk)<0, A1y ..ey ak)
(4.4.4)

+ FN—k,(mk+1,mk+2,...,mN)(Ryb . Rnyk> + fk,N-

INkﬁN represents the interaction terms. If |a;| < Ro,i = 1,2,...,k for some Ry > 0 and

R > 2R, the interaction terms may be estimated by
Ly < Ci(k,N,m)R™*

Moreover, for some constant Cy > 0, there exists

mktimkti
FN—k:, mk+L mbk+2 N (Ryl, ---,RyN—k) < E — < Cg(k?,N )R_
( ) = |Ry: — Ry’
i#£]
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since |Ry; — Ry;| > CyR, i # j. On the other hand,

Nk N—k
Z m | Ry;| P = R7P Z m** > Cy(k, N,m)R™".

i=1 i=1

Thus, by (4.4.4) and some large enough R > Ry > 0, there exits

KN m S FN,m((); ay, ..., Ak, Ryb cey RyN—k)

< Fk7(mo7m1 mk)(O, aiy ..., ak) — 04(16, N, m)R_p + O(R_s) (445)

.....

.....

For the case k = 0, if |2°| — oo for each 1 = 1,2, ..., N, there exists

N i
.. m'm/’
N, > liminf E
= n—00
1,7=0

i

o=kl

Thus, the same construction is produced as in (4.4.5) yields the contradictory estimate

tnm < 0. Therefore, the entire minimizing sequence must remain bounded.

Proposition 4.4.1. As a result, for any N € N and m, the functional Fy,, attains its

minimum /iy, < 0 on the admissible class ) .

Next, consider the infimum of the regularized energies E; converges to the infimum of
Eo. Let Q7 be a minimizer of E; for any Z > 0 and M > 0. Thus, ez (M) < eq(M) for all

Z > 0. Besides, wg = | B1(0)| represents the the volume of the unit ball in R? such that

Eo() = E£(Q) + Z / L

o, |z

<E/ Q)+ 7 / w4 210, 0 (R B, (0))

1(0) |x‘p

Lemma 4.4.1. As a result, limy_gez(M) = eq(M).
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Furthermore, the following is the key to obtain regularity properties for a family of
minimizers of the functional E.
First, consider the constraint [Q2z| = M, by [[30], Section 2] and [[5], Theorem 2.7], it

may be replaced by a penalization. For A > 0, define the penalized functional
F3(F) = Ez(F) + A||F| = [Qz]| = E2(F) + X|F| = M|.

In addition, the unconstrained minimizer of Fj coincides with the mass-constrained
minimizer of Ez. Thus, A may be chose independently of Z since the existence of a constant
A= Az > 0 for each fixed Z >) satisfies the claim in a minor modification of [[5], Theorem
2.7]. If there does not exist such A, then there exist sequences Z,, — 0, A, — 0, and sets
E, CRY|E,| # M, with Fy"(E,) < F3"(Qz,). Thus, |E,| — M since \, — oo

Furthermore, define sets E, = t,En, t, = [M/|E,|]"/%. Thus, |E,| = M. Therefore, by

scaling, there exists

Fi(B,) = Ez.(By) = - Per(E,) + £ D(E,, E,) — 172, / [ Pda

n

= Fy (Ey) + (t5 " — 1)Per(E,) + (t27° — 1)D(E,, E,)

n

(v 1)z, / | Pdr — At — 1]|E,

td*l t2dfs —9
< Py (B + 17— 1B, [E0<En>< s ) _ An]

td=1 — 1| E,|
< Fy(Ey),

as A\, — oo since the term in brackets is negative. Therefore, this contradicts the definition

of E, as minimizers of F 2: As a result, there exist A > 0 for all 0 < Z < 1,
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Next, define
1
V(F) ::/ —dx,
F lzl?

for any fixed 7 > 0, and assuming B,(z¢) N B5(0) = 0 and F C R? with QzAF C B,(z).
Then, Ez(Qz) = F3(Qz) < F(F) implies that

Per() < Per(F) + (D(F, F) - D(27,27)) + (V(Q) = V(F)) + A||F| - M|

Per(F) 4+ (Co+ 077 4+ X)[QzAF.

The difference of the nonlocal terms is estimated in [[5], Proposition 2.3]. For estimating
the confinement term, use |z|"p € L®(R?%\ B;(0)). Thus, Q7 are (w,r)-minimizers of the

perimeter functional in R?\ B5(0) with w = Cy + 67 + X and any r > 0.

Lemma 4.4.2. As a result, the family of minimizers {Q7}z¢(0,1) of Ez is (w, r)-minimizers
of the perimeter functional in O := R%\ Bs(0) for any ¢ > 0, with w,r > 0 uniformly chosen

for Z € (0,1]. For all F' C R? with QzAF C B,(zo) C R%\ Bs(0), there exists
Per(Qz) < Per(F) + w|QzAF].

Lemma 4.4.3. Moreover, the following lemma concludes the regularity results for (w,7)-
minimizers. From Theorem 21.8, Theorem 21.14 and Theorem 26.6 in [29], let O C R? be

an open set:

(i) If E C R%is an (w, r)-minimizer of perimeter in O, then 9*ENO is a C** hypersurface

for any o € (0,1/2).

(i) If E, C R4 is a sequence of uniformly (w,r)-minimizers of perimeter in O with E,, —
E locally in O, then there exists z., € OF,, for any any sequence z, € 0F, with
Tp — Too. In addition, if z,, € 0*F,, then x,, € 0*E, and the normal vectors satisfy

V() = V().
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4.5 Proof

Proof of Theorem 4.2.1

The proof of Theorem 4.2.1 is given in [28] for the Newtonian case as s = 1 with more general

confinement terms.

Proof of Theorem 4.2.2

The idea to prove the Theorem 4.2.2 is to use the the concentration-compactness lemma to
minimize sequences of Ez. In addition, an expansion of the energy E is required up to the
third-order term in Z. Thus, to establish it, there is one approach is similar to the previous
research of the concentration of droplets in a sharp interface model of diblock copolymers
under confinement. Therefore, combine the compactness of a sequence of minimizers €5
with regularity results stemming from the classical regularity properties of the perimeter
functional improving the error estimates in [6].

To prove the Theorem 4.2.2, there are some steps to follow by using the regularity of
minimizing sets to improve the precision of the lower bound defined in the previous lemmas.
Let {Q,}nen be a sequence of minimizers for ez where €, := Q is the sequence of mini-
mizers for ez, with Z,, — 0. From Lemma 4.4.1, {Q,} form a minimizing sequence for e.
From Lemma 4.3.1, there exist either (A) or assertions (i), (ii), and (4.2.5), (4.2.6), in (iii) of
(B) in Theorem 4.2.2. In addition, from Lemma 4.4.2 and Lemma 4.4.3, (4.2.4) is followed.

By using the uniform (w, r)-minimality to show that

N
Q= FO U {U<Fz+x;>],

i=1
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splits with no error in the perimeter, with the remainder set QY = ). Besides, define

Fi=F 42 and O =Q"'—zi i=0,1,.,N.

There are essentially bounded domains with smooth 9*E’, E’, the minimzers of eg(m?)
[[9], Proposition 2.1 and Lemma 4.1]. Thus, each E* C Bg/»(0) for each i = 0,1, ..., N and
R > 0. It is possible to choose the radii 7, in [[6], Lemma 2.2] such that r, € (R,2R) when
defining the F! = Qf{l N B,, (0) since E' is bounded. As Qib — E' locally, it converges
globally in © := B?*%(0) since Lemma 4.4.2 ensures €2 is a family of uniformly (w,r)-
minimizers in O. By the regularity result (part (ii) of Lemma 4.4.3), for all sufficiently large n,
QiNO — E' C Bpyy(0) in Hausdorff norm, and particularly Q)N Byz(0) € Br(0). Moreover,
when i = 0, define the open set O := Byg(0)\B;(0) for any 6 € (0, R\2). Therefore, Q,
are uniformly (w,r)-minimizers in O since €2, are not necessarily (w,r)-minimizers in a
neighborhood of 0 when ¢ = 0. As a result, 2, N [Bar(0)\Bg(0)] = 0 for all sufficiently large
n.

Furthermore, assume QY # ) for all n € N. Then QY — globally since |QY] — 0 by
Lemma 4.3.1. There exist y, € Q% for each n since Q, is the (w,r)-minimizing sequence
each 9" is a smooth hypersurface. Besides, by (ii) of Lemma 4.4.3, there is a contradiction
as 0 liew on the boundary of the limit set of the QY. As a result, there exists QY = @ for
large n. As |x! — 2| — oo for i # j and G, N Bg(0) = 0, the components are well separated

such that for each sufficiently large n, there exists

Per(Q,) = Y Per(F}). (4.5.1)

Besides,
N N
M = Zmi = Zm; (4.5.2)
i=1 i=1

holds for all sufficiently large n as (4.5.1) implies the equality of masses before and after
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passing to the limit.

Next, it is possible to choose k € {1,2, ..., N} and a subsequence along |2%| =€ {|z|: j =
1,2,..., N} since there are only finitely many components. Thus, consider sets Q= O, — k.
The modification only affects the confinement term ) since the perimeter and nonlocal terms

in E; are translation invariant. Thus, there exists a disjoint decomposition

=

anFguzf:u[ <Fz+yz>]u95y,

..

Wl
EJeN

where y! = 2! — ¥ with |y!| — 00,7 # k. Thus, for all j = 1,2,.... N and all i # k, when
V(FF) — V(E*) > 0, there exists V(FJ + 27) — 0 and V(F! + 4%) — 0. Therefore, there

exist the contradictions of the minimality of €2,, such that

N N

Ez(Qn) = Ez(Q) = —Z.V(EY) = Zo > V(EL + i) + Zn Y V(Fy + 3)
=1 =1
itk

— _ZnV(Ek) +0o(Z,) <0.

As a result, there exists |E°| # 0.
Furthermore, to have a more refined lower bound is considerable. There exists R > 0 for
which F! C Bg(0) for each n € N,i = 0,1,..., N. Tt is possible to decompose the nonlocal

term since (Y ,(F! + 2%) C Q, such that

N
D(Q, ) > Y D(EL FY).
i,j=0
Define
Ryij = |ah — )| and Ry = |2h].

Thus, there exists

1
|z —y| > R,j —2R > iRn,ij
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for all x € Ffl, Yy € F,,{, and sufficiently large n. Then, by the mean value theorem for

f(t) = t°, there exists

. . 1 1 .
|2y, = 23 * — |z = y*| < s(5Rnis)" |y, — ) — 2+

2
< OR; (|2, — @] + |27, — y)
< 2CRR; 1.
Thus,
LSS SO B e M e PR
eyl el -l e llel -l TR

for all sufficiently large n and all 0 < s < d. Therefore, the off-diagonal terms in the nonlocal

energy can be estimated by

mm]

]D(F;,F,D

A=

with a constant C' independent of n. In addition, for the confinement term, it can be

| ddy < CR,; (4.5.3)

‘x_y‘ ‘SEZ an ’

|}, — ah]s

evaluated in the similar way as

|2k, |77 — || 7P| < sup plé| P Mo — 2| < Cla| P < ORI
EEF]

Therefore,

<CR% (4.5.4)

n,10

1 7
/ —dr — m
i lzfP | P ]~

As a result, by combining the previous estimates and the perimeter splitting, the lower bound
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18

, mim?
Ez, () =D Eo(F)) — ZoV(E)) + Y —"—"—(1-O(R,};))
i—0 i,j=0 %}, — @n|®
i
N i
an; i +O(R, )
al mimJ
> eo(mi) — ZV(FY) + ———(1 - O(R,3;))
i=0 1,j=0 |x% — Tn|?
7 (4.5.5)
N
— 7, (] -1
N N i
>N ep(ml) = ZV(FD) + Y o n IJ ~(1-o(1))
=0 sz;égo
N

me, i i
-7, Zl _]aril]p(l +0(1)) (by the convergence m;, — m').

Moreover, to have a more refined upper bound is considerable. Suppose Q; = F° U

[UY, (F? +ta’)] with sets F! as in Lemma 4.3.1 with points {a’},—;.. y C R? with 0 < |a’| <

.....

1. Then, substitute €2; into Ez to get an upper bound.

ez, (M) < Egz, (%)

<S¢ — Z,V(F°) + / / = dady
Z 0 z+ta’b F3+ta] |{L‘ - y|

4,7=0
i#]

— 7, Z/ 2| Pda.

Fi+ta?

Besides, with the same estimates as in (4.5.3) and (4.5.4), the following holds

7
/ Lge = ™ | < o1,
i |zlP telat|p

for constant C' in dependent of ¢. The following upper bound of the form holds by choosing

m'm?
t5|at

D(F!, Fi) — | <ot
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t=t, = Za /P g

N
. s+1
ez, (M) < Ez,(@,) € Y eolm}) = ZV(ED) + 2/ Py p(0,a', .oa™) + O(Zi").
1=0

By Proposition 4.4.1, it is possible to choose (a', ...,a") to minimize Fy, such that the best

upper bound is

N
Ez, () <Y eo(my) = ZV(ED) + 23/ Py + 0o(Z7/C7P). (4.5.6)

=0
Lastly, an expansion of the energy E; up to the third-order term in Z is needed. Set F°

are the sets in Lemma 4.3.1 so that
N

Ez, () =D eo(m’) = ZV(ED) + 23/ P Fxm(0,y1, ooy yn) + 0( 2/ 0 7P).
=0

Then, set & = a:fIZ}/(S*p) for i = 1,2,..., N. Follow the lower bound (4.5.5), by using the

upper bound (4.5.6), there exists

2P 4 0(ZE ) > Ep () = S eo(ml) + Z,V(FD)

M-

I
o

)

> 23PN (0,65, -, £) (1 4 0(1)).

.....

¢! is bounded and up to the extraction of a subsequence for each i = 1,2,...,N, & — o',
minimizers of Fy ,, as n — oo. Therefore, (4.2.7) is proved. The proof of Theorem 4.2.2 is

complete.
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Proof of Theorem 4.2.3

The idea to proof Theorem 4.2.3 is to make the divergent components of a minimizer of
E, inherit the same Lagrange multiplier. Therefore, E? satisfies the same Euler-Lagrange
equation. Besides, the radius of the minimizers (when they are balls) is uniquely determined
by the Lagrange multiplier. It is predictable that the equipartition of mass between the
components of the generalized minimizers is true no matter the minimizers are balls or not.

By the previous proofs and lemmas, the reduced boundary 0*€, is a disjoint union of
smooth hypersurfaces. Besides, by [[5], Theorem 2.7], 9*€2,, is of class C*P for 8 < d—1—s.

Define vQ2,(x) as the Riesz potential such that

V() = /Q Ly

[z —yl°
Thus, the Euler-Lagrange equation

(d—1)k(x) + 20Q,(z) — Z,|z| P = A\, (4.5.7)

is satisfied pointwise on 9*(),,, where & is the mean curvature in R? and ), is the Lagrange

multiplier. Furthermore. from the previous proof, §2,, is C1® close to the sets

Sy = [E® + LNJ(Ei + )],
i=1
for all fixed R > 0 with E* € Bg(0),
I*Q = (0"Q, — 21) N BR(0) — 9*E" in C1° for all o € (0, %)
In addition, the former are expressed as graphs over the limiting sets E?,
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with ¥, (z) — 0 in C1*[[29], Theorem 4.2]. Therefore, 9*E" is of class C*® and its normal
vector vg: € C? by the above regularity theorem, as each E’ is itself a minimizer of Ej.
Moreover, the Riesz potentials vg; are bounded in C'#(Bg(0)) by [[5], Proposition 2.1].
Thus, they converge uniformly to vz in Bg(0).

As the following step, it is possible to integrate the Euler-Lagrange equation (4.5.7) by

* ()i
parts over 9*Q)} as

/ (dive, ¢ = (2vg; — Zn|x|P)(C v,))dH! = )\n/ C-vpdH, (4.5.8)
o+,

o+,

for any ¢ € C5°(Br(0); RY), v, := Vg » and the tangential divergence on 9" is defined as
div,, ¢ = div( — v, - DCv,,.

Then, integrals over 9* E* with Jacobian J,, = | det DW,,| is obtained by using the parametriza-
tion ¥,,. There exist div,, ( — divTEiQ and J, — 1 as v, — vgi by the CY® convergence and

Vgi € C?. Therefore, by passing to the limit n — oo in both integrals in (4.5.8), there exist

/ (v — (20, — Zalo)C v )AHTT — [ (dive,, ¢ — 205 (C - vg))AHY,
e

O*Et

and

/ (o vpdHT — C-vpidH
=,

o*Ei
As a result, for some limiting Lagrange multiplier )\, there exists A\, — A¢. In addition,
the values of A, are the same for each component of 0*Q2, by (4.5.7) and the value of \g
is independent of ¢« = 0,1, ..., N. Then, with the same Lagrange multiplier )y, the limiting
curvature equation is the same for each limiting set E°. The limiting sets £ are all balls
since s < 5(d) and they are all have same radius as the Lagrange multiplier is uniquely

determined by the mass m' for balls.
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5 The Triblock Copolymers

5.1 Introduction
Nakazawa and Ohta address the theory of triblock copolymers in two dimensions. The
triblock copolymer has been studied in [14] and [15]. As the following, the asymptotic
behaviour of the energy functional from their theory is addressed.

™ = R*/Z™ = [—%, %]2 denotes the n-dimensional flat torus of unit volume. Define

u = (up,uz) and ug = 1 — u; — up. Define the order parameters u;,i = 0,1,2 on T2

Therefore, on BV (T?;{0,1}), the triblock energy is defined as

Z/ |Vuz|+2%]/ /Tu Yo (y) G (2 — y)dady (5.1.1)

i,j=1

This energy can be minimized by two mass or area constraints

1

_ =M, i=1,2. 5.1.2
T 4 = M (512)

In (5.1.1), u; represents the relative monomer density. When u; = 1, it represents the pure-A
region; when uy = 1, it represents the pure-B region; when uy = 1, it represents the pure-C
region. The first term of (5.1.1) is the perimeter of the interface and second term is the long
range interaction energy. 7;; represents a symmetric matrix such that v = [y;;] € R2%2, In
addition, in (5.1.2), M; represents the area fraction of type-A and M, represents the area

fraction of type-B.

5.2 Definitions
In addition, Green’s function is necessary to be introduced. Gr2, the zero-mean Green’s

function for —A on T? is given by

—AGr2(-—y)=06(-—y) — 1,With/ Grz(x — y)dx = 0,

"E?
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for each y € T? and the § is the Dirac delta function at the origin . In two dimensions, for

max|z — y| < 1/2, the Green’s function is given by
1
Grz(x —y) = —%10g|x—y|+RTz(:c—y), (5.2.1)

where Rr2 € C°°(T?). Ry is the regular part of the Green’s function.

5.3 The Appropriate Droplet Scaling
For the scaling, it is very similar to the diblock case. First, the new parameter n represents
the characteristic length scale of the droplet components. Then 7? represents the areas scale.

Therefore, define the mass constraints as
/ u; = n*M; for some fixed M;,i = 1,2.
T2
The rescaled u; is

Vi = %z —0,1,2 with /

Ui = Ml,l = ]_, 2. (531)
T2

Besdies, with some fixed constants I';; > 0, the rescaled matrix v is

1

Y = 5T
7 |logn|mp ¥

Define

[y >0,withi=1,2, T3>0, and T[Ty —T5 >0

in this section. Define v,, = (v1,, v2,), then assume v, is in the space

X = { (01 20?0 € BV (T% {0, 1), 01,02,y = 0 0.} (5.32)
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since the v;,, is finite perimeter and disjoint. Therefore, define the functional

5 Z?:o fqr# Vi
Ey(vy) 1= TE) = § 452 2T [ [ (1)) Gl — y)dedy v, € X,
0 otherwise.
(5.3.3)
Note that for large enough M;, the above choice of parameters will cause fragmentation of
a minimizing sequence v, = Zszl vf; into K isolated components at a distinct point &¥ € T2
Besides, it is supported on a pair of sets (wf,,ws,) with characteristic length scale O(n),

which is the result showed in the binary case. Therefore, at n-scale, define limiting profile

2k = xax for pairs of sets AF = (A% AF) € R?, then the minimizing components is

vin(ne + &) = 172 ().

In addition, for m{ = |A¥|, the minimizer v, may be defined as a superposition of point

particles such that

=

Up — Z(m’fv mg)éxk

k=1
Moreover, for sets Aj, Ay, C R? with |A; N Ay| = 0, define the perimeter of the 2-cluster
A= (A, Ay) as

Perp(A) = % Z HY (A, N F), (5.3.4)

where Ag = (A; U Ay)°.
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Therefore, the formal expansion of the energy form is

K . K 2

E"(U”):ZZE/TQ |Vv 2‘108;77 Z Z/T?/T? y)Gr2(x — y)dzdy
: i

K

> Z . /A Gr(€* 07 — €4g)didy

2IlognlH L

K
..

_ (AR i) gk|| AR ~1

— gl (PerR (A%) + g —47T]AZHAJ|> + O(|logn|™).

i,j=1

The expression p(my, my) = Pergz(A) represents the perimeter of the minimizing cluster
A = (Ay, A) with m; = |A4;|. Therefore, when both m; > 0,7 = 1,2, the minimizer [31] is at

a double bubble such that

2

I';imum;

eo(m) = p(my,mz) + D~ (5.3.5)
i.j=1

Moreover, the minimizer is single bubble when m; = 0 or my = 0, then p(my,0) = 2/7Tm
or p(0,mg) = 2,/Tmy, such that

eo(m) = e (ml, ) = 2\/_—|— F11(m1)
or (5.3.6)

eo(m) = eo(0,mg) = 2/Tmy + —FQQE&?)Q

The minimizer of £, will form an array of either single or double bubbles or both since
the components of €2, has no other shape, and can be determined by the higher order terms
in a detailed energy expansion. In fact, the quadratic term in ey may decrease when either
M; is large that total energy is reduced by splitting into smaller components. Similarly what
have defined in the case of sharp interface of diblock copolymer, to splitting of sets with the

large area effectively, define

eo(M) := inf {Z eo(m®) : m* = (mk mhk), mk > O,me = M;,i= 1,2} (5.3.7)
k=1 k=1
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5.4 Main Results

Here are some the most important results of the minimizers of ey(M).

Theorem 5.4.1. e Finiteness Theorem: For any M = (M, M) with M, My > 0, a
minimizing configuration for ey(M) has finitely many nontrivial components. There
exist K < oo and pairs m!',...,m%, with m* = (mk m§) # (0,0), for eg(M) =
Zszl eo(m").

Theorem 5.4.2. e Coexistence Theorem: Given K; and Ky > 0, and I';5 = 0, there
exist M; and M, such that for all My > M; and M, > M, minimizing configurations

of (5.3.7) have at least K double bubbles and K, single bubbles.

e All Single Bubbles Theorem: There exist constants M;* depending only on I';;,7 = 1,2,
such that for any given M; > 4M;, My > 4M3. There exists a threshold I'}, such
that for all I'js > I'f,, any minimizing configuration of (5.3.7) has no double bubbles.

Moreover, all single bubbles have the same size.

e One Double Bubble Theorem: There exist constants m; depending only on I';;,7 =1, 2,
such that for any given M; < min{m], WF;2/3},i = 1,2, and sufficiently small I';5 > 0
such that

I
5 MMy + p(My, M) < 2/7(V/ My + /My),

here p represents the perimeter. Therefore, there is a unique minimizer of (5.3.7) made

of one double bubble.

5.5 Convergence Theorems
As a following, the first-order convergence of E is defined below. First, let vy be the

minimizers of F,, then the global minimizers of E,, is

Ey(vy) = min{ B, (vy)|vy = (v1, v2,9) € Xy, /T2 vy = M}, (5.5.1)

where [, v, = M is the given mass condition and X, is defined in (5.3.2).
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Theorem 5.5.1. As a result, let v} = 1~ ?xq, be the minimizers of (5.5.1) for all n > 0,

then there exists a sequence n — 0 and K € N such that:

1. there exist connected clusters A', A?,..., A% in R? and points =} € T> k = 1,2,... K,
for which

K
77_2‘(2,7 A U(nAk + xﬁ)‘ 8 0, (5.5.2)
k=1

2. each A* k =1,2,..., K is a minimizer of G such that

G(A") = eg(m"), m" = (mf, m§) = |A"], (5.5.3)
and
K K
eo(M) = lim B, (v,) = D GAR) =) ep(mh). (5.5.4)
K k=1 k=1
3. xf] = 2 Vk=1,2,..., K, and {z', 22, ..., 2%} attains the minimum of Fy (y*, 2,

2

oy Imtm? o mBY) over all {yt, 2, ... yR ) € T2

Moreoever, comparing to the diblock case, this theorem provides a better description of
energy minimizers with more details.
In addition, the limit of I"-convergence is defined below. First, define a class of measures

with countable support on T? such that

NE

Y = {Uo =Y (mf,mE)o | mF > 0,2 € T? distinct points}.

i

1

Therefore, the functional on Y is

eo(m*), if v,
Eo(vg) = 2= @(m), i €Y (5.5.5)

00 otherwise.
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Theorem 5.5.2. As a result, the first I'-convergence theorem is defined:
E, L Ey as n—0.

That is,

1. Let v, € X, be a sequence with sup, ., E,(v,;) < co. There exists a sequence v, — vg
and vy € Y such that

lirnn_jglf E,(v,) > Ey(vy).

2. Let vy € Y with Ey(vg) < oco. There exists a sequence v, — vy weakly as measures
such that

limsup E,(v,) < Ey(vp).
n—0

Furthermore, for the second I'-convergence theorem, it is at the level of |logn|~" in the
energy. It represents the interaction energy between components at the minimal energy

€o(M). Therefore, define

Fy(wn) = Nogal[Ey(w) ~ el [ w)], v e X, (55

'ﬂ‘2

As the similar process in the binary case, for K € N,m#% > 0,m§ > 0 and (m})?+ (m%)? > 0,

the sequence K ® (m%, m5%) is

mbmb), 1<k<K,
(K & (b, miy = | "0
(0,0), K+1<k<o

Therefore, define M, as the set of optimal sequences of all clusters for (5.3.7)

My = {K@ (m’f,mg) K ® (m’f,mg) minimizes (5.3.7) for M;,i = 1,2,

and e(m") = eo(m"), m* = (mf, mh) }.
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Then, the limiting energy functional Fy can be defined as

(

52 B SIS (k) + bt e (0)]+

K
if vg = E mFoe, {zt, ..., 2%}
k=1

Folv) := 22@1 mfmf GTQ(I? B xﬁ )} with distinct points in T? and
K ombe My
| > otherwise,
(5.5.7)
where

1 1
f(mf,m?) = 2—/ / log dxdy
T JAk J Ak |z —y|

and A* are the minimizers of eq(m") and defined in the first T-limit.

Theorem 5.5.3. As a result,
F, L Fy as n—0.

Condition 1 and Condition 2 of Theorem 5.5.2 are still hold with the replacing of F, and FEj

with F;, and Fp.

5.6 Geometric Properties of Global Minimizers

In this section, the geometric properties of global minimizers of e5(M) is described [16].
The following lemmas help to overcome the difficulty which there is not such simple formula
for the double bubbles. Besides, for the single bubble case, the prove proofs are analogous

mostly and much easier.

Lemma 5.6.1. Since

_a - — —
(mq,mg) = lim p(my + &, ms) — p(ma, mo) = lim p(ma, ma) — p(m €,m2),
omy e—0+ € e—0+ c

then p(m; + —e, my) is needed to bound.
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Here are some definitions that need to be introduced [16]. Let B represents the double
bubbles with masses (mq, ms). Let C; represents the circular arc of the boundary of the lobe
with the mass m;, radius r;, and center O;, which i = 1,2. Let Cj represents the central
arc by P, which is one of the triple junction points by the tangent lines 7; to C; at P and
i = 0,1,2. In addition, the angle between two tangent lines 7; and 7; with i # j is 27/3.

Besides, let T3(C}) represents the scaling of C and center at O, and ¢ > 0 is the ratio.

Upper Bound

Starting with the upper bound of the double bubble, which is p(m;+¢, ms), and only describe

near P since it is the same construction near the other triple P. Please sce Figure 2 [16].

Figure 2: Construction for the upper bound of p(m; + &, ms).

First, set T;(Cy) with t = 14§ to enlarge C; for some § = §(¢). Then, connect the triple
junction point P € Cy U Cy to T;(Ch) with the segment Sy := PQy, where Q; := T;(Cy) N 7y.

For the other triple junction point ]3, the process is very similar that connect to T;(C) with

the segment S, = ﬁ@t, where ét is the reflection of ); with respect to O10s.
Moreover, set an admissible competitor B; with mass x + ¢ of type I constituent and

mass my of type II constituent, and does not need to be a double bubble. Therefore, B; is
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the region inside

Bt = CoLJCQU@tUStUS;t
Set 0; :== ZPO,Q; and the triangle APOQ); satisfies

O,—-P 1
‘Ol—Qt’ :T’lt, |01—P| =T, COS@t:”OI—anzg, Hl(St) zrltanet.
1 — Wt

Therefore, 6, = V26 + o(v/§) when t = 1 + § with 0 < § < 1 since

1

(6)*
1+0

L+ 0((8)") =

cosf, =1—

=1-6+0(6).
Since the arc length of Cy in APO,Q; is r16;, thus

1 gt B oy (6)?
HL(S,) — HH(Cy, N APOVQ,)| = 1 (tan b, Gt)—rl< :

+0((8.)7)) = O(68),

and

[H(S,) — H(C1 N APOYQ,)| = O(3V3).
Therefore, the difference in perimeter is
H'(0B,) — H'(OB)
= [HHQQu) + M (S1) + M (S0) + HA(Co) + HCa) | = [HACL) + HA(Co) + HA(C)|

= 271 (14 0)(0; — 0;) — 2r1 (01 — 6;) + O(6V5)
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Therefore, the estimated difference in area is

H*(B,) — H*(B)

2 2 9 O;r3
= (01— 00311+ 0 — 1] + 2 [HH(APOIQy) — 1]

= 2917’%5 + 0(5\/3) + T%(tan Qt — gt)

— 20,725 + O(5V/9).

As a result, the difference in area between the competitor B; and the original double bubble
B is
20,725 + O(6V/9)

Since the difference above has to be equal to ¢, then

g +o(e),

B 201 T’%
and

lim p(my + &,mz) — p(my, ms) < lim HY(OB;) — p(my, msy) ~ lim 2017116 + 0(5\/5) 1

e—0t £ e—0t 5 e—0t IS (8]

Lower Bound

Furthermore, the set up for the lower bound is very similar as the process of upper bound.
Starting with the lower bound of the double bubble, which is p(m; —e, ms), and only describe
near P since it is the same construction near the other triple P. Please sce Figure 3 [16].
First, set T3(Cy) with t = 1 — § to shrink C} for some § = 6(g). Then, connect the triple
junction point P € CyU Cy to T;(C}) with the segment S, := PQ), that is tangent to T (C})

at ;. For the other triple junction point }3, the process is very similar that connect to

Ti(Cy) with the segment §t = Igét, where @t is the reflection of ); with respect to O10,.

Moreover, set an admissible competitor B; with mass x + ¢ of type I constituent and
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Figure 3: Construction for the lower bound of p(m; — &, ma).

mass my of type Il constituent, and does not need to be a double bubble. Therefore, B, is
the region inside

B, = CoUC,UQQ; U S, US,.

Set 0, :== ZPO,@Q); and the triangle APO,Q); satisfies

|01 — Q| =mt, 0, = arccos % =t, H'(S;) =rysinb,.
L —

Therefore, 6, = v/26 + 0(v/8) when t = 1 — 6. Therefore, the difference in perimeter is
H'(OB) — H' (0B)
= [HA(C) + HUCo) + H(Ca)| — [HHQQ) + H(S) + HA(S) + HA(Co) + M)

= 20,71 — 2(6y — 0,)r1(1 — 8) — 2r sin b, + O(6V5)

— 20,710 + O(6V5).
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Therefore, the estimated difference in area is

H*(B) — H*(B:)
2 2 Ouri 2
= 20,725 + O(6V6) + 12(6, — sinf, cos ;)
= 20,725 + O(6V9).
As a result, the difference in area between the competitor B; and the original double bubble
B is
20,725 + O(6V/9)

Since the difference above has to be equal to ¢, then

0 +o(e),

B 201 T’%
and

_ _ 1
lim p(my, ma) — p(my — €, my) > lim p(my, me) — H' (OBy) ~ lim 2016 +O(6V6) 1

e—0t 5 e—0t IS e—0t 15 It

As a result, it holds

0 1
= — =1,2
amip<m17m2> 7"7,7 ? ) <y
where r; = r;(mq, ms).
Consider two arbitrary different double bubbles By, B, and set x; := m’f,yk = mg

represents the masses of the two lobes of By. Then there exists

_ Oeo(wsyp) | €2 Peo(wr, Yi) 3
eo(z +€,y) — eolxr, yp) =€ 9z 9 8x2 +O(g”),
360($h,yh) g2 3260(%,%) 3
eo(xy — €, — eo(xyp, = —c + — + O0(e”),
o( h yh) 0( h yh) dzn 9 (99(;% ( )
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since the minimality of B gives the necessary condition as

0 < ez +&,uk) +eolen—cun) + Y eolrs,y;) — > eolw, y5)

J>1,5#k,h j>1
_ (Oeo(xr,yx)  Oeo(wn,yn)\ | € (0eo(Tr, yr) | Oeo(wn, yn) 3
B 6( Oz, oz, ) 3 ( ox? * oxz > +0():

Therefore,

360(3%7 Z/k) aeo(ifh, yh) 8260(%7 yk) 8260(%, Z/h)
_ >
Oy oxy, ox? * ox? 2 0,vk 7 h

since the arbitrariness of €. In addition, the pure second derivative in g is analogous.

Lemma 5.6.2. As a result, there are at least two double bubbles in an arbitrary minimizing
configuration B of (5.3.7) represented by By, k = 1,2,---. Set mf and m& represent the
masses of the two lobes of By. Then the pure second derivatives satisfy

8260(m’f,m§) 8260(m’f,m’5) >0

o(mi)* 7 O(mh)*

for all except at most one such index k respect to h.

Moreover, by Lemma 5.6.1, set 71 = r1(mq, ms), then there exist

aeo(ml,mg) . F11m1 + F12m2 1 32eo(m1,m2) o E 8 l

)

omy 2m T om? 2 Omary
Therefore, it is necessary to show that

0 1
lim —— = — 5.6.1
mirEO 8m1 8] %0 ( )

since there exists a threshold m7] such that

0 1 FH
— < ——,
8m1 1 2
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for any m; < mj. Thus, consider an asymmetric double bubble bounded by three circular

arcs of radii rg, 71,79 wWith m; < mg as shown in Figure 4 [16].

Figure 4: An asymmetric double bubble with radii ; and half-angles 6;, : = 0

1,2

)y Ty =

Note that rq is the radius of the common boundary of the two lobes of the double bubbles.

0y is half of the angle associated with the middle arc. h is the half of the distance between

two triple junction points. The following equations hold [32]

my = 17(01 — cos 0y sin ;) + 750y — cos by sin by),
my = 15 (0 — cos Oy sin fy) + 15 (0y — cos Oy sin by),
ho = rosinfy = r1sin#; = r9sin 6,

(ro) ™ = (r1) ™" = (r2) 7,

0 = cos By + cos by + cos b,

(5.6.2)
(5.6.3)
(5.6.4)
(5.6.5)

(5.6.6)

where rq, 71,72 and 0y, 61, 0 are the half-angles associated with the three arcs that depended

on my and my implicitly. Combine (5.6.4) and (5.6.5), then

sinf; — sinfy — sinfy = 0.
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Combine (5.6.6) and (5.6.7), then

1 1
cos(0; + 6y) = —5 cos(fy — b)) = —3 (5.6.8)
Therefore,
2 2
61 - ?ﬂ- - 80, 92 - ?ﬂ- + 90. (569)

Considering the case m; — 0, it implies h — 0 and ry — y/ma/m. Therefore, 03 — =
since 0y, 01 — m/3 so that 6y = 7/3 —¢,0, = 7/3 +¢,0, = m — . Therefore, from (5.6.4),

there exists

h = rysin(m —¢) = rysin(m/3 + €) = rosin(r/3 — ¢). (5.6.10)
Then,
sin € sin e
=rg—————, 70 = o———— . 5.6.11
T (/31 e) 0 T Pein(n/3 — <) (5.6.11)
As a result, (5.6.2) and (5.6.3) can be written as
1 . sine T 1. 27
mo = T% |:7T — e+ §Sln<2€) — m(g — & — §Sln(? — 25))]
L2 L2
9 sin” € (7r 1. 27 ) sin” e <7r 1. 27 )}
=2l = (T4 Cin(S 42 e (T (-2
R [sin2(7r/3+6) 3 e 28m( 3 )+ sin®(r/3 —¢)\3 c 281n< 3 2
e (e - bsin(F 4 29)) + e (5 - - bsin(F - 29))
= m2 -
T — &+ 1sin(2) — %(% —e—3sin(¥F — 25))
(5.6.12)
Therefore, set
sin? ¢ T 1 2m sin? e T 1 2m
N = (e B 420) (e L)
(¢) sin?(7/3 +¢) \3 e sin( 3 t2))+ sin?(7/3 — ) \ 3 T3 sin( 3 2
=0(e?),
1 in? 1 2
D(e) :=m—e+ 3 sin(2¢e) — %(% e sin(% — 25)) =7+ O(g?).
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N(e)

Then, m; = Do) M- Thus,
1dm _ N'(e)D(e) - D'(e)N(e) _ §<g B £>S+O(E2)
my de D(e)? 3r\3 4 ’
where

N'(e) = E(” V3

At T)é? +0(e?), D'(e) = -

Furthermore, it is possible to compute the derivative 92 from (5.6.11) and (5.6.12) that

1 9 sin’ e sine
7"2 — T2 ) - — P)
sin“(m/3 +¢)  sin®(7/3 +¢)D(¢)

ma,

then
1o _ sin 2¢  2sin’ecos(2n/3+¢) sin?eD’(g) _ ig +O@E)
my Je  sin®(7/3 +¢)D(e) sin®(7/3 + ) D(e) sin®(r/3 4+ ¢)D%(e) 3w '
Therefore,
2

o 120 1 ~e+0(e?) . C -

_ = —m = — z — s

de  2rp L 21y 31,_2(% _ \/T§>5 +0(2) N

for all sufficiently small € < gy with C' where ¢ is a universal constants independent of I';;

and M;,i,j = 1,2. Since 0; € (7/3,27/3) in a double bubble, then,
gr% <my < mrl

Therefore, there exists another constant C’ > 0 such that

8 1_ 167’1< Cl

== < —
omy r? Omy m‘;’/Q
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as my; — 0. Besides, note that

0260(m1,m2) _ E + 0 l < E —_ i’
om3 2  Omyr T 2w %

Lemma 5.6.3. As a result, there exist constant m; such that

8260(m1, m2>

om?

<0, for all m; <m;,i=1,2,

with given I';; and m; only depends on I'j;.

In addition, consider a one single bubble with mass m of type I material. Replacing it

with with two single bubbles with mass m /2. Then, the energy will be changed by

I'ym? I'yym? I'yym?
AzQ[ 1 +\/2m7r} —[ jm +2y/mr| = — um +2vmn(V2 - 1).

167 T 8

Therefore, the minimality of B needs A > 0, which means if and only if

s o L6TVT(V2 - 1)
- Fll ?

where B is the minimizing configuration of (5.3.7). Moreover, consider a lobe of a double
bubble with mass m of type I material. Replacing it with two single bubbles with mass m/2.

Then, the energy will be changed by

F11m2 + 2F12mm2 + Fggm%

A 2[F11m2+\/2— L WP + p(m,my)
= mm MaT — mi.m
167 47 2 A7 P, e
F 2
< - 181m + 2v2mm.
T

Therefore, the minimality of B needs A > 0, which means if and only if

md/? < 167/ 27‘("
'
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For type II material, the progress is analogous.

Lemma 5.6.4. As a result, there is no single bubble nor lobe of double bubbles of i-th

constituent in a minimizing configuration of (5.3.7), having mass greater than

M := 877;3, i=1,2.
r

11

Afterwards, consider there is a minimizing configuration with at least two single bubbles

of type I material with mass m¥ = 2 < y = m|. Replacing it with one single bubble with

mass * + y. Then, the energy will be changed by

A Mjﬂ mJ??J[Eiiﬂ+mqf+fq
12V T Y~ VI - V7).

any
2T

Therefore, the minimality of the minimizing configuration needs A > 0, which means if and

only if
F119173/

> 2RV + 5~ VT )

Then,
I'izy S 2\/xy > /Ty (ar<y) \/_
AT TN ATy Vb T 2

Besides, from the above lemma, it gives x,y < M; and follows

Tz My 1ﬂll\/_
2ny/m T 2mym T

Thus, there exists a constant

Lemma 5.6.5. As a result, at most one single bubble of i-th constituent in a minimizing

configuration has mass mf < mp®, where the constant m;* > 0,7 = 1,2 and only depends on
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In addition, if there exists any other double bubbles when there exists at most one double
bubble with lobe of i-th constituent with mass less than m},i = 1,2, then any remaining
double bubbles By, = (m%, m%) satisfying m¥ > m7} and m% > m3. The energy will change

by replacing a double bubbles into two single bubbles as
2 )2

ST+ [P ST )

i=1 =1
Cyombmk
< 2v/m(y/mk + /mk) —%.

When M and m] depend only on I';;,7 = 1,2 as

I, < Am\/m (/M + /M

mims

A

then by combining the minimalaity of the minimizing configuration and Lemma 5.6.4, the

following holds

T ko k r * 0k
0 < A < 2v/a(y/mh + y/mb) — % < o/m(\/M; + /Mz) — % (5.6.13)

Therefore, there is not any double bubble with masses m} > m} and m5 > m3 with the

above I'15 because the splitting will decrease the energy.

Lemma 5.6.6. As a result, any minimizing configuration of (5.3.7) has at most two double

bubbles, and

Ar/7 (/DT + /M
Ty > GAVEL Ty, > 0,Tgy > 0, M > 0, M,

mimy

> 0.

Lemma 5.6.7. If any minimizing configuration of (5.3.7) has only single bubbles, then
there are finite single bubbles and all the single bubbles are of the same size with the given

['y1, T2, Tog, My, and Ms. The proof of this lemma follows the binary case [[17], Lemma 6.2].
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5.7 Proof

Proof of Theorem 5.4.1

In conclusion, by combining Lemma 5.6.2 and Lemma 5.6.3, there exists at most one double
bubble whose lobe of the i-th constituent has mass less than m, ¢ = 1,2 for any minimizing

configuration for e5(M). As a result, there exist

M, M-
2+min{ i, f}
my my

at most double bubbles.

Proof of Theorem 5.4.2 (Coexistence)

Based on the research of [31], two single bubbles of different types are more costly than a

double bubbles of the same masses. When I'y5 = 0, the (5.3.5) will be

Fll(m1)2 X F22(m2)2
47 dr

eo(m) = p(ma, ma) + (5.7.1)

Then, (5.3.6) would be

Fll(m1>2 4 F22(m2>2'

eo(ma, 0) + eo(0,mg) = 2¢/Tmy + 2¢/mms + - y

(5.7.2)

if there are two single bubbles with different constituents types. Therefore, all single bubbles

must be the same type of constituent. There are two different situations needed to discuss.

e Case I: Choosing M; = K M; (M} is defined in Lemma 5.6.4 if there exists any single
bubbles and all single bubbles are of type II constituent. Combining Lemma 5.6.2,

Lemma 5.6.3 and Lemma 5.6.4, there is at most one double bubble’s lobe of type I
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constituent has mass less than m] and other double bubbles’ lobes of type I constituent

must have mass between mj and M;. Therefore, there are at least K7 double bubbles.

Set K, be the total number of double bubbles and K; < 1+ M;/mj. Combining
Lemma 5.6.2, Lemma 5.6.3 and Lemma 5.6.4, there is at most one double bubble’s
lobe of type II constituent has mass less than mJj and other double bubbles’ lobes of

type II constituent must have mass between mj and MJ. Thus,

which means that K ;M represents the type II constituent is used by all double bubbles.
Therefore, all the remaining type II constituent have to go into single bubbles and there

are at least K5 single bubbles.

Case II: Choosing My = KoMy (M} is defined in Lemma 5.6.4) if there exists any
single bubbles and all single bubbles are of type I constituent. Thus, by the similar

progress,

Then, choose

*
2

_ KoM
M, Zmax{KlMl*,<1+ 2 2)Mf+K1M1*}
m

KoM _
_ (1+ 2*2>M{"+K1M1*, v M, > T,

2

*
1

_ K\ M;
MQZmax{KQM;,(H ! 1)M§+K2M2*}
m

KoM -
- <1+ ;n*l>M2*+K2M2*, v My > M.

1
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As a result, the minimizing configuration of (5.3.7) have at least K; double bubbles and K

single bubbles.

Proof of Theorem 5.4.2 (All Single Bubbles)

The main idea to prove this theorem is to prove that there is a constant m;¢ > 0, which
only depends on I';; that any lobe of i-th constituent of a double bubbles in the minimizing
configuration of (5.3.7) has mass at least ;¢ > 0.

Consider a double bubble D = (z,my) with M; > 4M;. Then, combined with Lemma
5.6.6 , there exist at least two double bubbles of type I constituent. In addition, there exists
a single bubble S of type I constituent with mass m > m7® since Lemma 5.6.5. The energy

will change be removing the the mass ¢ from the lobe of type I constituent and adding it to

S as

FH(I — 6)2 Fu(I — 5)m2 F22m§ Fn(m -+ 5)2
A= [ - =EEAULR I N W }
= + o + = +p(x —e,my) + i +2y/m(m+¢)

I22  Tiexmoe  Doom? Iyym?
_ [ 11 X 12 2 . 2215 +p(:ic,m2)+ 11 —i—%/m}
4 2 47 T
I'iijze  Tiomae I'yyme
=— 1217T - 1;: + p(x — €, ma) — p(x, ma) + 1217T +2y/m(m+¢) —2y/mm

where 7, represents the radius of the lobe of mass x. Besides, the following holds since the

minimality of the minimizing configuration of (5.3.7)

0< Fllm ™ F11$ + Flgmg 1 Flle i s 7T

2 m 2 rn T 27 my° 3z’

where M7 and m;° are only depended on I';;. Thus, the lower bound of x is proved. The
proof for any lobe of type II constituent is the same.

Furthermore, consider a double bubble with lobes of ¢-th constituent have masses x;,i =
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1,2. The energy will be changed by splitting it into two single bubbles with masses x; and

To by

2 ;22 oz
A = E ﬁ+2ﬁ(\/$1+\/x2>—|: 127172 E “ Z iCl,.TQ)]
I'omy! m2d
< 2V + /M) - T

The following holds since the minimality of the minimizing configuration of (5.3.7)

——d
O<2\/_ \/—+\/— F12m1 m2.

Define

o, AnAOT; + /)

m1 m2
In addition, since the M} and m;¢ are only depended on I';;,i = 1,2 for all sufficiently large

I'15. Thus, I'is > I'], and there is not any double bubble.

Proof of Theorem 5.4.2 (One Double Bubble)

Assume there are two double bubbles that each lobe of i-th constituent has mass less than
m;. However, since Lemma 5.6.3, this situation is prohibited. Therefore, there exist at most
one double bubble.

Assume there are two single bubbles of type I constituent with masses m} and m? re-

spectively. The following holds

[eo(m] — &,0) + eg(m? + €,0)] — [eo(m7,0) + eo(m3, 0)]

_J.9 2 9 1
= [0m1 ep(mi,0) — 8—ml€0(ml, 0)} £
[ 0? . 0?

G0 0) + )260(m1, )}5 +O(Y).

(8m1
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Besides, since the requirements of the minimality of the minimizing configuration of (5.3.7),

0 0
o 60(7’”%,0) = a—mleo(m%,O) =0.

Since the proof of Lemma 5.6.7 where mi, m? < M; < min{m}, 7TF1_12/3}, the following holds

82
(8m1)2

0? )
(0m1)260(m1’ 0) < 0.

eo(mi,O) <0,

However, it is prohibited by the minimality of the minimizing configuration of (5.3.7). There-
fore, there exist at most one single bubble of each constituent.

Assume there is a single bubble with mass m of type I constituent without loss of gen-
erality. Also, assume there is double bubble with lobes of masses m; and ms. Then, the

following holds

[eo(m —€,0) + eo(m1 + €, m2)] — [eo(m, 0) + eo(m1, ma)]

P o 1 0? A
[amleo(ml,mg) - B eo(m, 0)}5 + 5 [(aml)zeo(m’ 0) + (Omq)?

eo(my, mg)] e? 4+ 0(53).

Besides, since the requirements of the minimality of the minimizing configuration of (5.3.7),

the following holds
0

0
8_ﬂ1160(m1’m2) = Omy eo(m,0) = 0.

Since the combining of the Lemma 5.6.3 and the proof of Lemma 5.6.7 where m}, m? <

My < min{m?, 7T';7"*}, the following holds

0? 0?
(0m1)260<m’ 0), (Om,)?

60<m1, mg).

However, it is prohibited by the minimality of the minimizing configuration of (5.3.7). There-

fore, there exist no coexistence.
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As a result, with the choice of I'j5, there exists

r
My My + p(My, M) < 2¢/7(\/ My + /M)

2

by comparing the case of one double bubble with lobes of masses M; and M, against the

case of two single bubbles of different constituents with masses M; and M.
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