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Abstract 
Particle interactions in complex colloidal systems are essential in a variety of traditional and emerging 

industrial processes.  This thesis applied the extended Derjaguin-Landau-Verwey-Overbeek (XDLVO) 

theory to calculate the interactions between particles of different shapes and surface morphologies under 

different conditions. The past constructed models systematically assessed the critical roles of surface 

topography on the interfacial interactions of particles of various sizes and shapes. In this research, the 

surface morphology (via considering asperity size and number, randomness, fractional dimension, and 

fractional roughness), particle size, particle aspect ratio, particle shape (spherical and ellipsoidal), 

orientation angle, particle softness, and geometrical structure (solid and hollow) were considered as 

primary variables in constructing particles. Then, the interaction of assembled particles was simulated 

according to the rippled particle theory, fractal geometry theory, and three-step model combined with 

the surface element integral technique. Overall, it was discovered that the shape of particles played a 

critical role in controlling the interfacial behavior of particles and ellipsoidal particles had more 

interaction than spherical ones did. The present numerical model also predicted that deformable 

particles interact more aggressively than rigid particles. Additionally, the simulated results showed that 

the constructed hollow deformable particles were more easily aggregated compared with the solid ones. 

As the present work included important parameters of particles found in naturally or industrially 

produced colloidal systems, such as sludge particles, bacteria, or viruses, the results of this work will 

provide a guideline for simulating the behavior of such colloidal systems accurately, which can be used 

in the design of industrial processes or understanding behavior of natural phenomenon. 
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Chapter 1: Introduction 

1.1 Overview 

The endless water demand causes huge concerns in the world currently due to population growth, 

urbanization and higher living standards [1]. Groundwater, surface water and wastewater contained 

dissolved and suspended particles and contaminants in colloidal forms. The colloidal suspensions may 

contain organic substances, metal oxides, insoluble toxic compounds, stable emulsions and turbidity-

producing substances [2]. To treat such water resources, the ability of particle transportation and 

stability of the suspension systems played key roles. For example, with coagulation as the most 

important physical and chemical operation, the particles are removed from water to produce drinking 

water [1]. In addition to removing turbidity from water, coagulation or flocculation is beneficial for 

eliminating bacteria and other living cells suspended in the water [3]. Moreover, the purified water is 

widely used to produce beverages, where the flavor and nutrient retention are controlled by the 

dispersion stability of beverage suspensions [4, 5]. 

As the suspended particles varied in source, charge, size, shape and density, the correct application of 

coagulation and flocculation depend on these factors. Suspended particles in water are negatively 

charged, and because they have the same type of surface charge, they repel each other when they 

approach in suspension systems. Therefore, unless proper techniques are used, suspended particles will 

remain in suspensions and will not separate from water. Therefore, the removal of particles is 

challenging due to their complex natures, and colloidal and charged properties. To resolve this challenge, 

the mechanism of controlling interfacial behaviors of particles should be explored. The primary step in 

identifying the removal or suspension mechanism is to better understand the interfacial interactions of 

particles in suspension systems. Accurate knowledge of the interaction energy between two surfaces is 

critical for understanding various colloidal and interfacial phenomena, including particle deposition, 

heterocoagulation, and transport of colloids and macromolecules in porous media [6-8]. 

Physical experimentation is acceptable if they can accurately explain physical phenomena and they can 

be carried out under accepted conditions. However, this cannot always be achieved for studying 

colloidal systems under desired conditions. For example, the investigation of interaction between 

https://www.sciencedirect.com/science/article/pii/S0006349586835226
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biological cells [9] and colloidal particles [10], experimental works may be time-consuming, difficult 

and dangerous to carry out. In these cases, it is necessary to construct a mathematical model that 

expresses a mathematical representation of the relationship between the variables of the system of 

interest. Many types of models are used to represent a wide variety of physiological systems in very 

diverse simulation applications. Applying numerical models to predicted results could provide accurate 

predictions. For examples, areas in wastewater treatment that benefit from modeling and simulation 

include membrane fouling [11], and membrane surface design [12].Additionally, the dispersion stability 

of emulsions could be monitored by constructed models [5, 13]. Therefore, the numerical (theoretical) 

models could make great contributions to helping better understand the mechanisms of interfacial 

interaction between surfaces of material.  

Derjaguin, Landau, Vervey, and Overbeek (DLVO) developed the theory of colloidal stability that 

currently represents the cornerstone for the understanding of the interactions between colloidal particles 

and their interfacial behaviors [14]. This theory has been applied tremendously to rationalize the 

interaction forces between interfaces of particles or substrates and explain the mechanism of particle 

coagulation, deposition and dispersion. This theory is based on the additional assumption of the 

dispersion and electric double layer interaction, which include the van der Waals attraction force and 

electric repulsion force [15]. Nevertheless, the DLVO theory does not consider the short-range 

interactions that are critical for colloidal particle adhesion. The short-range interactions primarily 

contain Brownian motion forces and hydrophobic/hydrophilic interactions. The analysis of 

hydrophobic/hydrophilic interactions provides a molecular thermodynamic framework for identifying 

the mechanism of interaction that leads to the unique properties of the colloidal surface [16]. Thus, 

many researchers modified the classic DLVO theory to include non-DLVO factors [17, 18]. In this 

context, the classical DLVO theory was further developed to the extend-DLVO (XDLVO) theory with 

considering the non-DLVO forces. However, there are reports that the XDLVO theory would 

overestimate the interfacial interactions of a mixed system of soft and hard particles, for example, 

bacteria interacting with a quartz surface [19], which has been related to the surface morphological 

properties of particles.  

Although recognized as a possible source of discrepancies between theoretical and experimental 

observations since the inception of DLVO theory [20], the effect of surface morphology and chemical 

https://www.sciencedirect.com/science/article/pii/S0006349586835226
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heterogeneity on the interaction energy between colloidal particles and surfaces has only been observed 

recently and began to attract attention [21, 22]. The rapid improvement of manufacturing technology 

has led to the fabricating of surfaces with desired roughness and shape at nanoscales [23, 24].  

Natural surfaces have generally rough surfaces [21] with various surface topographies (arranged and 

random roughness). Also, particles in natural or industrial suspensions can have soft or hard structures 

[25]. Considering the impacts of geometrical structure and softness of particles in understanding the 

interaction of particles will improve the accuracy of simulations Therefore, a comprehensive simulation 

work to relate the impact of particle surface properties (including softness and random structures) on 

the interaction of particles will provide better understanding of particle interaction in environment and 

industrial settings. 

The main goal of this dissertation was to construct the rough particle with various shapes and evaluate 

the effects of constructing parameters on particle interaction.  

1.2 Novelty 

The present thesis improved the accuracy of numerical predictions in particle interaction by considering 

the effects of surface morphologies (uniformly and randomly) for the first time. Additionally, this thesis 

provided a new model to generate the rough particles with ellipsoidal shapes and to assess interaction 

energy between particles. Also, a novel numerical model was developed for predicting the deformation 

of particles and interaction of deformable particles with a rough surface topography.  

1.3 Objectives 

The overall objectives of this study were to  

1. construct a numerical model to simulate uniform asperity shape for representing asperity on rough 

surface;  

2. investigate the effects of asperity ratio, asperity number on particle interactions; 

3. investigate the effects of particle size particle aspect ratio, and particle orientation on particle 

interactions;  

4. construct a numerical model to simulate the random asperity size on particle surface;  

5. investigate the effects of fractal dimension, fractal roughness, and randomness on the surface of 
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particles on particle interactions;  

6. construct a numerical model to simulate the ellipsoidal particle with randomly rough surface 

morphology; 

7. investigate the effects of ellipsoidal particle shape, aspect ratio, particle orientation on interfacial 

interaction between ellipsoidal particles;  

8. investigate the effects of randomly rough constructed surface on the interaction of ellipsoidal particles; 

9. construct a numerical model to simulate soft particles; and 

10. investigate the effects of particle size, surface tension, fractal dimension, and fractal roughness on 

particle deformation and interaction of soft particles. 

The following chapters are presented in this thesis in order to address the proposed objectives.  

Chapter 1 is the introduction (present chapter) that provides a brief discussion of the thesis. 

Chapter 2 provides a brief introduction to the (X)DLVO theory and SEI technique for simulating particle 

interactions. The literature summarized the numerical methods for constructing different shapes of 

particles, surface morphologies of rough surfaces and approaches for evaluating interaction energy 

discussed in past studies.  

Chapter 3 introduces a novel numerical method to evaluate the particle interaction with uniform 

asperities. The effects of asperity ratio, asperity number, particle size and particle orientation on particle 

interactions were evaluated. The simulated results showed that the total interaction energy between 

particles decreased with increasing the asperity ratio and number but increasing with particle size.  

Chapter 4 demonstrates a method to simulate particle interaction with randomly constructed surface 

topographies. The effects of randomness, fractal dimension, and fractal roughness on particle 

interactions were evaluated. The predicted results showed that the total interaction energy increased 

with elevating the value of fractal dimension but decreased with fractal roughness.  

Chapter 5 illustrates a numerical method to simulate the randomly rough ellipsoidal particle interactions. 

The effects of particle shape, particle size, particle orientation and surface morphology on particle 

interactions were evaluated. The main results showed that the total interaction energy decreased with 

increasing the aspect ratio and orientation angle of ellipsoidal particles. Additionally, the interaction 

energy generated by ellipsoidal particles was stronger than that of spherical particles. 

Chapter 6 demonstrated a novel method to simulate the interaction of the rough and soft particles. The 
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effects of surface tension, particle size, and surface morphology on particle deformation and interactions 

were evaluated. The main results showed that the increased particle size would strengthen the 

deformability of deformable solid and hollow particles and their potential interaction. Moreover, the 

rougher surface would increased the deformability of surface. 

Chapter 7 provides conclusions and suggestions for future research. 

Chapter 8 provides the supplementary materials of previous chapters. 

1.4 The list of publications 

Chapter 2 is under review in Chemical Engineering Journal. 

Chapter 3 has been published in the Journal of colloids and interface science 

Lu, D., & Fatehi, P. (2021). A modeling approach for quantitative assessment of interfacial interaction 

between two rough particles in colloidal systems. Journal of Colloid and Interface Science, 587, 24-38. 

Chapter 4 has been published in Colloids and Surfaces A: Physicochemical and Engineering Aspects 

Lu, D., & Fatehi, P. (2022). Interfacial interactions of rough spherical surfaces with random 
topographies. Colloids and Surfaces A: Physicochemical and Engineering Aspects, 642, 128570. 

Chapter 5 has been published in Chemical Engineering Science 

Lu, D., & Fatehi, P. (2022). Interaction of rough ellipsoidal particles with random surface asperities in 
colloidal systems. Chemical Engineering Science, 260, 117869. 
Chapter 6 is under review in the journal of Colloid and Interface Science 
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Chapter 2: Understanding interfacial 

interactions in colloidal particle system: a review 

2.1 Abstract 

Colloidal particles affect the coagulation and stability of colloidal systems that have applications in 

many fields, such as wastewater treatment, emulsions and suspensions, and surface coating. Also, 

particle interaction has been studied extensively to simulate several processes including particle 

deposition, dispersion, and adsorption. In the past, significant efforts have been made to simulate the 

interaction of particles in different systems for better design of colloidal systems, predict the behavior 

of colloidal systems under different conditions, and improve processes dealing with colloidal systems. 

Published reports indicated that interfacial interaction energy could be considered an indicator to 

monitor the interfacial interaction of suspended particles. The past review work made great efforts in 

summarizing the approaches for assessing the interaction of particles with smooth surfaces. However, 

as particles have different surface morphologies, different approaches were considered to simulate such 

particles in colloidal systems. Therefore, it is necessary to upgrade the recent progress of mathematic 

interaction models by considering various particle shapes and surface morphologies. In the present work, 

the numerical models to construct particles and surfaces with different geometrical shapes were 

summarized.  In particular, the present work discusses the recent progress of numerical modeling studies 

on the construction of rough surfaces and particles, the interaction of rough particles and surfaces, and 

their advantages and limitations comprehensively. Also, the current challenges of simulating various 

shapes of asperities, rough non-spherical particle interaction, and potential applications of modeling 

works were described in this work. The numerical equations for constructing different shapes and 

various surface roughness were summarized and their applications were discussed. Also, future 

directions and research gaps are suggested in this work. 

Key words: Colloidal particles, rough surface, interfacial interaction, simulation 
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2.2 Introduction 

Colloidal systems have significant impacts on industry and day-to-day life, for example, dairy [1], oil 

[2], and mineral systems [3]. To control colloidal systems, modeling studies have been carried out to 

understand the interaction of colloidal particles extensively. In this case, the most influential model of 

colloidal particle interaction was introduced by Dejaguin, Landau, Verway, and Overbeek which is 

known as the DLVO theory. This theory explains the interaction of particles based on van der Waals 

attraction force and electric repulsion force that impact the electric double layer of particles influencing 

their overall coagulation or dispersion in colloidal systems [4]. This theory has been used as a milestone 

to describe the interaction of colloidal particles in many applications including wastewater treatment [5, 

6], oil recovery [7], drug delivery [8], mineral floatation [9], surface coating [10], bacterial deposition 

[11], and dye removal [12]. 

Despite its vast applications, the DLVO theory has a shortcoming:  the DLVO theory does not consider 

the short-range interactions that are critical for colloidal particle adhesion. The short-range interactions 

primarily contain Brownian motion forces and hydrophobic/hydrophilic interactions, which have been 

considered non-DLVO factors [13, 14]. The analysis of hydrophobic/hydrophilic interactions provides 

a molecular thermodynamic framework for identifying the mechanism of interaction that leads to the 

unique properties of the colloidal surface [15].  Van Oss proposed a new concept to extend the classic 

DLVO theory, called the XDLVO theory, to include hydrophobic interaction. The XDLVO theory 

involves the electrical double layer interactions (EL), polar interactions (AB), and the Lifshitz-van der 

Waals (LW) interactions [16]. Based on the XDLVO theory, the total interfacial energy between 

colloidal particles could be divided by Lifshitz-Vander Waals (LW), electrostatic double layer (EL), and 

acid-base (AB) interaction energies [17-20]. These interactions have been depicted in Figure 2.1. As 

shown, when two particles approach, the electrostatic repulsion energy decreases but the energies of 

van deer Waals and hydrophobic interaction increase. Therefore, the summation of these forces will 

result in increased total interaction energy. If DLVO theory is considered, the primary maximum is 

significant. If XDLVO theory considered, the energy profile would generate a deeper primary minimum. 

It should be noted that the primary maximum represents the dispersion stability of the colloidal systems 

while the primary minimum represents the ability of particle attachments and coagulations. Therefore, 
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to generate a stable suspension or a fast coagulation understanding, and maybe changing, primary 

minimum and maximum of different systems is crucial. It should be stated that the difference between 

DLVO and XDLVO is primarily on the altered compositions of attraction energy, where the XDLVO 

energy profile generates a deeper primary minimum but a smaller energy barrier of the primary 

maximum.  

 

Figure 2.1. The comparison of interaction energy predicted by DLVO and XDLVO theories 
 

Over the past decades, significant progress has been made in understanding the mechanism of 

colloidal particle interactions for different systems [12, 21-25]. These advancements are attributed to 

the development of new methods that describe the physicochemical characteristics of altered colloidal 

systems more accurately so that such colloidal systems can be controlled or designed better. With 

these significant contributions, the myriad biological, chemical, and physical phenomena controlling 

the interactions between particles and macro plane surfaces with nano-scale heterogeneity were 

explored [26]. Also, the colloidal interaction between charged spherical particles and planes has been 

widely studied [27-29].  

Nevertheless, most colloidal particles have rough surface morphologies and irregular geometries. There 

are reports that the DLVO theory would not be able to fully characterize the interfacial behaviors of 

such particle systems, for example, bacteria interacting with quartz surface [30], and collectors 

interacting with minerals in the froth flotation of the mining industry [31]. Therefore, the inclusion of 
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particle geometry and surface properties would be an alternative to improve the accuracy of DLVO in 

predicting the behavior of such colloidal systems.  

Previous literature review studies summarized the progress in theoretical and experimental works for 

evaluating the interaction between particles. Liang and coworkers reviewed the interaction forces 

between particle and surface under the framework of DLVO theory and listed the direct measurements 

of the interaction forces [32]. Taboada-Serrano and coworkers summarized the recent contributions to 

the understanding of particle aggregation from the molecular approach and DLVO theory [33]. Li and 

coworkers provided an overview of the importance of interfacial forces in suspended systems and 

discussed the roles of each force (e.g., electric repulsion force and van deer Waals attraction force) at 

various stages of colloidal self-assembly [34]. Lu and David reviewed three classes of interacting 

colloidal particles (crystals, glasses, and gels) and the models to predict their interfacial behaviors [35]. 

Semenova reviewed some recent advances in the use of diverse protein-polysaccharide interactions in 

the design of colloidal particles [36]. However, the rapid improvement of manufacturing technology 

has led to the fabricating of surfaces with desired roughness and patterns at nanoscales. The previous 

review works mainly summarized the studies on smooth particle interaction without considering the 

impacts of surface morphologies and the geometrical structure of particles [32-38]. Recent modeling 

studies demonstrated that the geometrical shape and surface roughness of particles significantly 

influenced their interactions [39, 40]. However, the previous review studies did not summarize recent 

advances in the numerical methods to construct rough surface morphologies and the information about 

the advantages and disadvantages of these modeling works is still lacking. In other words, despite great 

progress in simulating the interaction of rough surfaces, literature lacks the strategies for evaluating 

different approaches for predicting the interaction energy of rough particles. Therefore, it is necessary 

to have a comprehensive review to update the performance of the numerical models for simulation 

interactions between rough surfaces.  This review paper focuses on elaborating on 1) the methodologies 

used for constructing different three-dimensional particles and altered rough surface morphologies 

applied for demonstrating interaction of particles and 2) the comparison between different approaches 

and their applications. This review paper also discussed the challenges and future works in current 

modeling studies. As the information of constructing various shapes of asperities in current literature is 

still lacking, the present review could not discuss the numerical methods in this field. Additionally, the 

https://www.sciencedirect.com/topics/chemical-engineering/force-between-colloidal-particle
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modeling approach of non-spherical particle interaction considering the impacts of surface 

morphologies was limited, therefore, this literature review work could not summarize the models 

discussing this topic. Finally, this review work also suggests the potential application of the generated 

models.  

 

2.3 The methodologies of constructing smooth particles with 

different geometries  

Particle shape has been identified as an essential physical parameter that has a tremendous influence on 

the interfacial interaction of nanoparticles in colloidal systems, such as particle attachment, dispersion, 

and deposition. Constructing particles is an important aspect of particle interaction studies. As the 

circular shape and planer surface is general and simple, Table 2.1 did not include the construction 

method for these two geometries. Other shapes of particles that are available in the literatures were 

tabulated in Table 2.1.  

Table 2.1 The constructing methods for different shapes of particles  

Symbol Particle shape Equation Important parameters Significant impacts Particle 

types 

Reference 

A1 Ellipsoidal 

shape 
𝑟 = [

𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜑

𝑎2
+
𝑠𝑖𝑛2𝜃𝑠𝑖𝑛2𝜑

𝑏2

+
𝑐𝑜𝑠2𝜃

𝑐2
]

−1

 

 

the semi-axes of the ellipsoid 

directed along the x, y, and t 

z-axes  

Ellipsoidal particles 

showed stronger interaction 

energy than circular shape 

particle 

Protein, 

cell, virus 

[40] 

A2 Rod-like 

particle 
𝑆 = 2𝜋𝑐2 + (

2𝜋𝑐𝑎

𝑒
)𝑠𝑖𝑛−1𝑒  the minor semi-axis, 𝑎 is the 

major semi-axis, and 𝑒 is the 

ellipticity of a rod-like 

particle 

Rod-like particles produced 

a higher energy barrier if 

𝑎 > 𝑐 

clay 

colloids 

[41-44] 

A3 Cylinder-

shape 

𝐷 = 𝐻 + 𝐿𝑐𝑜𝑠𝜑 + 𝑎𝑠𝑖𝑛𝜑 the closest distance between 

particle and collector surface 

the distance between particle 

center and collector surface  

The orientation angle of 

cylinder-shaped particles 

has significant effects to 

impact interaction energy 

Carbon 

nanotubes 

Cellulose  

[45, 46] 

A4 Pear-shaped 

and peanut-

shaped 

𝜑 =
𝜋𝑑𝑒𝑞

2

𝑆𝐴
 

 

the surface area of the 

volume-equivalent sphere 

the number of superposed 

ridges 

Non-spherical particles 

produced higher critical 

flux than spherical particles 

Polystyrene 

foulant 

particles 

[47] 



12 
 

 

A5 Superellipsoid 
(|
𝑥′

𝑟𝑥
|

𝑟

+ |
𝑦′

𝑟𝑦
|

𝑟

)
𝑛
𝑟 + |

𝑧′

𝑟𝑧
|

𝑛

= 1 
the principal semi-axes of 

the particle and n and r are 

parameters that define the 

particle shape 

The resulting potential is a 

function of the minimum 

distance between surfaces 

and the particle’s local 

Gaussian curvature at the 

minimum distance position. 

Polymer 

colloids 

[48] 

A6 Cuboidal 

particle 
(
𝑥

𝑏
)
𝑛

+ (
𝑦𝑛 + 𝑧𝑛

𝑎𝑛
) = 1 

the principal semi-axes of 

the particle 

more robust capillary 

interactions for increased 

particle aspect ratios 

Airborne 

particles 

[49, 50] 

A7 Super quadrics 
𝑓(𝑥, 𝑦, 𝑧) = ((

𝑥

𝑎1
)

2
𝜀2
+ (

𝑦

𝑎2
)

2
𝜀2
)

𝜀2
𝜀1

+ (
𝑧

𝑎3
)
2
𝜀2 − 1 

the principal semi-axes of 

the particle 

a drastic improvement in 

the accuracy of simulations 

by using super-quadric 

particles instead of circular 

elements 

Airborne 

particles 

Red blood 

cell 

[51, 52] 

Generally, the particle shape can be divided into two main parts in colloidal system analysis: spherical 

and non-spherical. Past modelling work mainly assumed that particles have circular shapes and avoided 

the analysis of particle shape effects on particle interactions [53-55]. Nevertheless, the interfacial 

interaction produced by particles is significantly affected by the shapes of particles in colloidal systems. 

As shown in Table 2.1, one model applied implicit equations to construct ellipsoidal shape particles 

(A1), which could generate stronger interaction energy than the spherical particles [40]. The main 

reason for this phenomenon is that, at a constant equivalent size. ellipsoidal shapes have a larger 

interaction area between particles compared to circular shapes. As the aspect ratio controls the 

ellipsoidal shape, the ellipsoidal particles could have altered shapes affecting particle interaction 

differently. The rod-like particle (A2) could be a typical example of ellipsoidal particles if the aspect 

ratio of the semi-axis of the ellipsoidal particle were extremely large. The rod-like particles would 

develop different interactions from spherical particles depending on the ratio of their semi-axis [41-44]. 

The non-spherical particles exist in colloidal systems. One typical type of non-spherical particle is 

cylinder-shaped particle (A3) that could be simulated. As A3 particles have three areas, the orientation 

of these particles greatly influences their interaction in colloidal systems [45, 46]. Therefore, assuming 

cylindrical shape particles found in colloidal systems as spherical particles in simulation studies would 

generate substantial inaccuracy. The pear and peanut shape particles were found in polystyrene foulant 

particles (A4) [47], which produced a stronger flux than the regular spherical particles did on the 

membrane surface. Torres-Diaz and coworkers established an equation with trigonometric function to 

describe a super ellipsoidal particle (A5), where the particle shape was changed from a regular spherical 
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shape to a cube with a different ratio of shape parameters [48]. The potential perspectives in Torres-

Diaz and coworkers’ work would help to model a wide variety of natural and synthetic aspheric and 

anisotropic colloidal particles in environmental, biological, and advanced material applications. As 

shown in A6, the cuboidal particles could also be defined numerically by different equations. The aspect 

ratio of particles changed with the various values of shape parameters, and compared to the spherical 

particles, the cuboidal particles showed a larger adhesion force between particles [49, 50]. Another 

model to simulate non-spherical particles is to apply continuous function representations (CFR) to 

model super quadric (A7). Nevertheless, to date, only symmetric particles have been simulated using 

this equation, and the CFR still faces considerable challenges to model arbitrary irregular particles [56].  

The above models provided mathematical formulations to model different smooth particles in colloidal 

systems, which could be useful to simulate systems of smooth non-spherical shaped colloids, such as 

gold particles [57] or TiN particles [58].  Compared with the above construction models, the models to 

construct ellipsoids could be useful for modeling different shapes of particles by changing the 

construction parameters only in one equation, such as A5, which will facilitate the comparisons of the 

interaction of particles with different shapes. However, the natural surface is rarely smooth. The 

previous numerical models of constructing non-spherical particles mainly assumed the constructed 

particles had a smooth surface.  

2.4 The methodologies of constructing rough surface 

The natural particles have rough surface morphologies, which could significantly affect their predicted 

interaction energy. Surface topography plays a critical role in the lubrication, contact, and wear behavior 

of materials [59]. Therefore, considering the rough surface in the calculation process of prediction 

interfacial interaction is important.  

Typically, rough surfaces can be generated experimentally and numerically. Although experimental 

roughness analysis of surfaces is important, there might exist limitations in the experimental design of 

roughness assessment, for example, the complicated process to modify the roughness or asperity shape 

of membrane surface [60]. To address this challenge, numerical simulations are conducted extensively 

in the roughness assessment of surfaces. In this section, we summarized techniques that provide fairly 

realistic models of simulating rough surfaces. 
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2.4.1 Generation of a roughly planar surface  

Numerical methods for simulating the characteristics of the rough planar surface provide a convenient 

method to achieve the discrete data of modelling surfaces. The simulation of a rough surface is usually 

based on controlling two parameters on the surface: the mean of the average height and the mean of the 

density of asperities. A host of methods were applied to create asperity distribution on the smooth 

surface to generate rough surfaces [39, 61, 62]. Table 2.2 summarizes the construction approaches for 

planar surfaces with rough topography. 

Table 2.2 The construction methods of the roughly planar surfaces  

Symbol Constructing 

method 

Equation Important 

parameters 

Significant impacts Application Reference 

B1 Surfaces with 

orthogonal arrays 

of asperities were 

generated as 

meshes over an 

area 

𝑐𝑜𝑠𝜃𝑐𝑦𝑙𝑖𝑛𝑑𝑟𝑖𝑐𝑎𝑙 = −1 + 𝜙𝑆(𝑐𝑜𝑠𝜃𝑌 + 1) 

𝑐𝑜𝑠𝜃ℎ𝑒𝑚𝑖𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙−𝑡𝑜𝑝 = −1 + 𝜙𝐵(𝑐𝑜𝑠𝜃𝑌 + 1) 

 

the ideal contact 

angle (Young’s 

angle) 

the solid fraction of 

cylindrical pillars 

the ratio of the area 

of the asperity 

bases over the total 

area 

Slender pillars are the 

most stable water-

repellent texture; this 

same topography 

exhibited super 

hydrophilicity 

Wetting 

application 

[63, 64] 

B2 Gaussian rough 

surfaces 
𝑍𝑝,𝑞 = ∑ ∑ √𝑆𝑘,𝑙̃

𝑁−1
𝑙=0

𝑀−1
𝑘=0 exp (𝑖2𝜋 [∅𝑘,𝑙 +

𝑘𝑝

𝑀
+

𝑙𝑝

𝑁
])                                

the spectral density 

used for simulation 

roughness 

 

 

Surface roughness 

increased with 

elevating spectral 

density 

Wetting 

application 

Coating 

application 

[65, 66] 

B3 Gaussian rough 

surfaces 

𝑍 = 𝑓(𝑥, 𝑦)

=
1

𝐿2
∑ ∑ 𝐹(𝑘𝑥𝑚 , 𝑘𝑦𝑚)

(
𝑁
2−1)

𝑛=−(
𝑁
2)

(
𝑁
2−1)

𝑚=−(
𝑁
2)

 

𝐹(𝑘𝑥𝑚, 𝑘𝑦𝑚)

= 2𝜋𝐿√𝑊(𝑘𝑥𝑚 , 𝑘){
𝑁(0,1)                            𝑚 𝑜𝑟 𝑛=0,

𝑁
2

𝑁(0,1)+𝑖𝑁(0,1)

√2
                𝑚,𝑛≠0,

𝑁
2  

𝑘𝑥𝑚 =
2𝜋𝑚

𝐿
, 𝑘𝑦𝑚 =

2𝜋𝑛

𝐿
     

 

 the discrete 

Fourier 

transformation 

the number of 

superposed ridges 

Surface roughness 

increased with 

elevating number of 

superposed ridges 

Cleaning 

application 

[67, 68] 

B4 non-Gaussian 

rough surface 
𝑆𝑆𝑘𝑧 =

∑ 𝜃𝑖
3𝑞

𝑖=−𝑞

(∑ 𝜃𝑖
3𝑞

𝑖=−𝑞 )
3/2 𝑆𝑆𝑘𝜂 

the autocorrelation 

lengths in the two 

principal directions 

Improving the 

agreement between 

the spectral 

characteristics of the 

generated surfaces 

Solid contact 

application in 

mechanical 

design 

[69, 70] 
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𝑆𝑘𝑢𝑧 =
𝑆𝑘𝑢𝜂 ∑ 𝜃𝑖

4 + 6∑ ∑ 𝜃𝑖
2𝜃𝑗

2𝑞
𝑗=𝑖+1

𝑞−1
𝑖=−𝑞

𝑞
𝑖=−𝑞

(∑ 𝜃𝑖
2𝑞

𝑖=−𝑞 )
2  

𝑅𝑝𝑞 = exp [ln(0.2)√(
𝑝

𝛽𝑥
)
2

+ (
𝑞

𝛽𝑦
)

2

] 

and the prescribed 

values 

B5 Paraboloidal sine 

wave 
𝑓(𝑟, 𝜃) = 𝑆 sin (

𝜋𝑟𝑐𝑜𝑠𝜃

2𝑟𝑎
+ 𝜑) the asperity width 

the roughness 

The surface roughness 

decreased with 

increasing asperity 

width 

Cleaning 

application 

Membrane 

fouling 

control 

[14] 

B6  Periodic 

sinusoidal 

function 

𝑧 =  𝑃𝑥 cos (
𝜋𝑥

2𝑤𝑥
) + 𝑃𝑦cos (

𝜋𝑦

2𝑤𝑦
)     the asperity height 

the frequency of 

asperities along the 

x-axis and y-axis 

The surface roughness 

increased with 

elevating asperity 

height but decreased 

with increasing  

Cleaning 

application 

Membrane 

fouling 

control 

[71] 

B7 Weierstrass- 

Mandelbrot  

function 

𝑍(𝑥) = 𝐺(𝐷−1) ∑
𝑐𝑜𝑠2𝜋𝛾𝑛𝑥

𝛾(2−𝐷)𝑛

∞

𝑛=𝑛𝑙

 
the feature-length 

scale of the surface 

with a constant 

value,  

the fractal 

dimension, 

The surface roughness 

increased with 

elevating fractal 

roughness but 

decreased with 

increasing fractal 

dimension 

Solid contact 

application in 

mechanical 

design 

Cleaning 

application 

Membrane 

fouling 

control 

[72-75] 

B8 Two variable 

Weierstrass- 

Mandelbrot  

function 

𝑍

= 𝐿(
𝐺

𝐿
)𝐷𝑓−2(

𝑙𝑛𝜂

𝑀
)
1
2 ∑ ∑ 𝜂(𝐷𝑓−3)𝑛

𝑛𝑚𝑎𝑥

𝑛=0

𝑀

𝑚=1

∗ (cos𝜙𝑚,𝑛 − cos(
2𝜋𝜂𝑛(𝑥2 + 𝑦2)1/2

𝐿

∗ cos (𝑡𝑎𝑛−1(
𝑥

𝑦
) −

𝜋𝑚

𝑀
) + 𝜙𝑚,𝑛)) 

the high-scale 

parameters 

independent of 

frequency (fractal 

roughness) 

the fractal 

dimension, 

The surface roughness 

increased with 

elevating fractal 

roughness but 

decreased with 

increasing fractal 

dimension 

Cleaning 

application 

Membrane 

fouling 

control 

[76, 77] 

The asperities of hemispheric shapes distributed on a surface were constructed with the method of 

orthogonal arrays (B1), which simply involved the impacts of surface roughness in the calculation 

process and increased the accuracy of predictions. But natural products consist of surfaces with 

depressions and protrusions [63, 64, 78, 79]. The rough surface constructed by the B1 approach and its 

alternative methods did not consider the depression parts of the asperities. Therefore, the previous 

studies may not fully describe the surface morphology of naturally rough surfaces. Also, the predicted 

results may overestimate the actual interfacial interaction energy. 

The rough surface could involve Gaussian and non-Gaussian rough surfaces based on the asperity height 
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distribution [80, 81]. Due to the excellent performance in numerical calculability and the reasonableness 

of Gaussian distribution in engineering applications, it was considered to represent the asperity height 

distribution of a nominally rough planer surface. For Gaussian rough surfaces, the fast Fourier transform 

(FFT) is widely applied, which provides convenience in characterizing the surface morphology. Wu 

[65], Hu and Tonder [82], and Newland [83] developed the FFT strategy for creating three-dimensional 

surface topographies (B2). This method provides a useful tool for modelling rough surfaces as long as 

the spectral density of the rough surface is identified. Nevertheless, Newland’s approach may not be 

accurate in evaluating spectral density because the aforementioned method could not clarify the circular 

auto-correlation function (ACF) and circular spectral density. To resolve this problem, researchers 

applied the moving average  (MA) time series with the nonlinear conjugate gradient method to generate 

rough surfaces [70]. However, the main restrictions for applying this method are that 1) this method is 

time-consuming, which would limit the simulation of a rough surface with complex textures; and 2) the 

sensitivity of the original value restricts the construction of the rough surface when considering various 

forms of the autocorrelation functions [69]. With these disadvantages, the Gaussian rough surface is 

still successfully applied in membrane cleaning applications. For example, Qu and coworkers developed 

the Gaussian surface simulation with discrete Fourier transform of the asperities height function (B3), 

which supported the randomness of the high fluctuations of the model surface [67]. With the help of the 

Johnson translator, the Gaussian input sequence can be transformed into an input sequence (Johnson 

translator system) with appropriate skewness and kurtosis to generate a non-Gaussian random surface 

[84]. Wang and coworkers proposed a method combining the Johnson translator system and the FFT 

[69]. A general example that represents a non-Gaussian rough surface is shown in Table 2.1 (B4). The 

proposed method considered the influence of truncation lengths and reduced the computation time of 

correlation lengths by simplifying the ACF. Although numerous mathematical functions could be 

applied in generating non-Gaussian surfaces, they should cover skewness–kurtosis planes and use as 

few expressions as possible. To address this challenge, the probability density function (PDF) based on 

the Johnson translation system was proposed to generate the non-Gaussian surface (B4)  [85]. 

Although the above methods were successfully used for simulating the engineering surface with a high 

prediction accuracy, these simulation approaches involve complex formulations, which would result in 

a huge computational load for the quantification of interfacial interactions. 
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There are reports about the application of the sine function to represent surface roughness [86, 87], 

which would describe the protruding and depression parts of surfaces. Jacobs and coworkers applied a 

paraboloid and a sine wave to define a rough surface. In this case, the surface roughness is controlled 

by the amplitude and frequency of the sine wave [88]. Although this method provides a convenient 

method for characterizing the rough surface, this strategy is mainly suitable for two-dimensional 

surfaces, which would limit the construction of the three-dimensional rough surface. In this context, 

Zhang and coworkers established an equation to represent the pertinent statistical properties of the rough 

surface for three-dimensional surfaces (B5). This method was used for simulating the rough biomaterial 

surface and coarse aggregates with a convenient numerical model [89, 90]. In this method, the surface 

average roughness should be identified independently. If not identified experimentally or numerically, 

this strategy cannot represent the value of surface roughness. Alternatively, Zhao and coworkers have 

successfully simulated the rough planar surface with a periodic sinusoidal function. Considering a 

constant asperity size and use of sinusoidal shapes, Zhao and coworkers reported that the surface 

roughness increased with increasing the asperity height and asperity density (B6) as shown in Figure 

2.2a [71]. The concept of this approach is to apply the sinusoidal function to assign the asperities on the 

x-axis and y-axis in a three-dimensional coordinate. This method overcomes the limits of the previous 

method (B5) requiring experiment data to support simulation, where the surface characters (e.g., 

asperity number and size) would directly generate surface roughness by numerical methods. In this 

context, Li and coworkers applied this approach to simulate the roughness of the polyvinylidene 

fluoride membrane [91].  

Although the sine function provides simple simulation strategies, it cannot represent the whole nature 

of the rough surface because the sine function represents uniform asperities. To overcome this difficulty, 

a fractal geometry theory and Weierstrass-Mandelbrot function was applied to simulate the surface 

roughness and randomness of a flat surface three-dimensionally. As the simulated asperities had self-

affine properties, the profile of a rough surface can be assumed to be continuous at an infinity small 

length [92] as shown in Figure 2.2b. Thus, the continuous and random asperities on the material surface 

could be represented by Weierstrass- Mandelbrot (WM) function (B7) [92]. The modified WM function 

was developed to be a fractal function for three-dimensional isotropic surface construction (B8) because 

the function involved in this approach correctly characterize the self-affinity surface, which would make 
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a surface with a pattern similar to that of a natural rough surface. For rough surfaces, such as rocks, the 

fractal dimensions of a three-dimensional (3D) surface could be resolved by the slope of the logography 

of the power spectrum of the two-dimensional profile [93].   

A large number of studies have shown that the fractal features of randomly rough surfaces can be 

properly described by the fractal geometry theory, where the fractal dimension and fractal roughness 

have core roles in controlling surface roughness [94-96]. The fractal dimension is the parameter that 

represents the contour structure complexity on the randomly rough surface. Thus, the larger value of 

the fractal dimension implies more details in the contour structure of a surface. Fractal roughness is an 

amplitude coefficient, which affects the size of the contour on the rough surface [97]. Unlike Euclidean 

geometry, fractal geometry included points, curves, surfaces, and cubes with the integer dimensions of 

0,1,2,3, respectively [93]. In addition, the fractal geometry provides new insight into the interface 

deformation where the fractal dimension can be used as a measure of surface stiffness [76]. Cai and 

coworkers applied the same theory to simulate the membrane surface and also concluded that the lower 

value of the fractal dimension represented a smoother membrane surface [5].  Fractal geometry methods 

are only suitable for the quantification of complex structures which cannot quantify simple structures. 
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Figure 2.2. The three-dimensional sinusoidal rough planar surfaces generated by MATLAB (a) 
uniform rough flat surface (B6); (b) randomly rough flat surface (B7) 

 

2.4.2 Generation of a roughly spherical surface 

The roughly spherical surface could be created by extending the techniques described in constructing a 

planer surface. However, these techniques are complex due to the use of complex coordinate 

transformations. Table 2.3 summarized the contracting approaches of roughly spherical surfaces in 

literature. 

Table 2.3 The constructing methods of the roughly spherical surfaces 

Symbol Constructing method Equation Important 

parameters 
Significant 

impacts 
Application 

Reference 

C1 Surfaces with 

orthogonal arrays of 

asperities were 

generated as meshes 

over an area 

𝜃 = 2𝑛𝜋(𝑅 + 𝜖𝑠 ) 𝜖𝑠 the number 

density of 

asperity  

height of 

asperity 

The surface 

roughness 

increased with 

increasing 

density and 

height of 

asperities 

Mineral 

flotation 
[98, 99] 

C2 Periodic sinusoidal 

function 
𝑅 = 𝑟[1 + 𝜆𝜃 cos(𝑛𝜃𝜃) + 𝜆𝜙 cos(𝑛𝜙𝜙)]                                                                                   e asperity 

ratio 

asperity 

number 

The surface 

roughness 

decreased with 

increasing 

asperity 

number and 

asperity ratio 

Membrane 

fouling 

control 

[39, 100, 

101] 

C3 A modified two-

variable WM 
∆𝑟 = 𝐿(

𝐺

𝐿
)𝐷𝑓−2(

𝑙𝑛𝜂

𝑀
)
1

2∑ ∑ 𝜂(𝐷𝑓−3)𝑛 ∗ (cos𝜙𝑚,𝑛𝑚𝑎𝑥+1 −
𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

fractal 

dimension 

The surface 

roughness 

Membrane 

fouling 

[54, 102, 

103] 
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function cos(
2𝜋𝜂𝑛𝑟 sin𝜃

𝐿
∗ cos (𝜑 −

𝜋𝑚

𝑀
) + 𝜙𝑚,𝑛𝑚𝑎𝑥+1))                                                                                                                                               

fractal 

roughness 

decreased with 

increasing 

fractal 

dimension but 

increased with 

increasing 

fractal 

roughness 

control  

C4 Gaussian distribution 

pross ∆𝑟 =
1

𝐿2
∑ ∑ 𝐹(𝑘𝑥𝑚 ,

(
𝑁
2
−1)

𝑛=−(
𝑁
2
)

(
𝑁
2
−1)

𝑚=−(
𝑁
2
)

𝑘𝑦𝑚)exp (𝑖𝑘𝑥𝑚𝑥 − 𝑘𝑦𝑚𝑦) 

𝐹(𝑘𝑥, 𝑘𝑦) = 2𝜋𝐿√𝑤{

𝑁(0,1)+𝑖𝑁(0,1)

√2
𝑚, 𝑛 ≠ 0,

𝑁

2

𝑁(0,1) 𝑚 𝑜𝑟 𝑛 = 0,
𝑁

2
 

   

𝑘𝑥𝑚 =
2𝜋𝑚

𝐿
, 𝑘𝑦𝑛 =

2𝜋𝑛

𝐿
 

number of 

superposed 

ridges 

applied to 

simulate 

rough 

surface 

The surface 

roughness 

increased with 

an increase in 

the value of the 

number of 

superposed 

ridges 

Membrane 

fouling 

control 

Colloids, 

bacterial, 

mechanical 

spheres 

[68] 

The basic concept of orthogonal arrays of asperities was proposed by Suresh and Walz (C1)[104], which 

included an element of smooth particle and a rough surface described by numerous and uniform 

hemispheres. Drelich and Patrick developed this approach with asperity coverage to predict the effects 

of surface roughness on repulsion energy barriers [99] (Figure 2.3a). Although Drelich and Patrick 

successfully predicted the asperity surface coverage that had less effect than the asperity radius on 

controlling interaction energy [99], the generated rough surface by this construction method could not 

fully reflect the realistic properties of the natural rough surface. In this approach, only the protruding 

parts of asperities were considered in the numerical simulation. However, the sunken part of asperities 

generated more surface area and provided significant effects on the particle interaction. Thus, the 

method proposed by Drelich and Patrick had some limitations in correctly predicting the total 

interaction energy in the interfacial interface. Alternatively, Bhattacharjee and coworkers applied the 

rippled sphere model based on its simplicity to provide a suitable equation for rough spherical surface 

directly (C2) [39]. This approach applied a spherical coordinate (𝑟, 𝜃, 𝜙) . The terms ( 𝑛𝜃, 𝑛𝜙 ) and 

(𝜆𝜃, 𝜆𝜙 ) represented the frequencies and amplitudes of ripples along the 𝜃  and 𝜙  directions in the 

coordinate. The term 𝑟 represents a radius of a smooth particle. Therefore, the procedures of C2 could 

generate a sphere with uniform asperities as shown in Figure 2.3b. 

This construction approach has been successfully applied in the assessment of interfacial interaction 

between the membrane surface and a rough sludge floc [100, 101]. In addition, this method provided 

an opportunity for exploring a deeper insight into membrane fouling control. Recently, two rough 
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spherical surface interaction models were developed based on this construction method, which indicated 

that surface roughness significantly reduced the strength of interfacial interaction [105, 106]. The 

predicted results suggested that the surface morphology played an important role in affecting interfacial 

behaviors of the particle in suspension systems. The other studies articulated that the method for surface 

modelling is to construct a rough surface as a periodic sinusoidal function (C2)  [6, 71] or a planar 

surface with hemisphere pillars (C1)[64]. Once the value of average statistical roughness could be 

resolved, the interface interaction could be obtained numerically [107, 108]. Although these strategies 

improved the construction of rough spherical surfaces, the characteristics of the constructed rough 

surface from these approaches hardly reflected the natural surface morphology of the rough particles. 

The natural rough surface exhibited randomly rough surface morphologies. Therefore, C1 and C2 had 

limits in their accuracy of predictions. 

Alternatively, it is feasible to generate a rough surface according to the fractal geometry theory, which 

may represent the fractal characteristics of sludge flocs, for instance [101]. The WM function based on 

fractal geometry is widely used for generating the randomly rough planer surface [76, 93, 109]. Mei 

and coworkers developed a  two-variable WM function to model the randomly rough spherical surfaces 

[101] (C3). This constructing method provided a more reasonable approach to simulating natural rough 

surfaces compared to previous works [100, 101]. The constructed particle was shown in Figure 2.3c, 

which captured the characteristics of natural rough surface morphologies. Nevertheless, the value of the 

fractal dimension (𝐷𝑓) in this approach is usually unknown. The self-similarity of the natural fractal 

curves is approximate self- affinity [72], and the value of 𝐷𝑓 is traditionally evaluated by image analysis 

[110] and the settling velocity test [111], which are time-consuming and complicated [112]. With the 

contributions of 𝐷𝑓 measurement, the two variable WM function became an advanced and convenient 

simulation approach to construct three dimensional rough particles. However, this method involves the 

complex equations and could not characterize the simple structures of asperities.  

Past literature studies have demonstrated that a rough surface could be considered a Gaussian surface 

whose height approximately follows a Gaussian distribution [113-115]. The Gaussian distribution of 

the dataset means that most data values are clustered in the middle range, with the rest tapering 

symmetrically towards the extreme [116]. For a given distribution, the parametric skewness indicates 
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that the distribution deviates from its symmetry, while the parametric kurtosis reflects the tail of the 

distribution. Due to this feature, Zhao and coworkers applied Gaussian distribution to generate a 

randomly rough spherical surface (C4) [68]. In this case, C4 is applicable to simulate not only sludge 

floc surface but also other randomly rough spherical surfaces including bacteria, colloids, and planets. 

Moreover, C4 applied root mean square surface roughness values as the input parameters instead of 

fractal parameters (C3), which could be achieved from microscope analysis of the AFM technique.  
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Figure 2.3. Constructed rough spheres (a) the rough sphere is covered with hemispherical asperities 
[79, 99]; (b) the 3D rippled rough sphere generated by MATLAB [53, 105]; (c) The 3D randomly 
rough sphere generated by MATLAB [54] 

     

2.5 The quantitative interaction models and applications of 

interaction scenarios 

Approximation in the calculation of the interfacial interaction energy is usually associated with 

anomalous prediction and calculation errors. The accurate simulation process could be achieved via 

rigorous mathematical calculations [117]. Therefore, an accurate model to simulate the suitable 

interaction scenario is necessary to evaluate the interaction energy between target surfaces. The 

different interaction scenarios and their comparisons are summarized in Table 2.4. 

Table 2.4 The comparisons of techniques for simulating interaction energy between surfaces 
Symb

ol 

Interactio

n 

scenario 

Method for 

generating 

surface 

roughness 

Simulation 

technique 

Key 

parameter 

Key equation Applied 

theory 

D1 Smooth 

particle 

vs 

Smooth 

plate  

/ Derjaguin’s 

approximati

on  

The 

separation 

distances  

 

𝐹(ℎ) = 2𝜋𝑅𝑒𝑓𝑓𝑊(ℎ) DLVO 

potential 

[118-121] 

 

D2 Smooth 

particle 

vs 

Smooth 

plate  

/ Derjaguin’s 

approximati

on  

The 

separation 

distances  

 

𝐹(ℎ) = 2𝜋𝑅𝑒𝑓𝑓𝑊(ℎ) Lennard-

Jones 

potential 

[122, 123]  

D3 Smooth 

plate 

vs 

Smooth 

plate  

/ Parabolic 

approximati

on  

The 

effective 

radius  
𝐹(ℎ) = −

8𝜋𝑅𝑒𝑓𝑓∆𝛾

3
[
𝜀2

𝑑2
−
𝜀8

4𝑑8
] 

Lennard-

Jones 

potential[12

4, 125] 

D4 Smooth 

spherical 

particle 

vs  

Smooth 

spherical 

particle  

/ Lattice 

Boltzmann 

model [126, 

127] 

 The 

dimensionl

ess center-

to-center 

distance 

between 

two 

𝐹𝐴

=
𝐴

6𝑎1

{
 
 

 
 −4𝜆𝑅𝑐

[𝑅𝑐
2 − (1 + 𝜆)2]2

+

−4𝜆𝑅𝑐
[𝑅𝑐

2 − (1 − 𝜆)2]2
+

−2𝑅𝑐
𝑅𝑐
2 − (1 − 𝜆)2

−2𝑅𝑐
𝑅𝑐
2 − (1 + 𝜆)2}

 
 

 
 

 

Debye–

Hückel 

approximati

on 
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particles 

D5 Smooth 

particle 

vs 

Rough 

plate [64, 

128] 

Cylindrical 

pillars or 

hemispheri

cal pillars 

were 

considered 

uniform 

asperities 

SEI The height 

of pillars  
𝑈(ℎ) =∬𝛥𝐺(ℎ)𝑑𝐴 

DLVO 

potential 

D6 Smooth 

particle 

vs 

Rough 

plate [19, 

71, 128-

130] 

The 

sinusoidal 

function 

was applied 

to represent 

uniform 

roughness 

SEI The height 

of asperity  
𝑈(ℎ) =∬𝛥𝐺(ℎ)𝑑𝐴 

DLVO 

potential 

D7 Smooth 

particle 

vs 

Rough 

plate 

[131-

133]  

The 

sinusoidal 

function 

was applied 

to represent 

uniform 

roughness 

SEI The height 

of asperity  
𝑈(ℎ) =∬𝛥𝐺(ℎ)𝑑𝐴 

DLVO 

potential 

D8 Smooth 

particle 

vs 

Rough 

plate 

[134-

136] 

Two 

variable 

WM 

function 

was applied 

to represent 

randomly 

roughness 

SEI The fractal 

dimension   
𝑈(ℎ) =∬𝛥𝐺(ℎ)𝑑𝐴 

DLVO 

potential 

D9 Rough 

particle 

vs 

Smooth 

plate [79, 

98] 

Uniform 

hemispheri

cal 

asperities 

covered  

Derjaguin 

approximati

on 

The height 

of asperity  
𝑈(ℎ) = −

𝐴𝑅

6
[
1

ℎ
+ 2𝜋𝑛ℎ𝑙𝑛 (

ℎ

ℎ − 𝜀𝑠
) − 2𝜋𝑛𝜀𝑠

−
𝑛𝜀𝑠

2𝜋

ℎ
 ] 

DLVO 

potential 

D10 Rough The SEI The 
𝑈(ℎ) =∬𝛥𝐺(ℎ)𝑑𝐴 

DLVO 
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particle 

vs 

Smooth 

plate [39, 

100, 137] 

sinusoidal 

function 

was applied 

to represent 

uniform 

roughness 

asperity 

ratio  

potential 

D11 Rough 

particle 

vs 

Smooth 

plate[6] 

Two 

variable 

WM 

function 

was applied 

to represent 

randomly 

roughness 

SEI The fractal 

dimension   
𝑈(ℎ) =∬𝛥𝐺(ℎ)𝑑𝐴 

DLVO 

potential 

D12 Rough 

particle 

vs 

Rough 

plate 

[108] 

The 

sinusoidal 

function 

was applied 

to represent 

uniform 

roughness 

SEI The 

asperity 

ratio  

𝑈(ℎ) =∬𝛥𝐺(ℎ)𝑑𝐴 
DLVO 

potential 

D13 Rough 

particle 

vs 

Rough 

plate [54, 

102] 

Two 

variable 

WM 

function 

was applied 

to represent 

randomly 

roughness 

SEI The fractal 

dimension   
𝑈(ℎ) =∬𝛥𝐺(ℎ)𝑑𝐴 

DLVO 

potential 

D14 Rough 

particle 

vs 

Rough 

particle[5

3, 105] 

The 

sinusoidal 

function 

was applied 

to represent 

uniform 

roughness  

SEI The 

asperity 

ratio  

𝑈(ℎ) =∬𝛥𝐺(ℎ)𝑑𝐴 
DLVO 

potential 

D15 Rough 

particle 

vs 

Rough 

particle 

Two 

variable 

WM 

function 

was applied 

to represent 

randomly 

SEI The fractal 

dimension   
𝑈(ℎ) =∬𝛥𝐺(ℎ)𝑑𝐴 

DLVO 

potential 
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roughness 

D16 
Smooth 

ellipsoid 

vs  

Smooth 
flat 
surface 
[42] 

 

/ SEI The 

orientation 

angle 

𝑈(𝐷,𝜑) = ∫ ∫ 𝑛̂ ∙ 𝑘̂ ∙ 𝐸(ℎ = 𝐷 − 𝑍)
𝜋

0

2𝜋

0

∙ 𝑟2 sin 𝜃 𝑑𝜃 𝑑𝜙 

DLVO 

potential 

D17 
Smooth 

cylinder 

vs  

Smooth 
flat 
surface  

[46] 

/ SEI The 

orientation 

angle 

𝑈(ℎ) =∬𝛥𝐺(ℎ)𝑑𝐴 DLVO 

potential 

D18 
Smooth 

ellipsoid 

vs  

Smooth 

ellipsoid 

[49] 

 

/ / The 

orientation 

angle 

∆𝐸

𝛾𝑎2
= −3𝜋(2𝜔1 + 2𝜔2) (

∆𝑢

𝑎
)
2

(
𝑑𝑐𝑐
𝑎
)−4 

Capillary 

potential 

D19 
Smooth 

pearlike 

particle 

vs 

smooth 

pearlike 

particle 
[47] 

/ DA The aspect 

ratio 
∆𝑈𝐿𝑊 = 2𝜋∆𝐺𝐿𝑊

𝑦0𝑎𝑐
2

ℎ
 

XDLVO 

potential 

D20 
Smooth 

cuboidal 

vs  

Smooth 
cuboidal 
[138] 

 

 

/ / The 

orientation 

angle 

∆𝐺𝑑𝑎 = 𝛾𝑎𝑤(𝑎
2 + (𝑎2 + 4𝑎ℎ)𝑐𝑜𝑠𝜃) Detachment 

potential 

D21 
Smooth 

super 

ellipsoids 

vs  

Smooth 
flat 
surface 

/ DA The 

orientation 

angle 

𝑈 =
2𝜋

√𝜆1𝜆2
𝑄(ℎ) DLVO 

potential  
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[48] 

 

 

 

The model of smooth spherical particle interaction is commonly applied to simulate the interfacial 

behaviours of particles. Derjaguin’s approximation (DA) provides a simple route for the interaction 

energy of the corresponding interactive energy per unit area between two infinite parallel flat panels 

[117]. Previous researchers developed DA by using the relatively simple sphere-plate geometry, which 

describes an accurate analytical expression for the potential interaction of the sphere and a plate [122, 

123, 139]  (D1 and D2). The DA method provides the fast calculation of interactions between two 

colloidal particles in solutions, which is important in industry or lab applications because it is a 

computational challenge to repeatedly calculate detailed interactions by solving numerically related 

theories in high-dimensional spaces [140]. Oversteegen and Lekkerkerker articulated that the DA 

method overestimated the simulation results for sphere-rod interaction, but the DA method provided 

accurate simulation results in sphere-disk interaction due to the generic intermediate behavior of disks 

[141]. Parabolic approximation (D3) was also widely applied in simulating smooth surface interaction 

[124, 125]. The parabolic approximation method offered the advantages of short dynamic response time, 

small steady-state fluctuation, small error probability, and good comprehensive performance. 

Nevertheless, a large number of required calculations would be involved in the simulation process. 

Lattice Boltzmann model (D4) has attracted increasing attention due to its inherent advantages, such as 

relatively easy handling of complex geometries, high efficiency of parallel computation, and capturing 

interactions between different phases/components at the mesoscopic level  [126, 127, 142]. However, 

this model has some disadvantages, such as only considering a constant value for surface tension, which 

limits the analysis at different densities and temperatures [143]. Generally, considering the influence of 

surface morphology in predicting interfacial interaction energy would increase the accuracy of 

modeling results.  

In the case of a smooth sphere-rough flat surface scenario, Martines and coworkers simulated asperities 

on the rough surface as cylindrical pillars or hemispherical pillars (D5) [64]. As the D5 did not consider 

the depression parts of asperities, the simulated predictions may underestimate the actual interaction 
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energy. To further develop D5, researchers applied the sinusoidal function (D6) to simulate the 

interaction energy between smooth particles and rough flat surfaces based on the SEI technique [19, 71, 

128-130]. With the help of this method, the effect of rough surface properties on interfacial interaction 

was modelled. Model D7 applied another type of sine function to describe the roughness of a flat surface 

[131-133]. Lin and coworkers applied D7 to simulate the interactions between sludge particles and 

membrane surface and reported that a rough membrane generated a weaker interaction for sludge 

particles than a smooth surface [131]. As we discussed in previous sections, the natural surface has 

rarely uniform topographies. Previous work suggested that the randomly rough surface morphologies 

may have a strong anti-adhesion ability [102]. Therefore, the simulation of randomly rough surface 

morphology attracted attention in the numerical modeling community. The D8 model was constructed 

to resolve this interaction scenario with randomly rough surface morphology [134-136].  Based on the 

above approaches, the energy of rough particle-flat surface interaction could be evaluated and the 

relationship between surface morphology and interaction energy could be explored. Previous works 

demonstrated that the increased asperities number of the flat surface would significantly drop the 

interaction energy between rough particles and flat surface [19, 71, 128-130, 144]. The main reason for 

this phenomenon is that the surface roughness reduced the interaction area between a particle and flat 

surface. The numerical models (D6-D8) applied the SEI method considering the protrude and sunken 

parts of asperities in particle surface, which provides an accurate model to evaluate interaction energy 

and provide deep sight in adsorption or membrane fouling control applications.  

In the case of rough particle-smooth flat surface interaction, the past studies simulated the spherical 

particle covered with hemisphere shape asperities (D9) [79, 98]. Zhu and coworkers simulated a 

magnesite particle with surface morphology of D9 and studied its interaction with a large bubble, and 

concluded that with increasing the asperities radius of the particle from 2 nm to 12 nm, the total 

interaction diminished [79].  Bhattacharjee and coworkers applied rippled particles theory and 

developed D10 combined with the SEI method to simulate interfacial interactions as shown in Figure 

2.4a, which addressed the limitations of D9. Moreover, Bhattacharjee and coworkers included the 

comprehensive calculation process of the vector units to improve the accuracy of modeling prediction. 

D10 provides an important tool to analyze the effect of floc roughness in membrane fouling, and an 

effective membrane fouling control method could be proposed [137]. Past studies developed this 
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numerical model to consider the realistic properties of the naturally rough surface by applying the fractal 

geometry theory (Figure 2.4b). In the work explained in (D11), Zhang and coworkers provided the first 

evaluation of interaction energy between a randomly rough spherical surface and a smooth flat surface 

[54, 102]. This model is not only suitable for simulating the rough surface of flocs but also for 

microorganisms and colloids once their surface properties could be translated to numerical values. As 

the regular rough surface rarely exists in the natural environment, the simulation work from D11 

provides more universal application prospects in simulation interfacial interaction compared to D5, 

which assumed the asperities had uniform shapes [39, 79]. However, the simulated results may 

underestimate the interfacial interaction energy between the particle and flat surface if the flat surface 

had a rough surface morphology as the proposed method avoided the sunken part of asperity and its 

influences. The models involved in this interaction scenario could be applied to monitor the adsorption 

rate or attachment efficiency in coating applications or surface modifications [145]. 

Research has progressed in investigating the interaction of two rough surfaces. In this respect, Hong 

and coworkers applied the sinusoidal function to simulate the rough flat surface (D12) [108], which was 

applied in simulating the interfacial behavior of sludge flocs in wastewater treatment. However, the 

randomness of asperities on the particle surface was not involved in the calculation process. To improve 

the model, the surfaces can be designed to have random morphologies using the WM function, for 

example [92, 146] (D13). Both of these methods demonstrated that if the surface amplitude increased, 

the total interaction strength within the separation distance range would decrease significantly. This 

result is reasonable because the increase in the asperity ratio would increase the surface roughness, 

which would also increase the separation distance between two opposing rough surfaces (Figure 

2.4c)[53, 108]. Cai and coworkers simulated the mechanism of randomly rough membrane fouling 

control using D13 (Figure 2.4d) [54], which facilitated to identify of fouling behavior and formulation 

an effective fouling control strategy because the fractal dimension significantly controlled the texture 

of the randomly rough surface. Therefore, the modification of fractal dimension in membrane surface 

morphology could be considered the most effective method to control membrane fouling.   

Quantifying the interfacial interaction between rough particles is an important step to understanding 

and control the interface behavior of protein, bacterial, colloids, or floc particles related to coagulation, 

dispersion, adhesion, membrane fouling, etc, processes. For this purpose, the interaction model of two 
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rippled particle interactions based on XDLVO theory was developed in previous studies (D14) (Figure 

2.4e)[105, 147]. Through extensive efforts [105, 147], this interaction model claimed that the newly 

proposed method would further improve the accuracy of quantifying the interfacial energy between two 

rough spherical particles. Lu and Fatehi further developed D14 to construct two randomly rough 

particles (D15) and provided a model to describe the interaction of roughly spherical particles. The 

above approaches concluded that the decrease in the asperity size strengthened the interfacial interaction 

energy (Figure 2.4f), which is attributed to the structured topography of the surface [103]. The numerical 

models involved two rough particle interactions that could be applied in simulating the stability of 

suspension systems and the predicted interaction energy could work as an indicator to monitor the 

interfacial behavior of modeled particles. 

Additionally, previous studies proved that the shape of particles had significant effects on particle 

interaction [148, 149]. Therefore, only considering the regular and circular shapes would not be 

sufficient to represent all nanoparticles in nature, which may reduce the accuracy of the prediction of 

the model if the particles owned uncircular shapes. The previous work built the mathematical model of 

ellipsoidal particle interaction (D16 and D18) and demonstrated the particle interaction energy 

decreased with increasing the orientation angle [40]. The particles with cylinder shapes were also 

modeled in the past work [46] (D17) and reported that the DLVO interaction energy decreased with 

increasing the orientation angle. The pear-like particle interaction under XDLVO theory was evaluated 

with the DA method (D19) and reported that the pear-like particles exhibited weaker attraction energy 

than spherical particles [47]. Moreover, the detachment energy of cuboidal particles (D20) was 

simulated in a previous study and reported that the increased size of cuboidal particles would increase 

the detachment energy [138]. The interaction energy between super ellipsoids was assessed by the DA 

method (D21), which reported that the minimum interaction energy could be observed when the super 

ellipsoids were perpendicular to the flat surface [48].  The interaction energy between super quadrics 

could be simulated by the method proposed in D21 because the fundamental concepts to construct super 

quadrics and super ellipsoids are the same, and only the shape parameters are different. 

Although the previous studies made great contributions to simulating the interaction between non-

spherical particles interaction, the surface morphology effects of non-spherical particles were excluded. 

According to the above discussion, surface roughness would impact the interfacial interaction between 
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surfaces. In reality, colloidal particles, especially biocolloids, such as proteins, viruses, and bacteria [40], 

would have non-spherical shapes. For such particles, the interaction energy becomes dependent on the 

direction and generates torque. This torque orients the particles in an energy-efficient configuration. 

Therefore, the development of the particle interaction model should be considered the rough non-

spherical particle interaction in the future. Appling some numerical methods to generate a rough layer 

on the smooth non-spherical particles could be considered a novel strategy to assess the rough non-

spherical particle interactions. The naturally occurring colloidal systems are full of particles of various 

geometric shapes. Considering the surface morphology effects on non-spherical particle interaction, the 

predicted results could characterize the interaction strength comprehensively. 
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Figure 2.4. The interaction scenario involved in previous modeling works. Parameters involved in the 
interaction of (a) rough particles with a smooth plate [137]; (b) randomly rough particles with a 
smooth plate [6]; (c) rippled rough particles with a rough plate [108];(d) randomly rough particles 
with a randomly rough plate [54];(e) two rough particles with a uniform topographic [105]; and (f) 
two rough particles with a randomly topographic [103] 

2.6 The future development and challenges 

 

2.6.1 The different geometrical structures of asperities 

Asperities could have different shapes in natural environments. For example, an scanning microscopy 

had showed that the surface topography of particles owned cone-shaped, or column-shaped of asperities 

[150]. Additionally, previous experimental studies provided evidence for asperities with parabolic, 

spherical, and cylindrical shapes [151]. However, the past numerical modeling studies only considered 

the asperities with hemisphere or needle-like structures. To further improve the accuracy of the 

prediction of modeling, the actual shape of asperities should be modeled in studying the interaction of 

particles. This is the necessary step to further improve the accuracy of modeling work related the 

simulating particle interaction. 

2.6.2 The effects of surface morphology on particle interaction with irregular shapes 

Future modeling studies should correctly simulate the interaction of non-spherical particles considering 

the actual particle shape and surface morphology. This modeling could provide valuable insights into 

the interaction and attachment of various particles including carbon nanotubes, nanowires, bacteria, 

hollow particles, and cylindrical solid particles. The constructed numerical models would be very 

important for industrial and environmental applications.  

There are few theoretical developments in interfacial interaction for rough non-spherical particles, and 

the available results are only near continuum and free molecule asymptotic solutions [152], which 

shows that the influence of particle shape and orientation is significant. As most colloidal particles are 

not always spheres, the simulation models must use more data and better theories to fill this gap in 

knowledge of rough non-spherical particle interaction.   

2.6.3 The potential applications 

the presented modeling work has been widely applied in simulating the process of membrane fouling 

[5, 135], surface coating [153, 154], and particle coagulation [155, 156]. Despite their valuable 
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information, the modeling that included particle shape and surface morphologies has not been 

comprehensively used in any particular application, and future studies may expand on such applications.  

Nanoemulsions are kinetically stable colloidal systems with small droplet sizes. The composition and 

structure of nanoemulsions can be controlled for encapsulation and efficient delivery of biologically 

active lipophilic compounds [157]. Nanoemulsions have potential applications in the food industry for 

the delivery of colorants, nutraceuticals [158], and antimicrobials [159]. The nanoemulsions were 

reported to have a droplet with rough surfaces [160], such as apremilast nanoemulsions [161]. Despite 

the advancement in the experimental analysis of such models, the application of numerical modeling 

studies on nanoemulsions has been limited. The improved accuracy of such numerical analyses would 

improve the prediction, control, and generation of nanoemulsions used in developing biodegradable 

coatings and packaging films. 

. Grinding in the mineral process is used daily, which affects the surface morphology of particles. Past 

reports indicate that the surface hydrophobicity of minerals is closely related to surface roughness [162-

164]. Although surface chemistry was considered to play a key role in the mineral flotation process, 

chemical agents such as depressants [165], collectors [166], and activators [167] could be dangerous to 

the environment, and future efforts must aim to avoid their excessive uses. To better understand the 

interaction of ground mineral particles and chemical agents (for reducing the use of such chemicals), 

the simulation analysis on the topic of rough particle interaction would be useful.  

 Biocell or biosurface was also widely applied in the medical field, such as biocell trapping [168], 

biocell delivery [169], and drug delivery [170] and the interaction of such materials with various 

surfaces is important. However, as some previous reports articulated that the biocell owned rough 

surface [171], the surface biocell is rarely smooth, previous literature did not apply the numerical model 

to simulate the biocell interaction and excluded the surface morphology of biocell. Recently, the world 

is suffering from the covid virus, which also owned rough surface morphology. The covid virus could 

be considered as a rough particle with randomly rough topographies. The interaction of the covid virus 

with a surface could be predicted based on DLVO or other theories, but no study has been conducted 

on it Also, microalgae with their cleaning water potential in wastewater systems has been demonstrated 

to have rough surface morphology [172]. Therefore, to better evaluate the interaction energy of 

microalgae with membrane surface, they could be constructed numerically, and their interaction should 
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be studied.  

2.7 Conclusions 

Understanding the interaction and behavior of interfaces or colloids in environmental systems is critical 

for controlling such systems. The particle transportation of the colloidal systems could be 

comprehensively described by counting Van deer Waals attractive and double layer electric repulsive 

interaction even with non-DLVO force. Traditional models have been unable to describe the interfacial 

behaviors of biocolloids with rough surface morphologies [117, 173, 174]. The advancement in rough 

morphology simulation has paved the way for constructing surfaces with various surface morphologies. 

In past, non-spherical particles were assumed to have spherical shapes [175]. However, to improve the 

accuracy of the modeling analysis to understand the behavior of colloidal systems, the numerical 

analysis should include non-spherical particles. This work summarized numerical models applied for 

constructing smooth non-spherical particles.   

To further improve the accuracy of predictions, the surface morphologies of particles should be involved 

in the calculation process as particles are rarely smooth in naturally or industrially produced colloidal 

systems. The recent methodologies of constructing rough flat and spherical surfaces were reviewed in 

this work. These construction methods were divided into three categories: 1) models that generated 

regular geometries as protrusions or depressions on a smooth flat surface; 2) models that applied 

periodic functions; 3) and models that constructed self-similarity randomly rough surfaces. Compared 

with these methods, the method of constructing randomly rough surfaces could capture more 

characteristics of surfaces as they could represent particles more accurately.  

Accurate knowledge of interfacial energy is critical for understanding many processes in colloidal 

assembly, such as molecular separation [176], dispersion [177], flocculation [178], filtration [55], and 

surface coating [66]. Although past theoretical descriptions of these interactions only involved idealized 

smooth surfaces, the real material surface usually exhibited the characteristics of rough morphologies. 

The recent developments in interaction models were summarized in this review. With the suitable 

interaction scenario and surface morphology, the total interfacial interaction between surfaces could be 

predicted and accurately monitor the interfacial behaviors of particles in such application systems. 

A comparison among the numerical models could reveal that approaches constructing randomly rough 
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flat surfaces and particles were more accurate to characterize the surfaces and particles that are 

generated naturally or industrially. The most important conclusion drawn from the summarized models 

is that the surface morphologies played a key role in controlling the interaction energy between surfaces. 

Generally, the total interaction energy would decrease if the surface became rougher facilitating the 

coagulation of particles. This finding may facilitate surface modification for designing optimal products 

such as surface coating. 

Current modeling studies still lacked the information on constructing various shapes of asperities on 

surfaces and rough non-spherical particle interactions. The future modeling studies should focus on 

resolving these issues. The application fields of such modeling could be extended to the fields of 

nanoemulsion, grinding minerals, and bio-surfaces. 
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Chapter 3: A modeling approach for 

quantitative assessment of interfacial interaction 

between two rough particles in colloidal systems 

3.1 Abstract 

Hypothesis and background 

The simulation of rough particle surfaces is important to understand and control the interface behavior 

of particles in colloidal systems. Literature analysis suggested a lack of information for an accurate 

model simulating the interfacial interaction between two rough particles. It is hypothesized that the total 

interfacial energy developed between two rough particles would depend on the surface morphologies 

of particles, and it could be predicted if a mathematical model to represent the interaction of two rough 

particles were created accurately.  

Experiments 

In this study, mathematical models were developed to determine the interfacial energy created between 

two particles according to the XDLVO theory by considering the rippled particle theory and surface 

element integral (SEI) method. Three different scenarios of particle interactions were assumed in the 

simulation. The present study provides deep insights into particle interactions by considering the aspect 

ratio, size, and surface roughness of two particles in colloidal systems.   

Findings 

The assessment of the interfacial interaction revealed that an increase in the aspect ratio, surface 

roughness, and relative surface roughness of particles would weaken the total interaction energy 

generated between particles and promote particle aggregation. Increased interaction energy was 

predicted for the interaction of particles by increasing the particle size. The asperity ratio was more 

effective than the asperity number in controlling the interfacial energy between two particles. The 

results of this study could be used for foreseeing the interaction of rough particles, which has a 

significant application in particle coagulation or dispersion in colloidal systems. 

Keywords: Interfacial energy, particle modeling, colloidal stability, simulation  
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3.2 Introduction  

The interaction forces developed between colloidal particles in suspension systems can determine the 

stability of the suspensions impacting the shelf life, rheology, and taste of the suspensions [1]. They 

also affect the rheological behavior of suspensions (e.g., mixing, membrane filtration) and formulations 

of chemical and pharmaceutical products [2]. Conventional approaches to reconciling differences in the 

surface energy of particles include the determination of hydrophobic/hydrophilic interactions and 

chemical and morphological heterogeneity of particles.  

Recently, the extended Dejaguin-Landau-Verway-Overbeek (XDLVO) theory was developed to 

improve the accuracy of the DLVO theory by including the hydrophobic interaction of particles [3-5]. 

It was observed that the inclusion of hydrophobic interaction contributed to improving the accuracy of 

the simulation and experimental results for the solutions of proteins, polymeric micelles, particles, and 

sludge flocs [6-11]. Also, hydrophobic interactions have facilitated the understanding of the interaction 

of oil droplets in emulsification [12, 13]. The application of the XDLVO theory was previously studied 

in simulating the interfacial interactions between two smooth flat surfaces [14]. In this theory, 

Derjaguin’s approximation (DA) was practiced simulating the interaction of two smooth spheres in the 

colloidal systems [15, 16]. However, the DA method is only valid for the interaction of large particles 

in a close approximation (i.e., the separation distance is much smaller than the size of the objects) [5]. 

To circumvent this limitation, the surface element integral (SEI) method was introduced to simulate the 

interaction energy over the entire projected area of two opposing differential planar elements [17]. This 

method can be theoretically applied for the calculation of interfacial interactions between any two 

curved surfaces, for example, two rough particles [18].  

Generally, particles have different sizes and surface roughness in colloidal systems, which would affect 

the stability of colloidal systems [19-21]. The particle size and surface roughness have direct effects on 

the surface functionality of particles, and thus it would be interesting to explore the relationship between 

particle interaction and particle size or particle roughness to predict the behavior of colloidal systems. 

However, the previous modeling studies mainly focused on the interaction of one rough particle and a 

smooth flat plate [22, 23]. Yu and coworkers established a method to evaluate the interaction between 

two rough particles following the SEI method [24]. However, the previous model simulated two rough 

particle interactions with only a one-unit vector, which was used in representing the spatial direction 
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[24]. If a case needed to consider two rough surfaces, the two-unit vectors would predict the interaction 

of the particles more precisely than the one-unit vector, implying that two spatial directions need to be 

considered for identifying the interaction of two rough particles [25].  

Despite previous attempts to predict the interaction of particles in colloidal systems [19-23], the 

previous models that considered the XDLVO theory did not include the surface roughness of particles 

precisely. Also, the studies considering the surface roughness did not consider the alternative patterns 

in the surface morphology of particles and/or did not follow the XDLVO theory. In this context, the 

investigation of the interaction between two rough particles has not been fully exploited, and it is 

necessary to establish models to simulate the interaction of roughly spherical particles with different 

surface characteristics following the XDLVO theory. The numerical model created in this study is 

proposed to predict the interfacial interaction energy developed between two rough particles with 

different surface morphologies more comprehensively than previous models. Therefore, the effects of 

asperity number, asperity ratio, aspect ratio, particle size, and orientation angle were included in the 

simulation process based on rippled sphere model because these parameters can fully describe the 

between different interaction scenarios in the colloidal system. The objectives of the present study are 

to explore the effects of the surface properties of particles on the total interfacial interaction of the 

particles based on the XDLVO theory and to evaluate the accuracy of the model created. For the first 

time, we have reported a comprehensive simulation study for assessing the interaction of rough particles 

by considering varied parameters for surface roughness, relative roughness, particle size, and relative 

particle size. In addition, the most effective surface property of particles influencing the interaction of 

particles in the colloidal systems was identified. 

3.3 Theory and Modeling 

3.3.1 Developing equations for the interaction of particles following XDLVO theory 
The XDLVO theory is a universal method used for describing the thermodynamic interactions between 

two bodies in an aqueous medium [26]. In this modeling study, we applied the methodology provided 

by Hog to describe the van der Waals interaction (∆G𝐿𝑊(ℎ)) [27], and the methodology provided by 

Hogg and coworkers to express the electric double layer interaction energy [28]. In addition, the 

calculation method given by Van Osa and Good was applied for determining the hydrophobic 
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interaction of particles (∆G𝐴𝐵(ℎ)) [26]. 

The energy per unit area of these three interactions (∆G𝐿𝑊(ℎ), ∆G𝐴𝐵(ℎ) and ∆G𝐸𝐿(ℎ)) between two 

infinite planar surfaces can be described following Equations 3.2 to 3.4 [14]:  

∆G𝑇𝑜𝑡𝑎𝑙(ℎ) = ∆G𝐿𝑊(ℎ) + ∆G𝐴𝐵(ℎ) + ∆G𝐸𝐿(ℎ)                                                                               (3.1)                      

 ∆G𝐿𝑊(ℎ) = − 𝐴𝐻

12𝜋ℎ2
= ∆𝐺ℎ0

𝐿𝑊 ℎ0
2

ℎ2
                                                                                                           (3.2） 

∆G𝐴𝐵(ℎ) = ∆𝐺ℎ0
𝐴𝐵exp (

ℎ0−ℎ

𝜈
)                                                                                                                （3.3） 

∆G𝐸𝐿(ℎ) = 𝜀0𝜀𝑟𝜅𝜉1𝜉2(
𝜉1
2+𝜉2

2

2𝜉1𝜉2
(1 − 𝑐𝑜𝑡ℎ𝜅ℎ) +

1

𝑠𝑖𝑛ℎ𝜅ℎ
)                                                                         （3.4） 

where particle 1 and particle 2 are labeled with subscript 1 and 2, respectively, and h0 is the minimum 

equilibrium cut-off distance assumed to be 0.158 nm [14]. Also, , 𝜉, and -1 are the permittivity of the 

medium, zeta potential, and the double-layer thickness, respectively; and 𝜈 is the correlation length of 

molecules in a liquid medium, 0.6 nm [22]. In these equations,  is expressed as the product of the 

permittivity of a vacuum (0= 8.854  10-12 C2/Jm) and the relative permittivity (i.e., dielectric constant) 

of the medium r, which is 80 for water at 20C [29].  

Van Osa and Good claimed that interfacial or surface tension analysis would be one of the best methods 

to analyze the effect of hydrophobic and van der Waals interactions on the total interfacial energy 

developed between particles [30]. The surface or interface tensions are expressed as the sum of an apolar 

(Lifshitz–van der Waals) component (𝛾𝐿𝑊 ) and a polar component (𝛾𝐴𝐵 ) [26]. 𝛾𝐴𝐵  can then be 

separated into an electron-donating component (𝛾−) and an electron-accepting component (𝛾+) [31]. 

According to these parameters, the ∆𝐺ℎ0
𝐿𝑊 and ∆𝐺ℎ0

𝐴𝐵 can be calculated following Equations 3.5 and 3.6: 

∆𝐺ℎ0
𝐿𝑊 = −2(√𝛾1

𝐿𝑊 −√𝛾𝑤
𝐿𝑊)(√𝛾2

𝐿𝑊 −√𝛾𝑤
𝐿𝑊)                                                                                  （3.5） 

∆𝐺ℎ0
𝐴𝐵 = 2 [√𝛾𝑤

+(√𝛾1
− +√𝛾2

− −√𝛾𝑤
−) + √𝛾𝑤

− (√𝛾1
+ +√𝛾2

+ −√𝛾𝑤
+) − √𝛾1

−𝛾2
+ −√𝛾1

+𝛾2
−]              

(3.6)                                                                                                               

where subscripts 1, w, and 2 represent particle 1, water, and particle 2, respectively. 

The surface tension of the particles can be obtained by solving a set of three Young’s equations  

(Equation 7) [26]. The values of the surface tension (𝛾𝑙𝐿𝑊, 𝛾𝑙+ , and 𝛾𝑙− ) and contact angle (𝛼) should 

be considered for three different liquids (e.g., ultrapure water, glycerol, and diiodomethane) to 

determine the surface tensions of the solid (𝛾1𝐿𝑊 , 𝛾1+ , and 𝛾1− ). In this modeling study, the above-

mentioned parameters are collected from previous literature and summarized in Table A.1.1 [32].  
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(1+𝑐𝑜𝑠𝛼)

2
𝛾𝑙
𝑇𝑜𝑙 = √𝛾𝑙

𝐿𝑊√𝛾1
𝐿𝑊 +√𝛾𝑙

−√𝛾1
+ +√𝛾𝑙

+√𝛾1
−                                                                         （3.7） 

3.3.2 Developing three-dimensional rough particles  

With the contributions of the scanning electron microscope (SEM), the surface morphology of silica 

particles, polystyrene particles, and methyl methacrylate particles was revealed to have raspberry-like 

surface morphology with depressions and protrusions [33-35]. In the present work, we applied the 

ripped rough particle theory to construct the rough particle that can help capture the details of peaks 

and valleys of the ripples on the particles with similar structures. This construction method was 

successfully applied in modeling the rough flocs for simulating the interaction between flocs and 

membranes in the past [20, 22, 24]. 

To simplify the calculation, the cartesian coordinates (𝜒, 𝑦, 𝑧) were replaced by spherical coordinates 

(R, θ, φ) in this study [24].  

𝑥 = 𝑅 𝑠𝑖𝑛 θ 𝑐𝑜𝑠φ                                                                                                                                   (3.8) 

𝑦 = 𝑅 𝑠𝑖𝑛 θ 𝑠𝑖𝑛 φ                                                                                                                                   (3.9) 

𝑧 = 𝑅 𝑐𝑜𝑠 θ                                                                                                                                            (3.10) 

The surface morphology of particles can represent the surface roughness of colloidal particles. This 

analytical image can be determined mathematically [36, 37]. The rough surface and radius of rough 

particles were modeled following Equations 3.11 and 3.12 [25]. 

∆𝑟𝑖 = 𝑟𝑖𝜆𝜃 𝑐𝑜𝑠(𝑛𝜃𝜃𝑖) + 𝑟𝑖𝜆𝜑 𝑐𝑜𝑠(𝑛𝜑𝜑𝑖)                                                                                              (3.11) 

𝑅𝑖 = 𝑟𝑖 + ∆𝑟𝑖                                                                                                                                          (3.12） 

Where 𝑅𝑖 is the radius of the constructed rough particle; 𝑟𝑖 is the radius of the smooth particle that is 

used as an elementary particle to construct a rough particle; ∆𝑟𝑖 is the constructed rough surface; 𝜃𝑖 and 

𝜑𝑖 are the coordinate angle value in three-dimensional spherical coordinates. Also, i is the subscript of 

a particle (i=1,2). The 𝜆𝜑  and 𝜆𝜃  are the scaling amplitudes (asperity ratio), and 𝑛𝜃  and 𝑛𝜑  are the 

asperity numbers of the surface of the particle (Figure A.1.1). To simplify the analysis, these parameters, 

(𝜆𝜃, 𝜆𝜑) and (𝑛𝜃, 𝑛𝜑), were set to be the same (𝜆𝜃 = 𝜆𝜑, 𝑛𝜃 = 𝑛𝜑) and donated as 𝜆𝑖 and 𝑛𝑖 in the 

following equations. The value of 𝜆𝑖 mainly represents the size of asperity on the particle surface and 

𝑛𝑖 is assumed to be greater than zero. Figure A.1.2 showed the image of particle constructed following 

the simulation analysis of Equations 3.11 and 3.12 using MATLAB 2018 (9.4.0.8136540) 64-bit, while 

Figure A.1.2b and A.1.2c (supplementary materials) shows the same analysis while 𝜆𝑖  and 𝑛𝑖  were 
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varied and made particles with different roughness.   

3.3.3 Developing the model to quantify the interfacial interactions between two rough 
particles 
3.3.3.1 Model 1 to simulate interfacial interactions 

According to the surface element integral method, the total interaction energy of two particles (U(h)) 

can be calculated considering the interaction energy per unit area (Δ𝐺(h)) of particles and the projected 

surface area of the rough particles. This concept can be described by Equations 3.13 and 3.14 [24]. 

𝑈(ℎ) = ∬Δ𝐺(h)dA                                                                                                                                      (3.13） 

𝑑A = 𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑ 𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑ 𝑑𝑆                                                                                                                                  (3.14)             

The differential area (dS) can be calculated by Eq 3.15 [24, 38]:  

𝑑𝑆 = 𝑅𝑖
2 𝑠𝑖𝑛 𝜃𝑖 𝑑𝜃𝑑𝜑                                                                                                                            (3.15) 

where dS is the differential area of constructed particle 1, dA is the projection area of particle 1 on the 

surface of particle 2, h is the local separation distance between dS of particle 1 and the projection area 

on particle 2, 𝑜1⃑⃑  ⃑ and 𝑜2⃑⃑⃑⃑  are unit normal to the opposite surface of asperities, 𝑘1⃑⃑⃑⃑  and 𝑘2⃑⃑⃑⃑  are unit vectors, 

which are parallel to the lines connecting to the centers of asperities. The terms (𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑   and 𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑   ) 

describe the curvature effect of two rough surfaces, and these parameters are the primary components 

influencing the calculation process in the SEI. In this case, 𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑   and 𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑    can be expressed by 

Equations 3.16 and 3.17 [24].  

𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑ =
𝑅1 sin𝜃1 cos𝜃1−𝑟1𝜆1𝑛1 sin(𝑛1𝜃1) sin

2 𝜃1

√𝑅1
2 sin2 𝜃1+𝑟1

2𝜆1
2𝑛1

2 sin2(𝑛1𝜑1)+𝑟1
2𝜆1

2𝑛1
2 sin2(𝑛1𝜃1) sin

2 𝜃1

                                                               (3.16) 

 

𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑ =
𝑅2 sin𝜃2 cos𝜃2−𝑟2𝜆2𝑛2 sin(𝑛2𝜃2) sin

2 𝜃2

√𝑅2
2 sin2 𝜃2+𝑟2

2𝜆2
2𝑛2

2 sin2(𝑛2𝜑2)+𝑟2
2𝜆2

2𝑛2
2 sin2(𝑛2𝜃2) sin

2 𝜃2

                                                               (3.17)  

Figure 1 shows the scenario for the interaction of two rough particles of different sizes. In this case, the 

spatial relationship between two particles can be described using Equation 3.18 [39], which can be used 

for connecting two-angle coordinates in two particles. 

𝜃2 = 𝑎𝑟𝑐 sin [(
𝑅1

𝑅2
) sin 𝜃1]                                                                                                                     (3.18) 

The related distance between these two particles’ projection areas can be calculated by Equation 3.19 

[24]: 

ℎ = 𝑟1 + 2𝜆1𝑟1 + 𝑟2 + 2𝜆2𝑟2 + 𝐷 − 𝑅1𝑐𝑜𝑠𝜃1 − 𝑅2 𝑐𝑜𝑠 𝜃2                                                                 (19) 
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Where 𝑟1 𝑎𝑛𝑑 𝑟2 refer to radii of smooth particles 1 and 2,  𝑅1 and 𝑅2 refer to radii of modeled rough 

particles 1 and 2, 𝜆1and 𝜆2 represent the asperity ratios of rough particles 1 and 2. 

According to Bhattacharjee and coworkers [25], to simulate the interaction energy of two rough surfaces, 

the SEI method should be developed to include the curvature effect of both rough surfaces. Thus, 

according to Equations 3.13-3.19, the interaction energy calculation can be written as shown in equation 

3.20: 

𝑈(ℎ) = ∬Δ𝐺(ℎ)𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑ × 𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑ × 𝑅𝑖
2 𝑠𝑖𝑛 𝜃𝑖 𝑑𝜃𝑑𝜑                                                                               (3.20) 

By combining Equations 3.2-3.6 and 3.20, Equations 3.21-3.23 were developed to determine the 

individual LW, AB, and EL interactions between two rough particles with different radii (When 𝑟1 = 𝑟2, 

the two particles have the same size).  

𝑈𝐿𝑊 = ∆𝐺ℎ0
𝐿𝑊 ∫ ∫

ℎ0
2

ℎ2
𝜋/2

0

2𝜋

0
𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑ 𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑ 𝑅𝑖

2 𝑠𝑖𝑛 𝜃𝑖 𝑑𝜃𝑑𝜑                                                                            (3.21) 
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2 𝑠𝑖𝑛 𝜃𝑖 𝑑𝜃𝑑𝜑                                                              (3.22) 
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0
𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑ 𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑ 𝑅𝑖

2 𝑠𝑖𝑛 𝜃𝑖 𝑑𝜃𝑑𝜑                       (3.23) 

MATLAB 2018 (9.4.0.8136540) 64-bit was used for the calculation. The XDLVO energies are 

expressed in kT units, where k is the Boltzmann constant and T is the absolute temperature taken as 

293.15 K.  
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Figure 3.1 Parameters involved in the interaction of two rough particles with different radii [24]. 

 

3.3.3.2 Model 2 to simulate the aspect ratio effect on interfacial interactions 

According to Figure A.1.3, at a larger aspect ratio (above 30), particle 1 would regard particle 2 as a 

rough flat plate. Thus, when the aspect ratio between two particles is above 30, the two-rough particle 

interaction would be changed to a rough particle-rough plate interaction [39] as shown in Figure A.1.3. 

This situation may introduce errors because Equation 11 is only suitable for simulating two rough 

spheres, which considers particle 2 as a sphere, not as a flat plate. The separation distance (h) might be 

changed if particle 2 is modified to a flat plate. Thus, the Model 1 interaction scenario shown in Figure 

1 should be changed from the interaction of two rough particles to one rough particle interacting with a 

rough flat plate shown in Figure A.1.3. According to Figure A.1.3, the related distance between two 

different areas of two particles could be changed according to equations 3.24 and 3.25: 

ℎ = 𝑟1 + 𝐷 − 𝑅1 𝑐𝑜𝑠 𝜃1 + 2𝜆1𝑟1 + 2𝜆2𝑟2 − 𝑓(𝜃2, 𝜑2)                                                                          (3.24) 

𝑓(𝜃2, 𝜑2) = 𝑟2𝜆2 𝑐𝑜𝑠(𝑛2𝜃2) + 𝑟2 𝜆2𝑐𝑜𝑠(𝑛2𝜑2)                                                                                    (3.25) 

Where 2𝜆2𝑟2  can be calculated from Equation 11, which represents the maximum value of 

∆𝑟2, and the 𝑓(𝜃2, 𝜑2) is calculated using Equation 25.  
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When particle 2 has a significantly larger size compared to particle 1 in Model 2 (aspect ratio higher 

than 30), Equation 3.24 can be applied instead of Equation 3.19 to calculate h. Thus, the value of h is 

different in Equations 3.21-3.23. The calculation processes in Model 2 are still the same as those in 

Model 1, except for using Equation 3.24 in Model 2 instead of equation 3.19 in Model 1. Thus, Model 

2 could be applied to simulate the rough particle interaction when the scale of aspect ratio r2/r1 ranges 

from 30 to 50. 

3.3.3.3 Model 3 to simulate the aspect ratio effects on the interfacial interaction  

If the aspect ratio (r2/r1) continues to increase above 50, particle 2 could be seen as an infinite and 

smooth flat plate by particle 1 [39, 40]. Thus, the interaction will change to a rough particle-smooth flat 

surface interaction as shown in Figure A.1.4. For the interaction of particle and flat surface, the related 

distance between two different areas is given in Equation 3.26 [22]: 

                      ℎ = 𝑟1 + 𝐷 − 𝑅1 𝑐𝑜𝑠 𝜃1 + 2𝜆1𝑟1                                                                                      (3.26)  

where 2𝜆1𝑟1 can be calculated from Equation 11, which represents the maximum value of ∆r1 [22]. 

Similar to Model 2, Equation 3.26 is used to replace Equation 3.19, and Equations 3.21-3.23 are still 

used for modeling the interaction of particles. In this case, Model 3 is constructed to simulate the 

interaction between two rough particles when the aspect ratio is above 50. We assumed the asperity 

surface of particle 2 is relatively horizontal to particle 1, which avoids the angle effects depending on 

the location of the asperity.  

3.3.4 Comparison of different models 

The ANOVA test with replication was conducted to compare the results of interaction energy generated 

following Model 1, Model 2, and Model 3 when the aspect ratio changed from 30 to 55. The benefits 

and weaknesses of the three models were analyzed. The optimal model is selected to test the effects of 

constructing properties of rough particles on interfacial interaction. 

3.3.5 Aspect ratio   

In this work, the impact of aspect ratio (r2/r1) in the range of 2.5 to 50 on the total interfacial interaction 

energy between rough particles was considered based on the modeling results.  

3.3.6 Particle roughness  

Because the asperity number and asperity ratio have been proved to represent the surface roughness 

[41], two scenarios are found in a colloidal system: two-particle interactions with the same roughness 

and two-particle interactions with different roughness. It is reasonable to have different particle 
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interactions because the morphology and thus coagulation affinity of particles are hardly the same. It is 

necessary to consider the variable surface roughness for studying the interaction of particles. These two 

scenarios can be described by Equations 3.27 and 3.28:  

If the parameters of two particles changed simultaneously, then 

{  if n1 = n2,R2=r1+r1λ2 cos(n2θ2)+r2λ2 cos(n2φ2)
R1=r1+r1λ1 cos(n1θ1)+r1λ1 cos(n1φ1) λ1 = λ2                                                                            (3.27) 

, and if only the parameters of one particle changed, then 

{  if n1 ≠ n2 or R2=r2+r2λ2 cos(n2θ2)+r2λ2 cos(n2φ2)
R1=r1+r1λ1 cos(n1θ1)+r1λ1 cos(n1φ1) λ1 ≠ λ2                                                                       (3.28) 

The asperity number, relative asperity number, asperity ratio, and relative asperity ratio effects on the 

total interfacial energy could be analyzed based on the modeling results.  

3.3.7 Particle size  

In this modeling study, the weight and density of particles were not taken into account, and only the 

size of the particles is considered for analysis. Two groups were selected to study particle size effects: 

1) the radius of particle 1 was changed from 50 nm to 90 nm,  and the radius of particle 2 was 100 nm; 

2) the radius of particle 1 was changed from 500 nm to 900 nm,  and the radius of particle 2  was 1000 

nm. In these cases, the effects of particle size and relative particle size on the total interaction energy of 

the particles were also analyzed based on the modeling results. 

3.3.8 Orientation-averaged effect  

The orientation-averaged interaction energy of rough particles at a given distance (h) can be calculated 

by using the Boltzmann statistics (canonical average) according to equation 3.29  [42-44]: 

〈𝑈(ℎ) 〉Π =
∫𝑈Π(ℎ,Ω)𝑒

(−𝛽𝑈Π(ℎ,Ω))𝑑Ω

∫ 𝑒(−𝛽𝑈Π(ℎ,Ω))𝑑Ω
                                                                                                             (3.29)       

The orientation-averaged configuration can be expressed according to equation 3.30 [45]: 

𝑑Ω = 𝑠𝑖𝑛𝜔1𝑠𝑖𝑛𝜔2𝑑𝜔1𝑑𝜔2𝑑𝜓1𝑑𝜓2                                                                                                            (3.30) 

Where the Π denotes LW, EL, or AB (i.e., three individual interactions in XDLVO theory), the 𝜔1 and 

𝜔2  represent the orientation angles of two particles in 𝜃 direction,  𝜓1 and 𝜓2 represent the orientation 

angles of two particles in 𝜑 direction and 𝛽 = (𝑘𝑇)−1.  

3.3.9 Proposed method verification  

The correctness of the simulation could be verified in two strategies based on previous studies 

[22,24,68]. One is by comparing the present simulation with the classical method (DA) under 
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predefined scenarios. Another one is by analyzing the simulation errors under different numbers of 

calculation segments. The process of model verification was described in the supplementary material. 

3.4 Results and Discussion 

3.4.1 Comparison of different models 

The comparison of the three models when the aspect ratio was smaller than 30 is not involved in the 

present study because the relatively large particle can still be considered a sphere when the aspect ratio 

is smaller than 30 [39]. Therefore, when the aspect ratio is smaller than 30, Model 1 is selected as the 

most accurate method to calculate the interaction between particles. According to Equations 24 and 26 

(Figures A.1.3 and A.1.4), Model 2 and Model 3 were established to simulate rough particle interactions 

that had significantly different sizes. According to the ANOVA test for three models and the analysis 

provided in Figure A.1.6, we concluded that when the aspect ratio was greater than 50 (for this situation, 

no roughness on particle 2 can be observed by particle 1), Model 3 can be used for improving the 

accuracy of the simulation results. Also, Model 1 can be applied to simulate the particle interactions 

instead of Model 2 if the aspect ratio is smaller than 50 in the present study. More details about model 

comparisons were shown in the supplementary material. Based on the above evaluation results, Model 

1 and Model 3 were selected to simulate the rough particle interactions in the following analysis. As we 

discussed in the supplementary material, particle 2 is regarded as a smooth plate in Model 3, and only 

particle 1 has variable parameters. Thus, Model 3 is mainly used when the relative surface roughness 

and particle size effect were studied in the next sections. 

3.4.2 Aspect ratio effects 

Based on the previous discussion, we mainly elaborate on the scale of aspect ratios smaller than 50 

using Model 1. In Figure 2, the aspect ratio (r2/r1) increased from 2.5 to 50 (n1=n2=20, λ1=λ2=0.005), 

which dropped the interfacial energy between particles to 0 kT inferring that the smaller particles suffer 

less repulsion force, and particles might aggregate to a large particle easily. Similar results can be found 

in Figure A.1.7 based on Model 3. The depth of the primary minimum is critical to evaluating the initial 

state of systems where the particles could be assumed to be coagulated. The depth of the primary 

minimum is gradually decreased with increasing the aspect ratio indicating that the effective coagulation 

rate is reduced in the primary interaction [46]. The results shown in Figures 2 and A.1.7 suggest that 

the significant difference in the aspect ratio reduces the primary minimum, which caused the low 
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efficiency of flocculation in a short separation distance.  

The height of the primary maximum is an important parameter in determining the charged suspension 

stability. The primary maximum is the energy obstacle that needs to be overcome to destabilize the 

system. If the surface charge is low, the energy barrier will be low, and the nanoparticles will slowly 

aggregate.  If the energy barrier is higher than 20 kT at a time, the dispersion system is generally 

considered to have kinetic stability [47]. When the aspect ratio is around 20 (Figure 2), the primary 

maximum is smaller than 20 kT indicating that the suspension system becomes unstable and particles 

tend to  aggregate. He and his coworkers had viewed that the particles with different aspect ratios had 

a different tendency to aggregate [48]. The results suggest that the primary maximum drops with 

increasing the aspect ratio yield the destabilization of the suspension, which is similar to the prediction 

reported by He and coworkers [48] even though they did not consider hydrophobic interactions and 

surface roughness. Generally, a decrease in surface energy would result in particle aggregation. As a 

larger particle has a relatively larger attraction force than a smaller particle, it can overcome the 

repulsion force developed between two particles more easily. Consequently, the model predicts that if 

two particles have a larger difference in the aspect ratio, the two particles tend to aggregate and 

destabilize the colloidal system more greatly. 
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Figure. 3.2 Aspect ratio effect on the total interfacial energy following Model 1 ( n1=n2=20, 

λ1=λ2=0.005) 

3.4.3 Asperity number effects 

The number of asperities indicated the frequency of modeled ripple or the density of surface roughness. 

The variations in the total interfacial interaction between two identical rough particles of the same size 

and asperity ratio (r1=r2=1000 nm, λ1=λ2=0.001) but with different asperity numbers (n) are shown in 

Figure 3. With increasing the number of asperities from 5 to 20, the energy barrier dropped from 200 

kT to 150 kT. Even though the 𝑈𝐴𝐵, 𝑈𝐸𝐿 and 𝑈𝐿𝑊 were included in this model, the results are similar to 

the model that only included 𝑈𝐸𝐿 and 𝑈𝐿𝑊, where the energy barrier decreased from 5.5 kT to 3 kT 

when the particle radius was 25 nm and the asperity ratio was 0.05 [25]. The reduced energy barrier and 

primary minimum decreased the total interfacial energy, which indicates that the stability of the rough 

particle is gradually undermined by increasing the asperity number. The primary minimum became 

close to 0 kT with raising the number of asperities (5 to 20) indicating a reduction in the attraction 

energy between two particles. This phenomenon is reasonable because the surface roughness decreased 

the adhesion force between particles [49]. This decrease in attraction energy occurred at the closest 

approach distance, which led to a shallow primary minimum. The shallow depth of the primary 
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minimum displays the state of the primary aggregation, which includes weak, reversible, and partial 

aggregation [46, 50]. Therefore, colloidal particles attached based on a shallower primary minimum are 

more easily separated by the Brownian motion [51]. Interestingly, increasing the surface roughness 

could directly reduce the primary minimum depth (Figure 3) leading to a low aggregation rate in a short 

separation distance, which may provide useful information for coating or adsorption applications. 

Indeed, rough particles can be imaged as smooth particles coated with many small particles. The process 

of increasing the asperity number is regarded as a coating process. According to the Monte Carlo 

simulation made by Kamp and coworkers [52], the drop in the absolute value of the primary minimum 

would be related to the increased surface coverage of small particles on the smooth surface, which could 

be considered an enhanced asperity number. The surface roughness leads to the drop in attraction forces 

by reducing the topographic features of particles. One interesting phenomenon could be found when 

the asperity number increased from 30 to 50 (Figure 3). The total interfacial energy of the particles 

displayed a slight increase in this variation of asperity number. This is because the electric repulsion 

energy decayed slower than attraction energy in the short separation distance (less than 5 nm) with 

increasing ni. Eom and coworkers had viewed that the surface roughness could eliminate or reduce the 

primary minimum in the particle interactions [53]. Once the attraction force overtook the repulsion 

force, the system would generate the primary minimum. In other words, reducing the primary minimum 

made the electric repulsion force the dominant force in the system. Thus, increasing ni reduced van der 

Waals and hydrophobic attraction energy more dominantly than electric repulsion energy. Based on the 

Equation 3.21-3.23, the 𝑈𝐿𝑊, 𝑈𝐴𝐵, 𝑈𝐸𝐿 decreased with increasing ni, however, the 𝑈𝐸𝐿 decreased more 

slowly than the other two energy, and all of these energy components would drop with the distance. 

That is the reason why the total interaction energy would elevate when the ni was increased from 30 to 

50. Nevertheless, the tendency of surface roughness negatively impacting the interaction energy was 

not changed.  
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Figure 3.3  Effect of asperity density on the total interfacial energy of two particles (r1=r2=1000 nm, 

λ1=λ2=0.001) following Model 1. 

3.4.4 Relative asperity number effects 

As shown in Figure 4, with increasing one particle’s asperity number and keeping the asperity number 

of another particle constant, the total interaction energy dropped (r1=r2=1000 nm, λ1=λ2=0.005). As the 

surface roughness of particle 2 is not involved in Model 3, Model 3 can only analyze the relative 

roughness effects on the interfacial interaction. Therefore, similar results can be found even if two 

particles have a significant difference in aspect ratio as shown in Figure A.1.8. This phenomenon was 

related to surface hydrophobicity. Increasing the asperity number resulted in asperities arranged more 

closely based on Equation 11 (Figure A.1.2b and A.1.2c). Das and coworkers claimed that the higher 

hydrophobicity was displayed by tightly arranged asperities rather than sparse asperities on the particle 

surface [54]. In another study, De Foggi and coworkers evaluated experimentally the roughness effects 

of disk-like denture-base acrylic resin on martial hydrophobicity and concluded that the surface 

roughness could provide greater surface area to enhance surface hydrophobicity [55]. The results of the 

present study showed that the increase in the hydrophobicity reduced the interaction energy of particles. 

The effect of relative asperity number between two particles suggested that the relative roughness 
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negatively impacted the total interaction energy. The low interaction could be explained by the smaller 

contact area and the larger relative distance between rough particles, which was created because of 

increasing the asperities of particle 2 in Model 1 or particle 1 in Model 3.  

 

Figure 3.4 The effect of relative asperity density on the total interfacial energy of two particles 

(r1=r2=1000 nm, λ1=λ2=0.005) following Model 1 

3.4.5 Asperity ratio effects 

The asperity ratio directly controls the asperity size on the particle surface. This parameter is critical to 

simulating a rough particle because if the ratio was zero, this particle would be smooth. The contact 

surface between two rough particles is significantly influenced by the variation in the asperity ratio, 

which directly impacts the stability of the colloidal system. Figure 5 illustrates the impact of the asperity 

ratio on the total interaction energy of two approaching particles (r1=r2=1000 nm, n1=n2=10). At the 

asperity ratio of 0.0001, the system displayed strong stability, and Figure 5 showed the most significant 

primary barrier (216 kT) with no secondary minimum. At the asperity ratio of 0.01, the total energy was 

close to 0, implying that the stability of the system deteriorated and more colloidal particles tended to 

agglomerate. This phenomenon indicated that the roughness enhancement altered the interaction of 

particles and led to system instability [31]. In addition, the energy barrier dropped with increasing the 



60 
 

asperity ratio. The particles may aggregate without sufficient electric repulsion force to overcome the 

attractions among them [56]. In another aspect, surface roughness reduces the contact area of the 

particles because the asperity height and size were increased with increasing roughness [57, 58]. 

Moreover, it also increased the separation distance between particles due to the increase in the asperity 

height, which may enhance the possibility to interlock adjacent particles mechanically.  

 

Figure 3.5 Asperity ratio effect on the total interfacial energy between rough particles (r1=r2=1000 nm, 

n1=n2=10) following Model 1 

3.4.6 Relative asperity ratio effects 

The interfacial energy created between two approaching particles of different asperity ratios 

(r1=r2=1000 nm, n1=n2=5) is shown in Figure 6, which was developed considering Equations 3.22 -

3.24. Even under the conditions considered in Model 3, the variation in the interfacial energy is similar 

as shown in Figure A.1.9. The total interfacial interaction energy decreased with increasing the asperity 

ratio of particle 1 without considering the surface roughness of particle 2 in Model 3. The relative 

asperity ratio directly affected the contact area of the two particles, and it impacted h (i.e., the distance 
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between particle 1 and any points of particle 2). The asperity ratio of particle 2 significantly influenced 

the interaction of two particles even if the asperity ratio of particle 1 was constant. As 𝜆𝑖 is a roughness 

parameter, an increase in 𝜆𝑖 will increase the roughness of the particle surface. A similar phenomenon 

was discussed by Guven and coworkers investigating the effect of the surface roughness on the particle-

bubble colloidal interaction, and the results indicated that increasing the asperity size yielded a decrease 

in the energy barrier [59]. The bubble was assumed to be smooth (𝜆𝑖= 0) in the literature study, thus the 

variation occurred on the asperity size of another particle surface could be considered the variation in 

the asperity ratio. However, the present model considered two particles’ surface roughness, where the 

particle-bubble interaction was only a special case. The variation in the asperity size is the consequence 

of Equation 11 when 𝜆𝑖 is changed and ni is maintained constant. When 𝜆2 changed from 0.002 to 0.01, 

the total interaction decreased gradually and the primary maximum decreased from 170 kT to 90 kT 

(Figure 6). The relative difference in the asperity ratio is related to the surface morphology, which would 

impact the particle attachment because the needle-like asperity (at a high asperity ratio) has more effect 

in enhancing the particle attachment affinity compared with the rounded tip on the surface [60]. The 

main reason for increased particle attachment efficiency could be that, compared with the round dip 

asperity, the sharp asperity would provide a smaller contact area for the opposite particle, which would 

cause a lower energy barrier for particle interactions. The asperity ratio should have a significant effect 

on the probability of particle attachment even if it is changed to a nanoscale. Thus, the rougher surface 

provided a smaller energy barrier that could be overcome more readily by van der Waals attract and 

hydrophobic interaction forces. These facts also suggest that the surface roughness of particles can 

influence the properties of colloidal particles because the system stability and particle dispersibility can 

easily be controlled by surface asperity.  
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Figure 3.6 Relative asperity ratio effect on the total interfacial energy between rough particles 

(r1=r2=1000 nm, n1=n2=5) following Model 1 

3.4.7 The effect of particle size on the interaction of rough particles 

In real colloid systems, particles may be available in different sizes. Figure 7 shows the two group of 

particles (n1=n2=10, λ1=λ2=0.001). In group 1, the radius of particle 1 varied from 50 nm to 90 nm, 

while particle 2 had a 100 nm radius. In group 2, the radius of particle 1 was changed from 500 nm to 

900 nm, and the radius of particle 2 was maintained at 1000 nm (the aspect ratio is constant). As shown 

in Figure 11, the impact of particle size on the interaction energy of the particles was apparent. The 

interaction energy between larger particles was greater than that between smaller particles, implying 

that larger particles were more susceptible to dispersion. Even with Model 3, the results still show a 

similar tendency in Figure A.1.10. When the radius of particle 1 increased from 50 nm to 200 nm with 

a constant radius of particle 2 (1000 nm), the interaction energy increased as well. In another work, a 

higher aggregation rate occurred for smaller particles when investigating the size of nanoparticles (with 

the sizes of 12, 32, and 65 nm of hematite) on the aggregation and stability [61]. The main reason could 
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be explained by the elevated surface energy. Reduced particle size will result in a large relative surface 

energy, which will destabilize the colloidal system [61]. The smaller particles with higher surface energy 

are more likely to aggregate compared with larger particles because the aggregation will lower the free 

energy of the system. In this study, when the size of particle 1 increased from 50 nm to 90 nm, the 

primary maximum slightly increased, which also indicated that the 50 nm particles were aggregated 

more readily because a smaller energy barrier needed to be overcome for their aggregation. Also, if the 

size of particles 1 and 2 was increased to 500 and 1000 nm, respectively, the primary maximum 

significantly increased. Our results also suggested that the larger relative size between particles caused 

less colloidal stability. Yin and Wang studied the particle size effect on scheelite flotation and concluded 

that the total interfacial energy and shear force were increased with enlarging the coarse particles, and 

the coagulation rate decreased with increasing particle size [62].  
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Figure 3.7  Particle size effect on the total interfacial energy between rough particles (n1=n2=10, 

λ1=λ2=0.001) following Model 1. (a) r1 is changed from 50 to 90 nm, r2 is fixed at 100 nm. (b) r1 is 

changed from 500 nm to 900 nm, r2 is fixed at 1000 nm 

3.4.8 Orientation-averaged effects  

The orientation-averaged and orientation-absent interfacial energy created between two approaching 

particles (r1=r2=1000 nm, n1=n2=10, λ1=λ2=0.001) for the same particles are shown in Figure 8, which 

was developed utilizing equations 3.29 and 3.30. Compared with the interaction energy without 

considering the orientation, the orientation-averaged interfacial interaction energy dropped at a shorter 

distance (less than 3 nm) between the particles. Our results indicated that the orientation angle would 

decrease the total interaction between the particles. The orientation angle influences the effective 

interaction distance between two rough particles. As the rippled particle possesses protrusions and 

depressions on its surface, the effective distance between the particles (h) could be changed with 

different orientation angles because the protrusions of this particle could rotate its place and face the 

depressions of the opposite particle instead of the protrusions if particles changed orientation angle in 

𝜃  or 𝜑  direction. Li and coworkers applied molecular dynamic simulation to analyze orientation-

dependent adhesion force between titanium dioxide nanocrystals and demonstrated that the adhesion 
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affinity of nanocrystals would decrease when the orientation angle increased from 0°  to 90° [63]. 

Gomez-Flores and coworkers reported that the orientation angle would also affect the DLVO interaction 

between carbon nanotubes [64]. Our model predicted similar results with a shallower primary minimum 

for orientation-averaged than orientation-absent particle interactions. Based on the results in section 3.1, 

when the aspect ratio is above 50, the larger particle will be seen as a smooth plate by particle 2. As the 

opposite surface of particle 1 is a smooth flat plate that does not seem to possess the protrusions and 

depressions in Model 3, the orientation effect was not considered for when the aspect ratio is above 50 

(Model 3) in the modeling analysis.  

 
Figure 3.8 The comparison between orientation-averaged and orientation-absent effects on two rough 
particle interactions following Model 1 (r1=r2=1000 nm, λ1=λ2=0.001,n1=n2=10) 
 

3.4.9 The comparison of parameters impacting interfacial energy 

As discussed above, the particle size, aspect ratio, asperity ratio, and asperity number affect the 

interaction of rough particles. The particle size had the most remarkable impact on particle interaction 

among other parameters (Figure 7). Also, the aspect ratio has the least effect on the total interaction 

energy. An interesting phenomenon was observed (Figure A.1.11) when changing the asperity ratio and 

asperity number simultaneously at the particle radius of 1000 nm. When the λi was 0.01, the primary 

maximum was -25 kT at ni= 10. However, when the λi was fixed at 0.01, and ni decreased from 10 to 5, 

the primary maximum was significantly enhanced (60 kT). Similar behavior was found when λi was 
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0.05 or 0.1, and the total interfacial energy can be improved by decreasing the value of ni. The main 

reason is the variation in surface morphology, which is caused by surface roughness. To enhance the 

stability of the colloidal system, the adjustment in constructing parameters for surface roughness is 

desirable. The roughness of particles depends on the ripples that are constructed by the asperity ratio 

and asperity number [65]. The results show that there is a correlation between λi and ni affecting the 

stability or particle dispersibility in the colloidal system.  

In Figure 9, the comparison between the asperity number and the asperity ratio was analyzed with 

different parameters from the previous analysis. The profile of total interfacial energy under XDLVO 

theory when the r1=r2= 1000 nm, n1=n2=20, λ1=λ2=0.01 was selected as the control profile. The contrast 

was built up when the value of ni and λi increased to 1, 5, and 10 times as large as that of the control 

ones. In this comparison, the effect of ni at the fixed λ i had less impact on the interaction energy 

compared with the effect of λ i at the fixed ni in Figure (9b). Suresh and Walz studied the surface 

roughness effect on the interaction energy between a particle and a smooth flat plate, where they also 

concluded that the asperity number had smaller effects than the asperity ratio on the interaction energy 

(only considering van der Waals attraction and electric repulsion) [66]. The present study included 

hydrophobic interaction between two rough particles, but the same results as Suresh and Walz’s results 

were noticed.  

As we discussed earlier, the development of the primary maximum is due to the strength of double-

layer interaction. The larger magnitude of the primary maximum represents the more energy that needs 

to be overcome to agglomerate particles [67]. The different colloidal systems own individual 

benchmarks of the primary maximum to control the system state. Once the magnitude of the primary 

maximum in a charged suspension is below 20 kT, the particles will aggregate [47].  Van Oss and 

coworkers stated that if the primary maximum is less than 1.5 kT, flocculation is allowed to occur in 

the hectorite suspension system [14]. The prediction under the XDLVO theory had applied successfully 

in the soil-colloidal system. Calero and coworkers reported that the most favorable aggregation state 

for iron is that the total interaction energy is less than 100 kT in the agricultural soil system [68].  
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Figure 3.9 (a) The effect of asperity number at a fixed asperity ratio (r1=r2=1000 nm, 𝜆1=𝜆2=0.01). (b) 

The effect of the asperity ratio at a fixed asperity number (r1=r2=1000 nm, n1=n2=20) following model 

1  

 

3.4.10 Comparison of present modeling and experimental outcomes  

To investigate the accuracy of the results, the generated results were compared with the experimental 

and modeling results available in the literature, and the results are shown in Table 3.1. 
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Table 3.1. The comparison between the present model and the experiment from the literature 
Type of 

analysis, ref 

Materials  conditions variables Theory            Results 

  Primary 

minimum 

Primary 

maximum 

Experimental, 

[69] 

Silica aerogel 

particles  

Asperity 

number of 

10 and 

particle 

radius of 

400 nm 

 

Asperity 

ratio 

increased 

from 0.001 

to 0.05 

 

DLVO N/A Decreased 

from 23 kT 

to 0.1 kT 

Simulation, 

present work 

- Asperity 

number of 

10 and 

particle 

radius of 

400 nm 

Asperity 

ratio 

increased 

from 0.001 

to 0.05 

XDLVO Decreased 

from 5100 

kT to 59 kT 

Decreased 

from 77 kT 

to 0.6 kT 

Experimental, 

[69] 

 

Silica aerogel 

particles  

 

Asperity 

ratio of 

0.005 and 

particle 

radius of 

400 nm 

 

 

Asperity 

number 

increased 

from 10 to 

20 

 

 

DLVO 

 

N/A 

 

Decreased 

from 3 kT 

to 0.01 kT 

Simulation, 

present work 

- Asperity 

ratio of 

0.005 and 

particle 

radius of 

400 nm 

Asperity 

number 

increased 

from 10 to 

20 

 

XDLVO Decreased 

from 1260 

kT to 420 

kT 

Decreased 

from 50 kT 

to 35 kT 

 

Experimental, 

[59] 

 

Methylated 

roughened glass 

 

Asperity 

number 

 

Asperity 

height 

 

XDLVO 

 

N/A 

 

Decreased 

from 105 
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particles  

 

N/A and 

particle 

radius of 

150 μm 

 

increased 

from 10 to 

70 nm 

 

 

kT to 7 kT 

Simulation, 

present work 

- Asperity 

number of 

10 and 

particle 

radius of 

150 μm 

 

Asperity 

ratio 

increased 

from 0.01 

to 0.07 

XDLVO Decreased 

from 6000 

kT to 4000 

kT 

 

Decreased 

from 98 kT 

to 5 kT 

Experimental, 

[70] 

FluoresbriteTM 

carboxyl latex 

particles  

Asperity 

ratio N/A 

and particle 

radius of 10 

μm 

 

Asperity 

number 

increased 

from 5 to 

20 

 

DLVO Decreased 

from 990 

kT to 50 kT 

   N/A 

Simulation, 

present work 

- 

 

Asperity 

ratio of 

0.005 and 

particle 

radius of 10 

μm 

  

Asperity 

number 

increased 

from 5 to 

20 

 

XDLVO Decreased 

from 9000 

kT to 1800 

kT 

Decreased 

from 246 

kT to 48 

kT 

Simulation, 

[71] 

Hemi spherical 

pillars planar 

interacts with a 

smooth particle  

 

Asperity 

number 

N/A and 

particle 

radius of 10 

μm 

 

The height 

of pillars 

increased 

from 75 to 

150 nm 

DLVO N/A Decreased 

from 700 

kT to 500 

kT 

Simulation, 

present work 

- 

 

 

 

Asperity 

number of 

10 and 

particle 

Asperity 

ratio 

increased 

from 0.001 

XDLVO Decreased 

from 

21000 kT 

to 888 kT 

Decreased 

from 640 

kT to 168 

kT 
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 radius of 10 

μm 

 

to 0.005  

Simulation, 

[25] 

Two rough 

particles 

interaction  

Asperity 

ratio of 0.05 

and particle 

radius of 25 

nm 

 

Asperity 

number 

increased 

from 10 to 

25 

 

DLVO N/A Decreased 

from 5.5 

kT to 3 kT 

Simulation, 

present work 

- 

 

 

 

 

Asperity 

ratio of 0.05 

and particle 

radius of 25 

nm 

 

Asperity 

number 

increased 

from 10 to 

25 

 

XDLVO Decreased 

from 12 kT 

to 6 kT 

 

Decreased 

from 3 kT 

to 1.8 kT 

In the studies carried out using silica aerogel particles, when the asperity number increased from 10 to 

20, the primary maximum dropped from 3 to 0.01 kT [69]. For the same size particles, our modeling 

results predicted the primary maximum change from 50 to 35 kT. When the asperity ratio of silica 

particles altered from 0.001 to 0.05, the primary maximum decreased from 23 to 0.1 kT [69]. The 

present model predicted the primary maximum change from 77 to 0.6 kT. When the asperity number of 

FluoresbriteTM carboxyl latex particles was altered from 5 to 20 (Table 3.1), the primary minimum 

decreased from 990 to 50 kT. Under the same conditions, our modeling results predicted the primary 

minimum change from 9000 to 1800 kT. As the previous experimental work relied on the DLVO theory 

but the present work was based on the XDLVO theory, the difference between the modeling and 

experimental results would be related to the inclusion of hydrophobic interaction in the present work, 

especially for the primary minimum. Hydrophobic interaction had been proved to be a dominant 

contributor to the system [72]. If the simulation included the energy of hydrophobic interaction, a 

significant difference between the simulation results (based on the XDLVO theory) and experimental 

results (based on the DLVO theory) may be observed. In addition, the asperity size in the laboratory 

experiment could not be controlled accurately. The reason is that it is difficult to increase the asperity 

number without changing any asperity size in the experiments, which limits the outcomes of the 

experimental results generally. However, the modeling study, such as the present work, can simulate 
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these parameters independently and thus the results would predict the significant effect of each 

parameter independently. 

The methylated roughened glass particles were used in investigating the impact of asperity size (a 

change from 10 nm to 70 nm) in experimental studies (Table 3.1), which predicted a decrease in the 

primary maximum from 105 to 7 kT [59]. The present modeling investigation showed a similar trend 

(a change from 98 to 5 kT when the asperity size was changed from 0.01 to 0.07). Both of rough particle 

simulation analysis included the XDLVO theory, and they predicted similar results as expected. It 

should be stated that the present modeling investigation considered both asperity radius and height 

(instead of just asperity height in the previous work) as primary factors in shaping the surface 

morphology of particles [59]. 

Alternatively, in one modeling study, hemispherical pillars were applied to generate a rough surface 

[71], and the study predicted that the primary maximum would decrease from 700 to 500 kT when the 

height of pillars increased from 75 to 150 nm. Our current work applied a rippled sphere model to 

simulate the rough particles, and the results predicted that the primary maximum would drop from 640 

kT to 180 kT. The difference between the two models would be related to the different approaches 

considered for constructing the rough surface. Our model simulated the rough surface as a sine wave 

instead of pillars, which can simplify the process of constructing particles and provides a tractable 

equation to simulate a rough surface (equation 11) [25]. In another modeling study, Bhattacharjee and 

coworkers utilized a similar method to that of the present study to construct rough particles, but they 

considered the DLVO theory for predicting the interaction of particles [25]. They reported that when 

the asperity number was increased from 10 to 25, the primary maximum decreased from 5.5 to 3 kT 

[25]. Under the same assumptions, our current studies showed a similar pattern (i.e., a drop from 3 to 

1.8 kT). The slight difference between the simulation outcomes is that the interaction scenario in the 

previous work [25] was particle–plate interaction, and the interaction scenario of the present work was 

particle-particle interaction. But our model also predicted the primary minimum decreased from 12 kT 

to 6 kT. As our model considered the hydrophobic interaction in the analysis, our outcomes should be 

more reliable in predicting the interaction of particles in the real scenario.  

Generally, the experimental and modeling results successfully anticipated similar trends for the 

interaction of particles when the surface morphology of particles was tailored differently. Therefore, the 
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present simulation analysis displayed an accurate prediction of the rough particle interaction based on 

the XDLVO theory. However, the comparison between the results available in the literature and current 

simulation work depicts that there would be a noticeable difference between the results 1) if the XDLVO 

rather than the DLVO was considered for the same system, 2) if the surface morphology parameters 

were considered differently, and 3) the construction methods of the rough surface were different. 

3.5 Conclusions 

We hypothesized that the total interfacial energy developed between two rough particles in colloidal 

systems would be dependent on the surface morphology of rough particles, and it could be determined 

following the XDLVO theory if aspects of surface roughness were considered. We constructed rough 

particles using MATLAB and simulated the interaction of the particles with a novel SEI approach in 

the XDLVO theory.  

Previously, when the XDLVO theory was considered, the reported simulation approaches to surface 

interactions did not consider variables affecting the surface morphology of the particles [14, 17, 19-23, 

36, 69-71]. For example, the method considering hemisphere pillars did not consider various aspects of 

the asperity shape on the surface of particles [71]. When the impact of surface morphology was 

considered, the report was primarily focused on the DLVO theory [25]. As the present simulation 

included the hydrophobic interactions (following the XDLVO theory), it generally predicted the 

interaction of the particles more comprehensively than previous reports on the experimental and 

modeling investigations following the DLVO theory [25]. In addition, the present study applied a 

rippled sphere model to consider more details of surface roughness rather than only considering asperity 

radius considered in the other theoretical and experimental studies conducted following the XDLVO 

theory [59]. 

In the current study, the analysis of the impact of aspect ratio on particle interaction facilitated the 

selection of the most suitable mathematical model for predicting the interaction of particles. The 

modeling results showed that the total interfacial energy decreased significantly with the elevation in 

the asperity number and asperity ratio. The increase in the relative asperity ratio and relative asperity 

number reduced the total interaction energy, which would be attributed to the improved hydrophobicity 

and altered surface morphology of particles. The largest changes in the primary maximum and minimum 

were observed when the particle size was changed because the change in the size led to the altered 
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interaction area between the two particles. Although the variable relative orientation angle caused the 

least influence on particle interaction, the simulation results indicated the importance of the movement 

of protrusions and depressions on a rough surface. In addition, the increased aspect ratio dropped the 

total interaction energy because of the hampered electric double layer between particles. The most 

effective parameter of surface morphology in monitoring the interfacial interaction energy was the 

asperity ratio.  

As particles have different morphologies and sizes in colloidal systems, the present model can precisely 

predict the behavior of colloidal systems, such as metal coating, mineral suspensions, and membrane 

fouling. To improve the accuracy of the simulation, future studies may include the interaction of 

ellipsoidal rough particles in the simulation analysis since particles have varied shapes and dimensions 

in real colloidal systems. As natural-based particles are extensively available in colloidal suspensions, 

the impact of the surface softness of particles on the interaction of particles may be studied in the future. 
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Chapter 4: Interfacial interactions of rough 

spherical surfaces with random topographies 

4.1 Abstract 

A mathematical model was created based on surface element integral (SEI) and XDLVO theory for 

assessing the interfacial interaction between rough spherical surfaces with random topographies, which 

were generated following a modified two-variable Weierstrass-Mandelbrot (WM) function. The surface 

construction and interfacial interaction simulation approaches involved in this study could increase the 

accuracy of predictions in particle interface behaviors compared to previous works. The involved 

equations in this study constructed a randomly rough spherical surface which played an important role 

in increasing the accuracy of simulating particle interfacial interaction because the surface morphology 

characters of a natural surface could be generated accurately by the present model. This modeling study 

presented discussions on the interaction of rough surfaces having different asperity heights, asperity 

positions, random landscapes, and roughness in colloidal systems. We observed that the asperity number 

and ratio were primary parameters for influencing the interfacial interaction between spherical surfaces. 

The arrangement and randomness in the position of asperities on the surface had a negligible effect on 

the interfacial interaction. The elevated asperity height, as a result of increased fractal roughness or 

relative fractal roughness on spherical surfaces, could hamper the interfacial energy between surfaces. 

However, increasing the fractal dimension and relative fractal dimension generated smoother surfaces 

and thus elevated the interfacial energy developed between surfaces. The most impactful parameter of 

surface morphologies in altering interfacial energy was fractal dimension as it could control the asperity 

height and asperity number simultaneously. The largest primary maximum was predicted (216 kT) when 

the fractal dimension was 2.43, which represented the strongest stability of particles in a suspension.  

Keywords: Interfacial interaction, rough surface, colloid, simulation, random topography 

4.2 Introduction  

Colloidal systems play key roles in our daily life, as they are ingredients of some important formulations, 

such as medicines and food [1]. Most colloids are thermodynamically unstable, in which their particles 
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tend to aggregate. The redispersion process of particles in an aggregated system is generally controlled 

by altering the stability of the particles, which would significantly affect the properties of the particles. 

The balance among electric double layer repulsive force, van der Waals attractive force, and non-

Derjaguin-Landau-Verwey-Overbeek (DLVO) force (hydrophobic interaction force) controls the 

stability of particles in the colloidal system, which is comprehensively described by the extended DLVO 

(XDLVO) theory [2, 3]. This concept is widely used for assessing the interfacial interaction in different 

interaction models including smooth planer-planer interaction [4], smooth particle-rough planer 

interaction [5], and rough particle-rough planer interaction [6].  

The surface of particles in colloidal suspensions is rarely smooth, which presents considerable 

challenges in predicting particle interactions. To resolve this problem, the surface element integration 

(SEI) technique could be applied to assess the interfacial energy of two rough surfaces by validating the 

interfacial interaction of a spherical area if the surface roughness could be created correctly by 

mathematical equations [7-10]. Over the past few decades, extensive progress has been made in 

simulating rough surfaces. The common method for generating rough surfaces is by considering the 

asperity shape on the surface as the periodic sinusoidal function or hemisphere pillars [5, 11]. Although 

pioneering studies made great efforts in simulating interfacial energy and deepened our understanding 

of rough surface modeling studies, the past modeling studies could not accurately characterize the 

surface profiles of natural materials as they constructed rough surfaces with uniform roughness 

distributions [7-10, 12]. Thus, the information on the prediction of particle interaction for two rough 

particles with a random topography is insufficient. 

The interfacial interactions of rough spherical surfaces with random morphologies are important for 

predicting the susceptibility of aggregation or dispersion in a colloidal suspension system. Many 

researchers investigated the randomness in the surface morphology for different applications. Some 

reported that the non-uniform surface would enhance the adhesion of polymers to a surface, which 

would be influenced by the randomness of the surface topography [13-15]. However, the previous 

studies could not distinguish between surface roughness and randomness because they considered 

surface heterogeneity as the randomness of the surface [13-15]. For this reason, the results of 

randomness in surface morphology on the adhesion of particles were inconclusive. It is necessary to 

explore how the roughness and randomness in the surface topography of particles affect their interaction 
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in colloidal systems, which would remarkably influence their practical uses in industry.  

For naturally made rough surfaces, the small-scale roughness owns repeatability of geometry [16, 17]. 

Additionally, the profile of the heterogeneous surface follows the power law [18]. Therefore, the process 

of constructing a rough surface could be satisfied by employing a modified two-variable Weierstrass-

Mandelbrot (WM) function, which originated from the theory of fractal geometry [19].  The WM 

function had been applied for simulating the self-affine randomly rough surface which could fully 

describe the characteristics of natural surface morphology [18, 20-22]. As the fractal dimension (𝐷𝑓) 

and fractal roughness (𝐺 ) from the WM function are core parameters in controlling the surface 

roughness [23-25], this function can be used as a popular working tool to describe two and three 

dimensional rough surfaces with random surface morphologies [26-28]. Once the rough surfaces with 

random surfaces are constructed following the fractal geometry, the XDLVO theory and SEI method 

can be combined to investigate the rough surface interactions.  

In the present study, a numerical model was created based on the theory of fractal geometry, which 

intended to estimate the interfacial energy of rough particles owned by random surface topographies. It 

was previously stated that randomness would represent the random spatial distribution of the asperities 

on the particle surface [29], which is an important factor in surface morphology. The influence of 

asperity height, number, and position on the surface of spherical particles on particle interaction was 

discussed, which could serve as the foundation for the investigation of the interaction of particles with 

random surface morphologies. This work aims to explore how the randomness and roughness positioned 

on the particle surface will alter the interaction energy of particles following the SEI method and 

XDLVO theory. For the first time, two rough spherical particles with arranged and random asperity 

positions were designed and their interactions were assessed in colloidal systems. This study reported 

how the interfacial energy of two rough spherical particles with various surface morphologies would 

change when asperity number, asperity ratio, asperity position, surface randomness, surface roughness, 

and relative randomness and roughness of surfaces were varied. Moreover, the most powerful parameter 

of surface morphologies manipulating the interfacial energy between rough particles with random 

surface morphology was identified. 
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4.3 Research Methods 

4.3.1 Constructing particles with the arranged surface morphology 

In this section, we studied the effect of the position of asperities on particle interaction. We considered 

two types of construction methods for asperity-arranged particles. The first type was used for analyzing 

the effect of vertical positions of asperities on the particle interaction if the locations of asperities with 

different heights are switched longitudinally on the particle surface. Such simulated particles with 

longitudinally arranged asperities could represent hybrid Ag-ZnO nano-structured microparticles [30]. 

The second type is used for analyzing the effect of the horizontal position of asperities on particle 

interaction if the locations of asperities with different heights are switched latitudinally in poles and 

equator. Such simulated particles could represent the Janus particles composed of polystyrene surface 

and rough gold surface [31]. 

The first construction method was developed from the rippled particle theory discussed by 

Bhattacharjee and coworkers [32], who applied this theory to generate particles with uniform roughness 

distributions (i.e., the height of asperities was kept the same on the particle). In our current study, we 

aim to construct a rough particle with longitudinally arranged asperities (i.e., the height of asperities 

was different longitudinally) and analyze the effect of longitudinally switching positions of asperities 

on particle interaction, which was shown in Equation 4.1: 

𝑅longitudinal = 𝑟1 + 𝑟1𝜆𝜊 𝑐𝑜𝑠(𝑛𝜊𝜃1) + 𝑟1𝜆𝜊 𝑐𝑜𝑠(𝑛𝜊𝜑1)+𝑟1𝜆𝜂 𝑐𝑜𝑠(𝑛𝜂𝜃1) + 𝑟1𝜆𝜂 𝑐𝑜𝑠(𝑛𝜂𝜑1)      (4.1)                                                                                                                                                                           

Where 𝑟 represents the radius of element particle (smooth), 𝜃 and 𝜑 represent the angle coordinates in 

3D spherical coordinate, 𝜆 and 𝑛 represent the asperity ratio and asperity number, respectively, and the 

subscripts 𝜊  and 𝜂  represent the column with small asperities and large asperities, respectively and 

subscript 1 represents the constructed particle 1.                     

The constructed rough particle was shown in Figures 1(a) and 1(b), where column A and column B 

represent the column that owns small asperities before and after switching with the column that has 

large asperities.  

The second method is based on the piecewise function to analyze the effects of latitudinally switching 

positions of asperities on the particle interaction (Equation 4.2): 
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𝑅latitudinal = {

𝑟1 + 𝑟1𝜆𝛼 𝑐𝑜𝑠(𝑛𝛼1𝜃1) + 𝑟1𝜆𝛼 𝑐𝑜𝑠(𝑛𝛼𝜑1)  0 ≤ 𝜃1 ≤ 𝜋/4 
𝑟1 + 𝑟1𝜆𝛽 𝑐𝑜𝑠(𝑛𝛽𝜃1) + 𝑟1𝜆𝛽 𝑐𝑜𝑠(𝑛𝛽𝜑1) 𝜋/4 < 𝜃1 < 3𝜋/4

𝑟1 + 𝑟1𝜆𝛼 𝑐𝑜𝑠(𝑛𝛼𝜃1) + 𝑟1𝜆𝛼 𝑐𝑜𝑠(𝑛𝛼𝜑1)   3𝜋/4 ≤ 𝜃1 ≤ 𝜋

                               (4.2) 

where the subscript of 𝛼  and 𝛽  represent the polar and equator areas, respectively. The constructed 

rough particles were shown in Figures 1(c) and 1(d).  

 

 

Figure 4.1 The structure of rough spherical surfaces with arranged asperities: (a) Longitudinally 

arranged rough particle with larger asperities in column A, (b) Longitudinally arranged rough particle 

with larger asperities in column B (the difference between "Column A" and "Column B" is the 

difference in the position of the large height of asperities and small height of asperities. Both Figures 

1(a) and (b) were generated using the same model (Equation 1). The only difference is the value of 

asperity ratio 𝜆 based on Equation 1), (c) Latitudinally arranged rough particle with rougher equator, 

(d) Latitudinally arranged rough particle with rougher poles 

 

4.3.2 Interaction of rough particles with arranged surface asperities 

In the simulation process, one particle was constructed with uniform asperity on the surface as the 

control particle (Equation 4.3). Another particle was constructed with the above methods (Equation 4.1 

or 4.2) to investigate the impact of the relative position of asperities on particle interfacial energy 

(according to Figures A.2.1 and A.2.2).  

The rough particle, as a control sample, was modeled following Equation 4.3 [33]. 

𝑅𝑐𝑜𝑛𝑡𝑟𝑜𝑙 = 𝑟control + 𝑟control𝜆control 𝑐𝑜𝑠(𝑛control𝜃control) + 𝑟control𝜆control 𝑐𝑜𝑠(𝑛control𝜑control)       
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                                                                                                                                                    (4.3)                                                                                                        

Where the subscript control represents the control spherical rough surface.  

The spatial relationship of the two particles could be expressed as shown in Equation 4 [34]. 

𝜃𝑐𝑜𝑛𝑡𝑟𝑜𝑙 = 𝑎𝑟𝑐 sin [(
𝑅1

𝑅𝑐𝑜𝑛𝑡𝑟𝑜𝑙
) sin 𝜃1]                                                                                        (4.4)   

The separation distance between the rough particle with longitudinally arranged asperities and the 

control particle can be given by Equation 4.5: 

ℎ = 𝑟1 + 2𝑟1𝜆𝜊 + 2𝑟1𝜆𝜂 + 𝑟𝑐𝑜𝑛𝑡𝑟𝑜𝑙 + 2𝑟𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝜆𝑐𝑜𝑛𝑡𝑟𝑜𝑙 + 𝐷 − 𝑅𝑙𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑖𝑛𝑎𝑙 cos(𝜃1) −

𝑅𝑐𝑜𝑛𝑡𝑟𝑜𝑙 cos(𝜃𝑐𝑜𝑛𝑡𝑟𝑜𝑙)                                                                                                              (4.5)              

Where 𝑟1 𝑎𝑛𝑑 𝑟control refer to radii of element particle 1 and element of control particle,  𝑅𝑙𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑖𝑛𝑎𝑙  

and  𝑅𝑐𝑜𝑛𝑡𝑟𝑜𝑙 refer to radii of modeled longitudinally arranged rough particles and control particles.  

The separation distance between the rough particle with latitudinally arranged asperities and the control 

particle can be determined by Equation 4.6: 

ℎ =

{

𝑟1 + 2𝑟1𝜆𝛼 + 𝑟𝑐𝑜𝑛𝑡𝑟𝑜𝑙 + 2𝑟𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝜆𝑐𝑜𝑛𝑡𝑟𝑜𝑙 + 𝐷 − 𝑅latitudinal cos(𝜃1) − 𝑅𝑐𝑜𝑛𝑡𝑟𝑜𝑙 cos(𝜃𝑐𝑜𝑛𝑡𝑟𝑜𝑙)          0 ≤ 𝜃1 ≤ 𝜋/4

𝑟1 + 2𝑟1𝜆𝛽 + 𝑟𝑐𝑜𝑛𝑡𝑟𝑜𝑙 + 2𝑟𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝜆𝑐𝑜𝑛𝑡𝑟𝑜𝑙 + 𝐷 − 𝑅latitudinal cos(𝜃1) − 𝑅𝑐𝑜𝑛𝑡𝑟𝑜𝑙 cos(𝜃𝑐𝑜𝑛𝑡𝑟𝑜𝑙)  𝜋/4 < 𝜃1 < 3𝜋/4

𝑟1 + 2𝑟1𝜆𝛼 + 𝑟𝑐𝑜𝑛𝑡𝑟𝑜𝑙 + 2𝑟𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝜆𝑐𝑜𝑛𝑡𝑟𝑜𝑙 + 𝐷 − 𝑅latitudinal cos(𝜃1) − 𝑅𝑐𝑜𝑛𝑡𝑟𝑜𝑙 cos(𝜃𝑐𝑜𝑛𝑡𝑟𝑜𝑙)       3𝜋/4 ≤ 𝜃1 ≤ 𝜋

      

                                                                                                                                               (4.6）                                                                                                                                                                            

Where 𝑅latitudinal refer to radii of a rough particle with latitudinally arranged asperities. 

The simulation process between two types of asperity-arranged particles was carried out by MATLAB 

2020a (9.8.0.1323502).  

 

4.3.3 Developing three-dimensional rough particles with random topographies 

In the past, a scanning electron microscope (SEM) study reported that the surface morphologies of 

poly(methyl methacrylate), poly(vinylidene fluoride-trifluoroethylene), and titanium 

dioxide nanoparticles were determined to have random arrangements of protrusions and depressions 

[35-37]. In the present study, the fractal geometry theory was applied to construct rough particles with 

random surface morphologies to represent these nanoparticles, which could express the features of 

valleys and peaks of the surface topography of particles. This simulation technique had been applied to 

create rough particles for predicting adhesion forces developed between a flat surface and a rough 

particle in the past [38]. 

https://www.sciencedirect.com/topics/earth-and-planetary-sciences/titanium-dioxide
https://www.sciencedirect.com/topics/earth-and-planetary-sciences/titanium-dioxide
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In this work, the transformation process of cartesian coordinates to spherical coordinates follows the 

methodology expressed in the pioneering work and is shown in the supplementary material (Equations 

A.2.1-A.2.3) [32]. According to the fractal geometry theory, the surface morphology of particles could 

be affected by the roughness and randomness of spherical particles, which could be defined 

mathematically [39]. In this study, a mathematical model applied to a modified WM function, which 

was developed from fractal geometry, was employed for constructing rough particles with random 

topographies [6, 19, 40, 41].  

In the current work, the rough surface with the random surface morphology was modeled following 

Equations 4.7 and 4.8, respectively [32]. 

∆𝑟𝑖 = 𝐿(
𝜏𝑖

𝐿
)
𝐷𝑓𝑖

−2
(
𝑙𝑛𝜓

𝑀
)
1

2∑ ∑ 𝜂
(𝐷𝑓𝑖

−3)𝑛
× (cos𝜙𝑚,𝑛𝑚𝑎𝑥+1𝑖 − cos(

2𝜋𝜓𝑛𝑟 sin𝜃

𝐿

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1 ∗

cos (𝜑 −
𝜋𝑚

𝑀
) + 𝜙𝑚,𝑛𝑚𝑎𝑥+1))                                                                                                                   (4.7)                                                                                                                                                                                                                                                                

𝑅𝑖 = 𝑟𝑖 + ∆𝑟𝑖                                                                                                                         (4.8) 

where 𝑅𝑖 and 𝑟𝑖 represent the radii of modeled rough and smooth particles, respectively;  𝐷𝑓𝑖 represents 

the fractal dimension; 𝜏𝑖 represents the fractal roughness; 𝐿 represents the sample length; 𝜓 represents 

the parameter that expresses the frequency density in the profile; 𝜙𝑚,𝑛𝑚𝑎𝑥+1 is a random phase; M 

represents the number of overlapped ridges contributing to constructing a random surface;  𝑛𝑚𝑎𝑥 is the 

highest frequency where 𝑛𝑚𝑎𝑥 =  𝑖𝑛𝑡((𝑙𝑜𝑔 𝐿/𝜈𝑠 )/ 𝑙𝑜𝑔 𝜂[19], 𝜈𝑠  represents the cutoff frequency, and 

𝑖𝑛𝑡(… )  represents the largest integer value of the number in parentheses. In the present model, 𝐷𝑓 

represents the contour structure complexity on the rough surface. Thus, the larger value of 𝐷𝑓 implies 

more contour structures. Also, 𝜏 is an amplitude coefficient that affects the size of the contour on the 

rough surface [42]. The numerical definitions of 𝐷𝑓  and 𝜏  were shown in supplementary material 

(Equations A.2.4-A.2.6). Generally, fractal geometry includes points, curves, areas, and cubes with the 

integer values of 0, 1, 2, and 3 [43, 44]. Moreover, i represents the subscript of modeled particle (i=1,2). 

Following Equations 4.7 and 4.8, different rough particles with random topographies could be 

constructed as shown in Figure A.2.3.  

4.3.4 Interaction of rough particles with random surface structures 

Based on the XDLVO theory, the total interfacial energy of rough spherical surfaces (Equation 4.9) 

includes acid-base (AB), Lifshitz-Vander Waals (LW), and electrostatic double layer (EL) interaction 

energies [2, 5].  



85 
 

The energies per unit area (∆G𝐿𝑊(ℎ) , ∆G𝐴𝐵(ℎ)  and ∆G𝐸𝐿(ℎ) ) of rough surfaces was calculated by 

Equations 4.10 to 4.12 [2]. 

∆G𝑇𝑜𝑡𝑎𝑙(ℎ) = ∆G𝐿𝑊(ℎ) + ∆G𝐴𝐵(ℎ) + ∆G𝐸𝐿(ℎ)                                                                       (4.9)                                              

∆G𝐴𝐵(ℎ) = ∆𝐺ℎ0
𝐴𝐵exp (

ℎ0−ℎ

𝛌
)                                                                                                   (4.10)                                            

 ∆G𝐿𝑊(ℎ) = − 𝐴𝐻

12𝜋ℎ2
= ∆𝐺ℎ0

𝐿𝑊 ℎ0
2

ℎ2
                                                                                            (4.11)                                                               

∆G𝐸𝐿(ℎ) = 𝜀0𝜀𝑟𝜅𝜉1𝜉2(
𝜉1
2+𝜉2

2

2𝜉1𝜉2
(1 − 𝑐𝑜𝑡ℎ𝜅ℎ) +

1

𝑠𝑖𝑛ℎ𝜅ℎ
)                                                             (4.12)                         

where subscript 1 and 2 represent spherical surfaces 1 and 2, respectively,  is set to be 0.6 nm, which 

represents the correlation length of molecules in a liquid medium [19]. Also, , , and  are the 

reciprocal Debye screening length, zeta potential, and the permittivity of the medium, respectively; h0 

is the minimum equilibrium cut-off distance, which is set as 0.158 nm [2]. In Equation 12,  usually 

represents the product of the permittivity of a vacuum (𝜀0= 8.854  10-12 C2/Jm) and the r presents the 

dielectric constant of the medium, which is 80 for water at 20C [45]. 

In addition, surface or interface tensions are represented via the sum of an apolar (Lifshitz–van der 

Waals) component (𝛾𝐿𝑊) and a polar (acid-base) component (𝛾𝐴𝐵) [46]. 𝛾𝐴𝐵 could be divided into an 

electron-accepting part (𝛾+)  and an electron-donating part (𝛾−) [47]. Based on these parameters, the 

∆G𝐿𝑊 and ∆G𝐴𝐵 can be calculated following Equations 4.13 and 4.14: 

∆𝐺ℎ0
𝐿𝑊 = −2(√𝛾1

𝐿𝑊 −√𝛾𝑤
𝐿𝑊)(√𝛾2

𝐿𝑊 −√𝛾𝑤
𝐿𝑊)                                                                      (4.13)                                      

∆𝐺ℎ0
𝐴𝐵 = 2 [√𝛾𝑤

+(√𝛾1
− +√𝛾2

− −√𝛾𝑤
−) + √𝛾𝑤

− (√𝛾1
+ +√𝛾2

+ −√𝛾𝑤
+) − √𝛾1

−𝛾2
+ −√𝛾1

+𝛾2
−]     

                                                                                                                                                 (4.14) 

where subscript w, 1, and 2 represented water, particle 1, and particle 2. 

In this study, the Young Equation (Equation S7) was applied to determine the solid surface tension, and 

the input parameters were collected from the pioneering study, which is shown in the support material 

(Table A.2.1) [42].  

Based on the surface element integral (SEI) technique, the energy of two rough spherical surfaces 

(∆G𝑇𝑜𝑡𝑎𝑙(ℎ)) could be resolved following Equations 4.9-4.12. The total interfacial interaction (U(h)) 

can be described by Equations 4.15-4.17 [32, 48]. Such calculations were carried out using MATLAB 

2020a (9.8.0.1323502). The total interfacial energy is expressed in kT units, where T is the absolute 

temperature (293.15 K) and k is the Boltzmann constant.  
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U(h) = ∬Δ𝐺(h)dA                                                                                                                    (4.15)                                                                

𝑑A = o1⃑⃑⃑⃑ 𝑘1⃑⃑⃑⃑ 𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑ 𝑑𝑆                                                                                                                       (4.16)                                                                                  

The differential area (𝑑𝑆) of Equation 16 can be calculated following Equation 4.17 [32]. 

𝑑𝑆 = 𝑅𝑖
2 𝑠𝑖𝑛 𝜃𝑖 𝑑𝜃𝑑𝜑                                                                                                                 (4.17)                                 

where 𝑑A  expressed the projection area of spherical surface 1 located on another surface, and 𝑑𝑆 

expressed the differential area of rough spherical surface 1, h represented the separation distance 

between two particles. As the present modeling study considered two spherical surfaces with rough 

surface morphologies, the unit vector of both rough surfaces should be involved in the simulation 

process [32]. Therefore, the terms in Equation 16 (𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑  and 𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑ ) were used to represent the curvature 

effect (unit vector) between rough surfaces as shown in Equations 4.18 and 4.19 [49].  

𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑ =
𝑅1 cos𝜃1+Γ1 sin𝜃1 ∑ ∑ Γ3 cos(𝜑−

𝜋𝑚

𝑀
) cos𝜃1

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

√𝑅1
2+Γ1

2∑ ∑ Γ3
2sin2(𝜑−

𝜋𝑚

𝑀
)

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1 +Γ1

2∑ ∑ Γ3
2cos2(𝜑−

𝜋𝑚

𝑀
)

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1 cos2𝜃1

                            (4.18) 

 

𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑ =
𝑅2 cos𝜃2+Γ2 sin𝜃2 ∑ ∑ Γ4 cos(𝜑−

𝜋𝑚

𝑀
) cos𝜃2

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

√𝑅2
2+Γ2

2∑ ∑ Γ4
2sin2(𝜑−

𝜋𝑚

𝑀
)

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1 +Γ2

2∑ ∑ Γ4
2cos2(𝜑−

𝜋𝑚

𝑀
)

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1 cos2𝜃2

                            (4.19) 

Where Γ1,Γ2, Γ3and Γ4 are coefficients and can be expressed by Equations 4.20-4.23: 

Γ1 = 𝐿(
𝜏1

𝐿
)𝐷𝑓1−2(

𝑙𝑛𝜓 

𝑀
)
1

2                                                                                                              (4.20) 

Γ2 = 𝐿(
𝜏2

𝐿
)𝐷𝑓2−2(

𝑙𝑛𝜓 

𝑀
)
1

2                                                                                                             (21) 

Γ3 = 𝜓
(𝐷𝑓1−3)𝑛 sin (

2𝜋𝜓𝑛𝑟1 sin𝜃1

𝐿
× cos(𝜑 −

𝜋𝑚

𝑀
) + 𝜙𝑚,𝑛) ×

2𝜋𝜓𝑛𝑟1

𝐿
                                      (22) 

 Γ4 = 𝜓
(𝐷𝑓2−3)𝑛 sin (

2𝜋𝜓𝑛𝑟2 𝑠𝑖𝑛 𝜃2

𝐿
× 𝑐𝑜𝑠(𝜑 −

𝜋𝑚

𝑀
) + 𝜙𝑚,𝑛) ×

2𝜋𝜓𝑛𝑟2

𝐿
                                    (23) 

Where the values of L and ψ were collected from the literature and set as 5000 nm and 1.5, respectively 

[50]. Hong and coworkers stated that the value of M should be above 3 to make the simulated surface 

closer to reality [51]. Thus, M was set to 8 in this study following the value stated in a previous study 

[49]. Also,  𝜈𝑠 is the cutoff frequency and the nmax was calculated as 5, which was adopted from the work 

of Zhang and coworkers [11]. The numerical equations for calculating unit vectors were shown in 

support material (Equations A.2.8-A.2.10).  

The series of 𝜙𝑚,𝑛 was created from the random number generator with a scale of [0, 2𝜋] to avoid 

coincidences of different frequencies of any point on a rough surface, and this series was generated by 
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Equation 4.24: 

[𝜙𝑀×(𝑛𝑚𝑎𝑥+1)] =

[
 
 
 
 
 
 
 
2.2681 3.4148 5.1977 5.3991 3.9171 3.2029
3.7282 0.3488 3.0793 5.0153 5.0239 1.1093
4.0971 0.0225 0.9963 5.6497 1.8793 4.6751
4.4089 0.3153 1.5343 3.4391 4.3598 4.1709
1.2114 5.3985 4.3828 4.6273 3.9585 1.3544
5.1218 5.3310 0.5640 4.7376 5.1990 3.5070
4.9327 5.4101 0.3967 5.9858 2.4364 0.1511
2.8786 1.3616 0.3829 0.2327 4.0411 3.7663]

 
 
 
 
 
 
 

                 (4.24) 

 

Figure 2 shows the interaction scenario of two randomly rough particles. The spatial relationship of 

rough particles was expressed as shown in Equation 4.25 [34]. 

𝜃2 = 𝑎𝑟𝑐 sin [(
𝑅1

𝑅2
) sin 𝜃1]                                                                                                      (4.25) 

The separation distance between the projection areas of these rough particles was given by Equation 26: 

ℎ = 𝐷 + 𝑅𝑎1 + 𝑅𝑎2 − 𝑅1 ∗ cos 𝜃1 − 𝑅2 ∗ cos 𝜃2 + 𝑟1 + 𝑟2                                                  (4.26) 

Where 𝑟1 and 𝑟2 represent the radii of element two particles (smooth),  𝑅1 and 𝑅2 represent the radii of 

modeled two rough particles with random surface topography, 𝑅𝑎1 and 𝑅𝑎2  refer to the root-mean-

square roughness of interaction area in particles 1 and 2, which could be calculated by following 

Equation 4.27 [42]: 

𝑅𝑎𝑖 = √
∑ ∆𝑟𝑖

2𝑁
𝑖=1

𝑁
    (i = 1, 2)                                                                                                  (4.27) 

Thus, based on Equations 15-25, the interfacial interaction can be given following Equation 28: 

U(h) = ∬Δ𝐺(h)𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑ ∗ 𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑ ∗ 𝑅𝑖
2 𝑠𝑖𝑛 𝜃𝑖 𝑑𝜃𝑑𝜑                                                                 (4.28) 

By combining Equations 4.10-4.12, and 4.26-4.28, Equations 4.29-4.31 were developed for measuring 

the interaction energies of LW, AB, and EL.  

𝑈𝐿𝑊 = ∆𝐺ℎ0
𝐿𝑊 ∫ ∫

ℎ0
2

ℎ2
𝜋/2

0

2𝜋

0
𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑ 𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑ 𝑅𝑖

2 𝑠𝑖𝑛 𝜃𝑖 𝑑𝜃𝑑𝜑                                                            (4.29) 

𝑈AB = ∆𝐺ℎ0
𝐴𝐵 ∫ ∫ 𝑒𝑥𝑝 (

ℎ0−ℎ

𝜆
)

𝜋/2

0

2𝜋

0
𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑ 𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑ 𝑅𝑖

2 𝑠𝑖𝑛 𝜃𝑖 𝑑𝜃𝑑𝜑                                               (4.30) 

𝑈𝐸𝐿 = 𝜀0𝜀𝑟𝜅𝜉1𝜉2 ∫ ∫ (
𝜉1
2+𝜉2

2

2𝜉1𝜉2
(1 − 𝑐𝑜𝑡ℎ 𝜅ℎ) +

1

𝑠𝑖𝑛ℎ 𝜅ℎ

𝜋/2

0
)

2𝜋

0
𝑜1⃑⃑  ⃑𝑘1⃑⃑⃑⃑ 𝑜2⃑⃑⃑⃑ 𝑘2⃑⃑⃑⃑ 𝑅𝑖

2 𝑠𝑖𝑛 𝜃𝑖 𝑑𝜃𝑑𝜑         (4.31) 
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Figure 4.2 Parameters involved in the interaction between two rough spherical surfaces with random 

surface morphologies 

4.3.5 Development of altered scenarios for analyzing the interaction of particles with 

random surface morphologies 

The randomness of surface topography is used for describing how the localization of roughness can 

affect surface morphology. In this modeling study, the 𝜙𝑚,𝑛𝑚𝑎𝑥+1 directly describes the disorganized 

arrangement of asperities of a surface without changing the average surface roughness (Equation 4.7).  

To simplify the subscript, the 𝜙𝑚,𝑛𝑚𝑎𝑥+1 of particles 1 and 2 are donated as 𝜙1 and 𝜙2, respectively. 

To study the influence of surface randomness and to eliminate the interference of the effects of surface 

roughness on particle interactions, the parameters controlling surface roughness of particle surface were 

fixed (𝜏1= 𝜏2= 0.1 nm, Df1=Df2=2.23), and only the value of 𝜙2𝜉 was changed, where 𝜉 represented the 

surface with different values of randomness. In this case, ten random phases were generated for 

constructing ten rough surfaces with different randomly distributed asperities following Equation 4.7. 

Then, the interactions between particle 1, as the control particle, and particle 2 with ten different random 

topographies were analyzed ten times using ANOVA as shown in Table A.2.2. Among ten trials, four 

particles with different surface randomness (particle 2 (𝜙2𝜉)) were calculated using Equations A.2.11-
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A.2.15 as examples. 

4.3.6 Fractal dimension impacts 

The fractal dimension had been proved as an important parameter to control the surface roughness and 

topology of rough surfaces [50]. Previous studies reported that the scale of 2-3 for the fractal dimension 

was used for representing a three-dimensional rough surface [43, 44], which could be calculated 

experimentally considering the hydrodynamic and radius of the gyration of particles [52]. In the current 

study, the value of the fractal dimension was selected to be between 2.03 and 2.93. The other parameters 

of constructing rough particles were fixed (𝜏1= 𝜏2= 0.1 nm and r1=r2=1000 nm) when assessing the 

interaction of particles. To investigate the impact of the relative fractal dimension on the particle 

interactions, the constructing parameters of particle 1 were fixed (𝜏1= 0.1 nm, r1=1000 nm, Df1= 2.93) 

to exhibit the low degree of surface roughness, and the Df2 of particle 2 was ranged between 2.03 and 

2.93. 

4.3.7 Fractal roughness impacts   

The fractal roughness characterizes the asperity height of the rough surface. This important parameter 

is independent of the frequency used in the modified two-variable WM function for constructing rough 

surfaces with random topographies [11]. In the current work, the fractal roughness between 0.5 nm and 

10 nm was considered [11], which can be determined experimentally using an atomic force microscope, 

for example. In this set of analyses, Df1=Df2= 2.23 and r1=r2=1000 nm were selected for constructing 

the surface roughness of particles because the simulation process should ensure the asperities existed 

on the particle surface in case the larger Df value eliminates the surface roughness. To investigate the 

impact of relative fractal roughness on the particle interactions, the constructing parameters of particle 

1 were fixed (𝜏1= 0.1 nm, r1=1000 nm, Df1= 2.23), and the 𝜏2 of particle 2 was varied from 0.5 nm to 10 

nm (r2=1000 nm, Df2= 2.23). 

4.5 Results and Discussion 

4.5.1 The interaction of particles with arranged asperities   

Based on the methodology described in section 4.3.1 and following Equation 4.1, the surface of particles 

had asperities with the longitudinal arrangement, in which the surface of particles had one set of asperity 

with a small ratio and another set of asperity with a larger ratio. The impacts of asperity number on the 
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interfacial energy of spherical surfaces that had longitudinally arranged asperities were evaluated, and 

the predictions of total interfacial energies are shown in Figure 3(a). It can be seen that the total 

interfacial energy between the particles dropped by elevating the number of asperities. The effect of the 

asperity ratio on interfacial interaction between particles that had longitudinally arranged asperities was 

shown in Figure 3(b). It showed that the increased asperity ratio negatively impacted particle interaction 

because the increased size of asperities reduced the interaction area between rough particles. 

Based on Equation 2, the position of asperities was arranged latitudinally, and the surface of constructed 

particles had asperities with a large ratio at the polar area and asperities with a small ratio at the equator 

area. With the combination of rippled particle theory and piecewise continuous functions, the impacts 

of asperity number and ratio on the interaction of particles with latitudinally arranged asperity were 

simulated, and the predicted results were shown in Figures Figure 3(c) and (d). It is found that the total 

interfacial interaction of particles that had latitudinally arranged asperities decreased with increasing 

the asperity number, while the ratio of asperities on the surface of two particles was kept constant. 

Moreover, when the asperity number was constant in the equator and polar areas on both particles, the 

energy of interfacial interaction generated between the particles decreased by increasing the asperity 

ratio latitudinally, which could be explained by the decreased interaction area of particles due to the 

enlarged size of asperities on particles.  

The effects of asperity number and ratio without changing the position of asperities located on the 

particle interaction were discussed above. Now, the impact of the position of asperities on the particle 

surface on the interfacial energy is studied to resolve how the position of arranged-asperity particles 

influences the interaction of particles. In this experiment, one particle was constructed with the uniform 

asperity on the surface, as the control particle, and the other particle was constructed following Equation 

4.1 or 4.2. As shown in Figure 4 (a), if the position of the column with the large asperity is switched 

longitudinally with the adjacent one with a smaller asperity (switched from column A to column B), the 

asperity position insignificantly affected the total interfacial energy between the rough particle and 

control particle (ANOVA: p > 0.05). A similar phenomenon was observed (ANOVA: p > 0.05) for the 

larger asperities changing their positions with smaller asperities from the polar area to the equator area 

as shown in Figure 4(b). In these interaction scenarios, only the asperity position was changed. 

Therefore, it can be claimed that changing the asperity position had a negligible effect on the particle 
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interaction if the asperity number and ratio were maintained constant. 

The main reason for this behavior might be that the interaction energy of the rough surface depends 

primarily on the asperity number and ratio, rather than on the assignment of spatial positions of the 

asperities on the surface [29]. To prove this hypothesis, we reconstructed the particle with arranged 

asperity following Equation S16. In this case, the constructed range of angle factor, 𝜃 , was 𝜋
3
   in 

Equation S16 instead of the previously used value of  𝜋
4
 in Equation 4.2. With this change, the area of 

large asperities would not be equal to the area of small asperities impacting the interaction area of 

particles. If the large asperities switched their positions with small asperities from the equator to poles, 

the surface roughness would be changed and vice versa. The surface morphologies of the particles 

constructed following Equations 4.2 and A.2.16 are shown in Figure A.2.4, where the particle in Figure 

A.2.4(a) has a larger area of small asperities than the particle shown in Figure A.2.4(b) does. The total 

interaction increased substantially when the positions of large asperities switched from the polar area 

(𝜆𝛼=0.005) to equator area (𝜆𝛽=0.005) (Figure A.2.5 following Equation A.2.16). The reason is that the 

total area of two poles in the particle constructed by Equation A.2.16 is larger than the area of the 

equator of the particle. The reconstructed particle followed Equation A.2.16 and had three parts with 

the same area: two parts with large asperities (poles) and one part with small asperities (equator). If the 

large asperities changed their position from the poles to the equator, the reconstructed particle would 

have two areas with small asperities (poles) and one area with large asperities (equator). This position 

change would decrease the surface roughness of the particle because the area with large asperities was 

reduced, which would lead to an increase in the interfacial interaction as demonstrated in Figure A.2.5.  
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Figure 4.3 The influences of surface roughness on the interfacial energy of the spherical surfaces with 

arranged asperities. (a) the effects of asperity number with longitudinally arranged asperities when 

r1=r2=1000 nm, nο1 = nο2 = 5 , λο = 0.001 ,  λη = 0.005 , (b) the effects of asperity ratio with 

longitudinally arranged asperities when r1=r2=1000 nm, 𝑛ο1 = 𝑛ο2 = 5 , 𝑛η1 = 𝑛η2 = 10 , 𝜆ο1 =

𝜆ο2 = 0.0001,(c) the effects of asperity number with latitudinally arranged asperities when r1=r2=1000 

nm, λ𝛼 = 0.005, λβ = 0.001,(d) the effects of asperity ratio when r1=r2=1000 nm, n=5 
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Figure 4.4 The energy of interfacial interaction between rough spherical surfaces (a) with 

longitudinally different asperity height (𝑟1 = 𝑟𝑐𝑜𝑛𝑡𝑟𝑜𝑙 = 1000 𝑛𝑚, 𝑛1 = 𝑛𝑐𝑜𝑛𝑡𝑟𝑜𝑙 = 5, 𝜆𝑐𝑜𝑛𝑡𝑟𝑜𝑙 =

0.005 ), (b) with different asperity heights in the equator and poles (𝑟1 = 𝑟𝑐𝑜𝑛𝑡𝑟𝑜𝑙 = 1000 𝑛𝑚, 𝑛1 =

𝑛𝑐𝑜𝑛𝑡𝑟𝑜𝑙 = 5, 𝜆𝑐𝑜𝑛𝑡𝑟𝑜𝑙 = 0.005). 

 

4.5.2 Randomness effects  

As stated in the previous section, the impact of the arranged-asperity position on the surface of particles 

was not significant. As randomness is a parameter to characterize the surface morphology and always 

exists in any real colloidal particle, the influence of randomness on the location of asperities on the 

rough spherical surface on the interaction of particles was investigated (Figure 5). The only difference 

in the model of rough particle 2 with randomly oriented asperities compared with particle 1 with a 

random surface morphology is the compositions of 𝜙1 and 𝜙2𝑎−𝑑 shown in Equations A.2.11-A.2.15, 

as this parameter makes the asperities assigned randomly on the surfaces, where the subscript 2a-2d of 

𝜙 shown in Figure 5 represents the different random surface morphologies of particle 2. It can be seen 

that the effect of randomness on the surface morphology on the total interfacial energy of particles is 

insignificant. According to previous studies, roughness and randomness can control surface morphology 
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[53, 54]. The surface roughness represents the surface heterogeneity and the randomness describes the 

random arrangement of asperities on a spherical surface [55]. Within the content of the randomness 

investigation, the separation distance and the contact area between two rough particles have not changed 

by changing randomness, as randomness only randomly changed the locations of asperities, and the 

overall roughness of particles was maintained constant. The reason for such results is attributed to the 

calculation process of the separation distance between particles in Equation 4.26 since it considers the 

root mean square roughness (Ra) of two rough particles. Table A.2.2 lists the results for 10 repetitions 

for generating rough particle 2 with different randomly located asperities (control particle 1 with 

constant  𝜙1  and 10 𝜙2𝜉    for 10 times of particle 2). The results demonstrated that no significant 

difference existed among these groups (𝑝 > 0.05  ), which proved that the random distribution of 

asperities indeed had an insignificant effect on the interaction of particles if the overall surface 

roughness is not changed.  

As observed in the previous section, when the asperity changed their positions in longitudinal or 

latitudinal direction or randomly, but the surface roughness was maintained constant, no significant 

difference existed in the total interaction energy among different pairs of rough particles.  
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Figure 4.5 The effect of surface randomness on total interfacial energy when 𝜏1= 𝜏2= 0.1 nm, 

r1=r2=1000 nm, and 𝐷𝑓1=𝐷𝑓2=2.23  

 

4.5.3 Fractal dimension effects (𝑫𝒇𝒊) 

Surface roughness is a critical parameter to control surface morphology. The primary parameter to 

control surface roughness in the present study is the fractal dimension. A previous study applied fractal 

geometry to generate a randomly rough flat surface and concluded that the fractal dimension would 

control the surface roughness and topography because the number and height of fine asperities will 

significantly be changed with the value of the fractal dimension [50]. In the present study, the randomly 

rough spherical surface was constructed with the developed fractal geometry as shown in Figure A.2.3. 

The influence of fractal dimension on the interaction of particles with random surface structures is 

shown in Figure 6. With increasing the fractal dimension value from 2.03 to 2.93, the total interfacial 

energy of rough particles increased. This tendency is expected as the surface roughness is diminished 

with the fractal dimension [56]. As indicated in a previous study, the surface roughness is decreased by 

elevating the fractal dimension value [11]. The depth of the primary minimum and the magnitude of the 

primary maximum increase with fractal dimension value as shown in Figure 6. Shen and coworkers 

reported that the nanoscale asperities not only reduced the energy barrier of the primary minimum but 

also promoted the separation of initially attached two white carboxyl-modified polystyrene latex 

particles at the primary minimum interaction [57]. Therefore, our results suggested that the colloidal 

particle detachment is proportional to the value of the fractal dimension because the attachment ability 

would be worsened with a rougher spherical surface, which could be controlled by the fractal dimension. 

Torkzaban and Bradford also reported that the surface roughness reduced the depth of the primary 

minimum when analyzing the interfacial energy of quartz sand and carboxylate-modified latex particles 

[58]. However, Totkzaban and Bradford considered short-range repulsion interactions as the non-DLVO 

force in their simulation process and applied grid surface integration simulation. In our simulation, the 

surface roughness can be heightened by fractal dimension, which decreases the contact area and 

increases the separation distance between two particles [59]. In addition, the decrease in the interaction 

energy with lessened fractal dimension may be related to surface hydrophobicity. It was reported that 

rougher surfaces could produce more hydrophobic surfaces [60, 61]. De Foggi and coworkers, who 
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analyzed the impact of surface roughness of denture-base acrylic resin with the disk shape structure on 

the material hydrophobicity experimentally, reported that the illustrated surface roughness enhanced 

surface hydrophobicity [62]. The drop in the energy barrier demonstrated in Figure 6 is the outcome of 

hydrophobicity improvement via increasing surface roughness (i.e., decreasing the fractal dimension) 

as predicted by Equation 28. Moreover, the dropped energy barrier may explore the mechanisms of 

antifouling in the membrane design. Liu and coworkers articulated that the antifouling process could 

be evaluated by the XDLVO theory and that the large magnitude of the primary maximum indicated a 

strong antifouling ability [63]. The findings of this work support our simulation results, in that with 

increasing the value of a fractal dimension, the primary maximum increased (Figure 6), implying the 

stronger repulsion force between particles. 

Interestingly, the variation in the total interfacial energy becomes insignificant when the fractal 

dimension changed from 2.53 to 2.93 (Figure 6). According to Figure A.2.3, the rough particle becomes 

smooth with increasing the fractal dimension to 𝐷𝑓𝑖 = 2.4 and 𝐷𝑓𝑖 = 2.5. Cai and coworkers reported 

that the surface roughness lessened exponentially by increasing the value of the fractal dimension [50]. 

The predicted interaction energy in this study could only be changed with the fractal dimension ranging 

between 2.03 and 2.43 because the surface would become smoother if the fractal dimension was larger 

than 2.4 (Figure A.2.3). Thus, there existed a critical value of fractal dimension (i.e., 2.43) for 

eliminating the surface topography when studying the interaction of two rough particles following the 

fractal geometry theory.  
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Figure 4.6 The effect of fractal dimension on the total interfacial energy when 𝜏1= 𝜏2= 0.1 nm 

and r1=r2=1000 nm 

4.5.4 Relative fractal dimension effects (Df2) 

Figure 7 displays the effect of the relative fractal dimension on the total interfacial energy for particles 

with random surface morphologies. The fractal dimension of particle 1 is set at Df1 = 2.93 (> critical 

value of 2.43) to construct a relatively smooth particle, while the fractal dimension of particle 2 (Df2) is 

changed from 2.03 to 2.93. Figure 7 shows that the absolute value of the interaction increased gradually 

with a greater value of Df2. This result shows that the stability of the system with rough particles was 

improved by elevating the relative fractal dimension. The increase in Df2 reduces the average roughness 

of particle 2 exponentially. Therefore, it is expected that the reduction in the relative roughness of 

particle 2 shortens the separation distance between two rough particles, thus increasing the magnitude 

of the interaction.  

The fractal dimension controls the topography of rough particles, implying that the value of Df2 

represents the relative surface roughness of two particles, which provides a significant impact on the 

asperity size of particle 2 [19]. Additionally, when Df2 is above 2.43 in the present modeling study, the 

effect of the relative fractal dimension is negligible because the size of the asperities has no significant 

influence (smooth surface). When Df2 is smaller than 2.43, the increased value of Df2 lowered the 



100 
 

asperity size of the surface, which empowered the total interfacial interaction of rough particles. The 

phenomenon can be explained by the increased asperity height that reduced the area of particle 

interaction affecting the interfacial energy negatively [64]. Although a larger relative fractal dimension 

constructs more asperities, the average roughness of particles decreases because the texture of the 

surface becomes denser and finer with increasing the value of the relative fractal dimension [65, 66]. 

This discovery may provide more directions for the colloid release and retention on natural rough 

surfaces, for example, contaminant dissemination [67] because the predicted value of primary minimum 

and maximum could be valuable indicators for altering the state of particles in the system. Therefore, 

the simulated results suggested that modifying the texture of rough surfaces with random surface 

morphologies played a critical role in influencing the stability of the suspension system. 

 

Figure 4.7 The effect of relative fractal dimension on total interfacial energy when 𝜏1= 𝜏2= 0.1 nm, 

r1=1000 nm, and 𝐷𝑓1=2.93 

 

4.5.5 Fractal roughness effects (𝝉i) 

Different from the fractal dimension, fractal roughness only characterizes the magnitude of surface 

roughness [42]. In other words, the asperity height on the rough surface with randomly oriented 

asperities is controlled by the value of fractal roughness in this analysis. The influence of fractal 
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roughness on the interfacial interaction generated between particles is reported in Figure 8. The 

interfacial interaction lessened by elevating the value of fractal roughness from 0.5 nm to 10 nm. The 

total interfacial energy was closed to 0 kT when the value of fractal roughness is 10 nm, which indicates 

that the system dispersion stability has deteriorated. This phenomenon explains that the increased value 

of fractal roughness elevated the value of surface roughness of particles negatively affected the 

interfacial interaction between particles. For a given value of a fractal dimension, the larger values of 

𝜏 1 and 𝜏 2 result in a rougher surface based on Equation 7 because the amplitude of the surface 

wavelength is increased by 𝜏1 and 𝜏2 [68]. Therefore, the larger peak of asperities would be generated 

on the particle surface by increasing the fractal roughness value, which in turn would drop the overall 

interface energy because the larger value of the asperity height would tend to enlarge the separation 

distance and diminish the interaction area between the particles [69, 70]. Thus, the dispersion stability 

of the colloidal system would decrease with increasing the fractal roughness, which would suggest that 

the particles might aggregate without sufficient electric repulsion force if the rough particles had large 

fractal roughness. Moreover, the increased surface roughness would increase the surface area of 

particles, which may facilitate particle attachment. Wu and coworkers prepared a thin-film composite 

(TFC) membrane from polyvinylidene fluoride (PVDF) substrate and reported that the rougher surface 

provides a lower detach rate of Na2SO4 and MgSO4 from the membrane [71]. Although the interaction 

scenario of this work was based on the simulation of a particle-flat surface [68], our particle-particle 

model predicted similar results, where the increased roughness reduced the repulsion energy barrier that 

assisted the particle attachment [72]. Guo and coworkers also investigated the influence of surface 

roughness on calcium–magnesium–alumina–silicate corrosion and reported that the surface roughness 

provided a remarkable impact on the wettability of the material surface [73]. The conclusion made by 

Guo and coworkers suggested that surface roughness would increase the water contact angle because 

the rough surface morphology would increase the hydrophobicity of the surface. The predicted results 

from our model presented a similar conclusion to previous literature [73]. Therefore, the present model 

may provide some insights into the wettability of the material surface. As the fractal roughness 

controlled the average roughness of rough particles with random surface morphologies, our results 

indicated that the value of fractal roughness may provide a prediction of material wettability. 



102 
 

 

Figure 4.8 The effects of fractal roughness on total interfacial energy when 𝐷𝑓1=𝐷𝑓2= 2.23 and 

r1=r2=1000 nm 

4.5.6 Relative fractal roughness effects (𝝉𝟐) 

Figure 9 shows the total interfacial interaction of rough particles with different fractal roughness. It 

showed that the total interaction became poor when the relative fractal roughness of the particle surface 

increased. The increased relative fractal roughness (𝜏2 ) diminished the dispersion stability between 

particles, which might facilitate the aggregation of particles. This result is in harmony with the fact that 

the relatively rougher surfaces represent the larger asperity height and minimize the interaction energy 

[74]. The previous literature mainly discussed that the fractal dimension was critical in interfacial 

interaction between particles [75, 76]. Nevertheless, our predicted results showed that the relative fractal 

roughness has a noteworthy impact on particle interactions. Consequently, our results obtained from 

Equations 7,17, and 28 indicated that the relative fractal roughness is an impactful factor in the adhesion 

of particles to surfaces because this parameter represents the average asperity height of rough particles 

affecting the particle interaction remarkably [77], which may facilitate the coagulation of colloidal 

particles, for example, the coagulation of sulfonated azo-dyes in acidic solutions [78]. 
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Figure 4.9 The effect of relative fractal roughness on interfacial energy when r1= r2=1000 nm, 

𝐷𝑓1=𝐷𝑓2=2.23 and 𝜏1= 0.1 nm 

 

4.5.7 The most effective parameter in controlling particle interaction 

The constructed parameters of rough particles with randomly decorated asperities have significant 

effects on controlling particle interaction. The randomness of the surface asperities displayed the least 

effect in controlling interfacial interaction energy. It should be noted that changing the asperity size to 

increase the separation distance or reduce the interaction area (Figures 6-9) has more effects on 

interfacial interaction energy between particles than only altering the positions of asperities on the 

surface (Figure 5). Therefore, surface roughness is more critical than the spatial distribution of asperities 

in particle interactions. The fractal dimension displayed the most significant effect on the particle 

interaction where the largest value of the primary maximum was predicted to be 216 kT (Figure 6). 

However, the significant variation in the interaction energy could only be obtained in the fractal 

dimension ranging between 2.03 and 2.43 because the particle surface became smooth once the value 

of the fractal dimension was larger than 2.43. The dispersion stability of different colloidal systems is 
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managed by their primary maximum (i.e., repulsion energy). The magnitude of the primary maximum 

would not be elevated significantly when the value of the fractal dimension was beyond 2.43. Therefore, 

the strongest dispersion stability between particles could be obtained when the fractal dimension was 

2.43 in the present work. Nevertheless, if a system owned a small primary maximum, the dispersion 

stability between particles would be hampered easily and particles might tend to aggregate or coagulate. 

When the primary maximum was smaller than 1.5 kT in a hectorite suspension system, flocculation 

tends to happen [2]. If the value of the primary maximum dropped < 20 kT, the aggregation would 

dominate [79]. Based on the predicted value of the primary maximum, modifying the fractal dimension 

via applying different coating material or blast pressure, for example [80, 81], could be selected as the 

most effective method for the surface modification of particles to control the system dispersion stability  

(e.g., cellulose nanocrystals [82]). 

4.5.8 Comparison of present modeling and previously available results  

The simulation results of this work were compared with previously available results and summarized 

in Table 4.1. 

 

Table 4.1 Information on present and past models in creating rough surfaces 

Applied 

constructing 

theory, ref 

Equations for constructing rough surface Variables Results 

Fractional 

area 

coverage, 

[83] 

𝜍 = 2𝑛𝜋(𝑅 + 𝜖𝑠)𝜖𝑠 𝜍  increased 

from 0.01 to 

0.1 

The maximum 

total interaction 

decreased from 

105 to 81 kT/𝜇𝑚 

Modified 

two-variable 

WM 

function 

(present 

model) 

∆𝑟𝑖 = 𝐿(
𝐺𝑖
𝐿
)
𝐷𝑓𝑖

−2
(
𝑙𝑛𝜂

𝑀
)
1
2 ∑ ∑ 𝜂

(𝐷𝑓𝑖
−3)𝑛

𝑛𝑚𝑎𝑥

𝑛=0

𝑀

𝑚=1

× (cos𝜙𝑚,𝑛𝑚𝑎𝑥+1𝑖

− cos(
2𝜋𝜂𝑛𝑟 sin𝜃

𝐿

∗ cos (𝜑 −
𝜋𝑚

𝑀
)

+ 𝜙𝑚,𝑛𝑚𝑎𝑥+1)) 

𝐷𝑓  decreased 

from 2.23 to 

2.03 

The maximum 

total interaction 

decreased from 

150 to 8 kT/𝜇𝑚 
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Rippled 

rough 

particle 

theory, [33] 

𝑅𝑟𝑜𝑢𝑔ℎ = 𝑟𝑒𝑙𝑒𝑚𝑒𝑛𝑡 + 𝑟𝑖𝜆𝑖 𝑐𝑜𝑠(𝑛𝑖𝜃𝑖)

+ 𝑟𝑖𝜆𝑖 𝑐𝑜𝑠(𝑛𝑖𝜑𝑖) 

𝑛𝑖  increased 

from 5 to 20 

The maximum 

total interaction 

decreased from 

200 to 150 kT 

Modified 

two-variable 

WM 

function 

(present 

model) 

∆𝑟𝑖 = 𝐿(
𝐺𝑖
𝐿
)
𝐷𝑓𝑖

−2
(
𝑙𝑛𝜂

𝑀
)
1
2 ∑ ∑ 𝜂

(𝐷𝑓𝑖
−3)𝑛

𝑛𝑚𝑎𝑥

𝑛=0

𝑀

𝑚=1

× (cos𝜙𝑚,𝑛𝑚𝑎𝑥+1𝑖

− cos(
2𝜋𝜂𝑛𝑟 sin𝜃

𝐿

∗ cos (𝜑 −
𝜋𝑚

𝑀
)

+ 𝜙𝑚,𝑛𝑚𝑎𝑥+1)) 

𝐷𝑓𝑖  decreased 

from 2.43 to 

2.03 

The maximum 

total interaction 

decreased from 

231 to 8 kT 

Modified 

Derjaguin 

approaches, 

[74] 

ℎ = 𝐷 + 𝑎 − √𝑎2 − 𝑟2 ±√𝑎𝑖
2 − 𝑟𝑖

2 
The average 

height (or 

radius) of a 

hemispherical 

asperity 

increased from 

9 to 45 nm 

The maximum 

total interaction 

decreased from 

15.8 to 8.7 kT 

Modified 

two-variable 

WM 

function 

(present 

model) 

∆𝑟𝑖 = 𝐿(
𝐺𝑖
𝐿
)
𝐷𝑓𝑖

−2
(
𝑙𝑛𝜂

𝑀
)
1
2 ∑ ∑ 𝜂

(𝐷𝑓𝑖
−3)𝑛

𝑛𝑚𝑎𝑥

𝑛=0

𝑀

𝑚=1

× (cos𝜙𝑚,𝑛𝑚𝑎𝑥+1𝑖

− cos(
2𝜋𝜂𝑛𝑟 sin𝜃

𝐿

∗ cos (𝜑 −
𝜋𝑚

𝑀
)

+ 𝜙𝑚,𝑛𝑚𝑎𝑥+1)) 

𝜏𝑖 increased 

from 9 to 45 

nm 

The maximum 

total interaction 

decreased from 

8.0 to 4.1 kT 

Fractional 

area 

coverage, 

[84] 

𝜍 = 2𝑛𝜋(𝑅 + 𝜖𝑠)𝜖𝑠 𝜖𝑠  increased 

from 10 to 40 

nm 

The maximum 

total interaction 

decreased from 

105 to 10 kT/𝜇𝑚 
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Modified 

two-variable 

WM 

function 

(present 

model) 

∆𝑟𝑖 = 𝐿(
𝐺𝑖
𝐿
)
𝐷𝑓𝑖

−2
(
𝑙𝑛𝜂

𝑀
)
1
2 ∑ ∑ 𝜂

(𝐷𝑓𝑖
−3)𝑛

𝑛𝑚𝑎𝑥

𝑛=0

𝑀

𝑚=1

× (cos𝜙𝑚,𝑛𝑚𝑎𝑥+1𝑖

− cos(
2𝜋𝜂𝑛𝑟 sin𝜃

𝐿

∗ cos (𝜑 −
𝜋𝑚

𝑀
)

+ 𝜙𝑚,𝑛𝑚𝑎𝑥+1)) 

𝜏𝑖 increased 

from 10 to 40 

nm 

The maximum 

total interaction 

decreased from 

152 to 82 kT/𝜇𝑚 

 

In the studies carried out using the fractional area coverage to represent the asperity number, when the 

asperity coverage,  𝜍, increased from 0.01 to 0.1, the maximum total interaction energy dropped from 

105 to 81 kT/𝜇𝑚 [83]. With the same size of rough particles, the present study reported the maximum 

total interaction energy decreasing from 150 to 8 kT/𝜇𝑚 when the fractal dimention 𝐷𝑓𝑖 changed from 

2.23 to 2.03, which elevated the total surface roughness. In addition, when the asperity number on the 

particles with arranged surface morphologies, 𝑛, increased from 5 to 20, the maximum total interaction 

decreased from 200 to 150 kT [33]. Similarly, for the same particle size, when the surface roughness 

increased by changing 𝐷𝑓𝑖 from 2.43 to 2.03, the maximum total interaction energy decreased from 231 

to 8 kT in the present study. The different predictions in the total interaction energy could be explained 

by the different methods of constructing rough surfaces. In other words, the impact of constructing 

parameters for the particle surface morphologies in this model and the previous one [33] is dissimilar. 

In the current study, when the value of 𝐷𝑓𝑖 increased, the asperity height would decrease but more fine 

asperities would be generated on the rough surface [16, 50]. The value of 𝐷𝑓𝑖 controlled the asperity 

size and asperity number simultaneously, which would provide information about the complexity of 

rough surface [85].  

The modified Derjaguin approaches were also applied to simulate rough surface interaction when a 

hemispherical asperity height (or radius) increased from 9 to 45 nm, and the maximum interaction 

decreased from 15.8 to 8.7 kT [74]. Compared to the literature [74], the present model randomly 

distributed the asperities on a rough surface, which could accurately simulate the self-affine features of 

a naturally rough surface [86] and predicted that the maximum interaction decreased from 8.0 to 4.1 kT 

when the 𝜏𝑖 increased from 9 to 45 nm for particles of the same size.   

In the study considering the fractional area coverage, when the height of asperities, 𝜖𝑠, was elevated 
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from 10 to 40 nm, and the maximum total interaction energy dropped from 105 to 10 kT/𝜇𝑚 [84]. With 

the same assumptions, the present study shows a drop from 152 to 82 kT/𝜇𝑚 . The present model 

generated the rough surface as random waveform (Equation 7) instead of uniform hemispherical 

asperities or hemispheres [49, 52], which can describe the roughness of the naturally produced surface 

(e.g., coal surface) [87]. Thus, the outcomes of our work could be more reliable than the models used 

previously [74, 84] in assessing the interfacial energy of particles in the real scenario, as the asperities 

are usually randomly assigned on the surface of naturally produced particles.  

In addition, the results indicated that the approach to constructing the rough surface is key to simulating 

particle interactions. Generally, the primary step to accurately evaluate the interaction energy of 

spherical surfaces is to characterize the surface morphology correctly. Our model applied the modified 

two-variable WM function to construct a rough surface, which could characterize the natural surface 

more accurately than the previous models [33, 74, 84]. Therefore, the present model and particle 

construction method elevated the accuracy of prediction for the interaction of rough surfaces with 

randomly located asperities based on the proposed modified two-variable WM function. 

The present modeling study provides a novel method to evaluate the interaction energy between two 

particles with randomly rough surface morphology. By applying this strategy, the effect of roughness 

existing on the surface of natural products on the interaction of particles can be addressed. Moreover, 

the modeling approach undertaken in the present work can provide a guideline on the possibility to 

design of particles with favorable morphologies that have strong interfacial interaction, for example, 

the fractal dimension could be modified by different coating material or blast pressure [80, 81]. The 

present model could be also potentially used to investigate various phenomena, such as coagulation, 

dispersion, turbulence, deposition, and flocculation that occur among natural products. 

4.6  Conclusion  

The present study applied a modified two-variable WM function based on the fractal geometry to 

construct a randomly rough spherical surface, which accurately characterized the surface morphology 

of a naturally rough surface and explored the impact of factors affecting the construction of rough 

particles with randomly located asperities on spherical surface interaction considering the XDLVO 

theory. As the previous studies did not consider the impact of the location of asperities on the rough 
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surface of the particles, they neglected the impact of the actual topographic characteristic products on 

particle interaction. In this case, the proposed approach of this study could increase the accuracy of 

prediction in the interaction of particles with randomly constructed rough surface morphologies. 

Two types of asperity-arranged spherical surfaces were constructed to investigate the impact of asperity 

position on the interfacial interaction of spherical surfaces. The predictions showed that changing the 

position of asperities in longitude and latitude directions has more limited impacts than the number and 

ratio of asperities of the particle surface on particle interactions, which indicated that changing the 

number and ratio of asperities are the primary factor in influencing the particle attachment compared 

with arranging the location of asperities. Also, the randomness in the position of asperities on the 

spherical surfaces with random surface morphologies had a marginal impact on the interfacial energy 

of particles, when the roughness of the surface was unchanged.  

Furthermore, the increase in the fractal dimension (𝐷𝑓𝑖 ) and relative fractal dimension (𝐷𝑓2 ) 

strengthened the interfacial interaction energy, which is related to the creation of fine topography on the 

surface of particles. However, the total interfacial interaction lessened significantly with the growth in 

the fractal roughness. The increase in the fractal roughness (𝜏 i) and relative fractal roughness (𝜏2 ) 

affected the interaction energy significantly, which was attributed to an improvement in the average 

roughness of the particle surface by increasing the asperity height on the particle surface. The largest 

primary maximum could be obtained when the 𝐷𝑓𝑖  reached the critical value of 2.43, where the 

strongest stability of the colloidal system would be obtained. According to the predicted value of the 

primary maximum in colloidal particle interaction evolved from XDLVO theory, modifying the fractal 

dimension of spherical surfaces by a coating process could be considered the most effective method of 

material surface morphology modification to control the system stability.  

The present model generated randomly arranged asperities on the particle surface, which could reflect 

the natural topography of spherical surfaces more precisely. To enhance the accuracy of our modeling 

study, future works may consider the analysis of interfacial interaction between rough spherical surfaces 

with ellipsoidal shapes as they are available in nature.  
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Chapter 5: Interfacial interactions of rough 

ellipsoidal particles with random surface 

asperities  

5.1 Abstract 

Currently, information on the fundamental interaction of ellipsoidal particles with rough topography is 

limited. In this work, a mathematical model was developed based on the extended Derjaguin-Landau-

Verwey-Overbeek (XDLVO) theory and surface element integral (SEI) to simulate the total interaction 

energy created between ellipsoidal particles with rough surfaces, which were constructed by the 

modified two-variable Weierstrass-Mandelbrot (WM) function. The simulated results revealed that an 

increase in the fractal roughness and relative fractal roughness of particle surface would increase the 

surface roughness of particles and weaken the total interaction energy between ellipsoidal particles. 

Compared with spherical shape particles, the ellipsoidal particles provided greater interaction energy 

because an ellipsoidal shape would generate a greater interaction area than a spherical shape between 

particles. Amplifying the aspect ratio diminished the interaction energy between particles but enlarging 

particles would strengthen the interaction energy. In addition, the orientation angle of ellipsoidal 

particles would affect their interaction.  

Keywords:  Interaction energy, randomly rough ellipsoidal particles, surface roughness, simulation, 

XDLVO 

5.2 Introduction 

Generally, nano- or macro-colloidal particles, e.g., bacteria, soil particles, and viruses have random 

shapes in nature [1]. Generally, the interaction of these substances controls the interaction energy 

between the substances in colloidal systems. For this reason, previous studies focused on understanding 

the interaction mechanisms of colloidal particles [2-4]. Spherical particles have received much attention 

in the past because they are suitable for simulating nanoparticles [5]. However, those studies may not 

accurately predict the interaction of particles with ellipsoidal shapes [3, 4]. The shape of particles was 
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proved to play an important role in controlling interaction energy [6]. Colloids with ellipsoidal shapes 

have broad applications in medical and manufacturing fields. Müller and coworkers reported that 

ellipsoidal particles are favorable for drug delivery in blood flow because the ellipsoidal particles 

displayed slower rotation dynamics in the blood [7]. The ellipsoidal particles may also provide benefits 

to manufacturing processes. For example, the 𝛼 -Fe2O3 ellipsoids displayed high stable cyclic 

performance and high specific capacity in lithium-ion battery applications [8]. Therefore, it is important 

to understand how various shapes of ellipsoids interact in colloidal systems as ellipsoidal particles have 

different geometrical properties. 

Recently, the numerical approach provided prospects for exploring the mechanism of colloidal particle 

interaction. The most common method for predicting particle-particle interaction is the Derjaguin 

approximation (DA) based on the classical Derjaguin-Landau-Verwey-Overbeek (DLVO) or extend 

DLVO (XDLVO) theory [9, 10]. The predicted interaction energy between colloidal particles can serve 

as an indicator for evaluating the dispersion stability of the colloidal systems and provide a theoretical 

understanding of various colloidal phenomena including particle coagulation [11] deposition [12], and 

transportation [13]. Significant progress has been made in simulating the interaction energy for simple 

geometrical shapes, such as cylinders, flat planner surfaces, and spherical spheres [14, 15]. Although 

great efforts have been made to demonstrate that the particle shape has significant impact on particle 

retention in suspensions [16], and deposition [5] on surfaces, the previous work only considered the 

particle-flat interaction scenario. However, the interaction mechanism of ellipsoidal particles in a 

suspension system has not been studied in detail. Therefore, the main objective of this work was to 

establish a numerical model to simulate ellipsoidal particle interactions based on the XDLVO theory 

and to explore the fundamentals associated with the impact of the shape of the particles on their 

interaction behavior.  

Moreover, the surface properties of particles impact their interaction significantly. For example, the 

asperities on the surface of natural products would significantly change the properties of the surface, 

e.g., hydrophobicity [17, 18]. The surface roughness could also impact the heat transport across the 

solid-solid interface, for example, VO2 microbeam on Si substrate (VO2/Si) [19]. In addition, ellipsoidal 

particle with a rough surface could be found in nature, such as ZnO [20], and trilayer 

hematite/silica/poly(divinylbenzene) hybrid particles [21]. 
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However, the previous investigations mainly focused on the interaction energy of smooth surfaces [22, 

23]. For naturally made rough surfaces, the small-scale roughness owns the repeatability of geometry, 

and the profile of the rough surface mostly follows the power law [24-26]. In this context, the surface 

roughness of spherical particles with uniform shapes of asperities was reported to impact their 

interactions significantly [27-29]. Therefore, it is crucial to consider the surface roughness in the 

simulation of ellipsoidal particles. However, no modeling study has explored rough ellipsoid 

interactions yet. To achieve a rough surface with defined morphologies, a modified two-variable 

Weierstrass-Mandelbrot (WM) function involving the transformation of fractal geometry theory can be 

considered, which will generate a rough surface with randomly located asperities [30]. Previous studies 

have shown that the fractal features of a rough surface with randomly located asperities can be properly 

predicted by the fractal geometry theory, where the fractal dimension (𝐷𝑓) and fractal roughness (𝜊) 

have core roles in tailoring surface roughness [31-33]. Additionally, the past numerical work related to 

the rough surface did not consider the ellipsoidal shape effects on particle interactions [30, 34, 35], and 

the work related to the ellipsoidal particles did not involve the impacts of surface morphology on 

particle interfacial behaviors [5, 22]. Our previous work only considered the spherical particle 

interaction which ignored the shape factors of natural particles (Lu and Fatehi, 2022). This problem 

may underestimate the real interaction energy of particles in colloidal systems as they may have 

ellipsoidal shapes. Additionally, to the best of our knowledge, there has been no specific work related 

to the simulation of rough ellipsoidal particle interactions. Therefore, the novelty of the present work 

was the investigation of the impacts of rough surface morphology on particle interaction for ellipsoidal 

particles, which could further improve the accuracy of the predictions of the interaction of rough 

ellipsoidal particles in colloidal systems.  

This study aims to construct a model to simulate the interaction of rough ellipsoidal particles with 

randomly located asperities and analyze the effects of particle size, particle shape, and roughness on the 

interaction energy developed between rough ellipsoids. The SEI strategy and a modified two-variable 

WM function were applied to quantify the total interaction energy and construct the rough surface of 

ellipsoids, respectively. For the first time, the mechanisms of rough ellipsoidal particle interaction were 

explored based on the XDLVO theory, which was the primary novelty of this work. 
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5.3 Research methods 

5.3.1 Developing equations for the interaction of particles following XDLVO theory 

The XDLVO theory correlates the total interaction energy between colloidal particles (Equation 5.1) 

with Lifshitz-Vander Waals (LW), Lewis acid-base (AB), and electrostatic double layer (EL) interaction 

energies [36]. The specific energy (i.e., energy per unit area) of interactions (∆G𝐿𝑊(ℎ), ∆G𝐴𝐵(ℎ) and 

∆G𝐸𝐿(ℎ) ) between two rough surfaces could be expressed as (Equations 5.2 to 5.4) [37]. The past 

studies demonstrated that the Born repulsion in the total interaction energy profile decayed steeply in a 

very short range (about 0.136 nm from the origin) [38, 39]. However, the minimum interaction distance 

in the present model is 0.158 nm to prevent overlapping, therefore, the Born repulsion was not included 

in our simulation process. 

∆G𝑇𝑜𝑡𝑎𝑙(ℎ) = ∆G𝐿𝑊(ℎ) + ∆G𝐴𝐵(ℎ) + ∆G𝐸𝐿(ℎ)                                                                 (5.1)                                               

∆G𝐿𝑊(ℎ) = −
𝐴𝐻

12𝜋ℎ2
= ∆𝐺ℎ0

𝐿𝑊 ℎ0
2

ℎ2
                                                                              (5.2)                                       

∆G𝐴𝐵(ℎ) = ∆𝐺ℎ0
𝐴𝐵exp (

ℎ0−ℎ

𝛌
)                                                                                              (5.3)                                           

∆G𝐸𝐿(ℎ) = 𝜀0𝜀𝑟𝜅𝜉1𝜉2(
𝜉1
2+𝜉2

2

2𝜉1𝜉2
(1 − 𝑐𝑜𝑡ℎ𝜅ℎ) +

1

𝑠𝑖𝑛ℎ𝜅ℎ
)                                                        (5.4)                                                 

where ellipsoid 1 and ellipsoid 2 were labeled with subscripts 1 and 2, respectively, ℎ0 described the 

minimum equilibrium cut-off distance, which is assumed to be 0.158 nm in this study [37]. Based on a 

previous study, it is assumed that two surfaces can approach each other with a minimum separation 

distance (0.158 nm)[40], which is the shortest distance to prevent overlapping. Therefore, the present 

work assumed that it always had a minimum separation distance (0.158 nm) between two peaks of 

asperities of approached particles even with the various asperity heights (no overlap). In addition, -1, 

, and   are the double-layer thickness, the permittivity of the medium, and zeta potential, respectively; 

 represents the correlation length of molecules in a liquid medium, which is selected as 0.6 nm [27]. 

In these equations,  is usually expressed as the product of the permittivity of a vacuum (0= 8.854  

10-12 C2/Jm) and the dielectric constant of the medium r, which is 80 for water at 20C [41]. 

The surface tensions are expressed as the sum of an apolar (Lifshitz–van der Waals) component (𝛾𝐿𝑊) 

and a polar (acid-base) component (𝛾𝐴𝐵) [36]. Also, 𝛾𝐴𝐵 can be separated into an electron-donating 

component (𝛾−) and an electron-accepting component (𝛾+) [42]. According to these parameters, the 

∆G𝐿𝑊 and ∆G𝐴𝐵 can be calculated following Equations 5.5 and 5.6: 
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∆𝐺ℎ0
𝐿𝑊 = −2(√𝛾1

𝐿𝑊 −√𝛾𝑤
𝐿𝑊)(√𝛾2

𝐿𝑊 −√𝛾𝑤
𝐿𝑊)                                                                     (5.5)                                                                    

∆𝐺ℎ0
𝐴𝐵 = 2 [√𝛾𝑤

+(√𝛾1
− +√𝛾2

− −√𝛾𝑤
−) + √𝛾𝑤

− (√𝛾1
+ +√𝛾2

+ −√𝛾𝑤
+) − √𝛾1

−𝛾2
+ −√𝛾1

+𝛾2
−]  (5.6)                                                                                                              

where subscript 1, w, and 2 represent ellipsoid 1, water, and ellipsoid 2, respectively. 

The surface properties of particles can be obtained by solving a set of three Young equations (Equation 

5.7) [36]. The values of the surface tensions for liquid (𝛾𝑙𝐿𝑊, 𝛾𝑙+ , and 𝛾𝑙−) and contact angles (θ) should 

be measured for at least three different liquids (e.g., water, glycerol and, diiodomethane) to determine 

the surface tensions of the solid (𝛾1𝐿𝑊 , 𝛾1+ , and 𝛾1−).  

(1+𝑐𝑜𝑠𝜃)

2
𝛾𝑙
𝑇𝑜𝑙 = √𝛾𝑙

𝐿𝑊√𝛾1
𝐿𝑊 +√𝛾𝑙

−1√𝛾1
+ +√𝛾𝑙

+√𝛾1
−1                                                       (5.7)                            

The present model focused on investigating the stability of ellipsoidal particles in a water-based system. 

This may represent colloidal particles, including clay minerals with ellipsoidal shapes, in water [43]. 

Therefore, the constant solution (water) and solid phase (assumed particle) were considered in the 

calculation process. The above-mentioned parameters were collected from previous reports and 

summarized in Table 8.3.1 in the supplementary material [39, 44]. The values of contact angle and zeta 

potential were selected from a previous modeling study [45], which were used for calculating the 

surface tension of modeled particles. The details were shown in Table 8.3.2.  

5.3.2 Developing three-dimensional rough ellipsoidal particles 

The simulation process applied two coordinate systems. One is a body-fixed coordinate used to solve 

the internal geometric characteristics of ellipsoidal particles. Another is a space-fixed coordinate system 

for solving the orientation of ellipsoidal particle 1 relative to the fixed ellipsoidal particle 2. The 

equation of an ellipsoid at a Cartesian coordinate system is expressed according to equation 5.8: 

𝑥2

𝑎2
+
𝑦2

𝑏2
+
𝑧2

𝑐2
= 1                                                                                                         (5.8) 

Where a, b, and c are the semi-axes of the ellipsoid along the x, y, and z axes, respectively. 

To simplify the calculation, the cartesian coordinates (𝜒, 𝑦, 𝑧) were replaced by spherical coordinates 

(𝑟, 𝜃, 𝜑) , and the relationship between an ellipsoidal coordinate and a Cartesian coordinate can be 

expressed as follows (Equation 5.9): 

𝑟2 = [
𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜑

𝑎2
+
𝑠𝑖𝑛2𝜃𝑠𝑖𝑛2𝜑

𝑏2
+
𝑐𝑜𝑠2𝜃

𝑐2
]
−1

                                                                   (5.9) 

The surface morphology can represent the surface roughness of the colloidal particles. To stimulate the 

surface roughness, one object with a rough surface should be built. In this case, a mathematical model 
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applied to a modified two-variable Weierstrass-Mandelbrot (WM) function is often used for 

constructing the rough surface of particles [46-48]. The rough surface and radius of rough ellipsoids 

can be modeled following Equations 5.10 and 5.11 [14]. 

∆𝑟 = 𝐿 (
𝜊

𝐿
)
𝐷𝑓−2

(
𝑙𝑛𝜂

𝑀
)

1

2∑ ∑ 𝜂(𝐷𝑓−3)𝑛 × (cos 𝜙𝑚,𝑛𝑚𝑎𝑥+1 − cos(
2𝜋𝜂𝑛𝑟 sin 𝜃

𝐿

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1 × cos (𝜑 −

𝜋𝑚

𝑀
)  

+𝜙𝑚,𝑛𝑚𝑎𝑥+1))                                                                                                                                      （5.10)                                                                                                                                                     

𝑅2 = [
𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜑

(𝑎+∆𝑟)2
+
𝑠𝑖𝑛2𝜃𝑠𝑖𝑛2𝜑

(𝑏+∆𝑟)2
+

𝑐𝑜𝑠2𝜃

(𝑐+∆𝑟)2
]
−1

                                                                   (5.11) 

 

Where R and r are the radii of a modeled rough particle and an elementary particle (i.e., smooth surface 

particle), respectively; 𝐿 is the sample length; 𝜂 is the parameter that represents the frequency density 

in the profile; M is the number of superposed ridges that contributes to constructing random 

surface; 𝜙
𝑚,𝑛𝑚𝑎𝑥+1

 is used for describing a random phase; 𝑛𝑚𝑎𝑥 represents the highest frequency where 

𝑛𝑚𝑎𝑥 =  𝑖𝑛𝑡((𝑙𝑜𝑔 𝐿/𝑉𝑠)/ 𝑙𝑜𝑔 𝜂 [49], and  𝑉𝑠 is the cutoff frequency. In the present modeling work, 𝐷𝑓 

represents the texture of constructed rough surface, which controlled the contour structure complexity 

of surface [24], 𝜊 is an amplitude coefficient that affects the asperity height of generated surface, which 

could also control the average roughness of the particle surface [50]. The numerical definition of 𝐷𝑓 

and 𝜊 were shown in supplementary material (Equations A.3.1-A.3.3).  

Table 8.3.3 lists the parameters involved in this modeling study to construct a particle with random 

surface morphology. The values of L, 𝜊 , and 𝜂  were collected from the literature [51]. Hong and 

coworkers stated that the value of M should be above 3 to make the simulated surface closer to reality 

[52]. Thus, M was set as 8 in this modeling study following the value stated in a previous study [45] 

and the nmax was calculated to be 5 in the current study. 

The series of 𝜙𝑚,𝑛 was generated via a random number generator within the scale of [0, 2𝜋] to avoid 

the coincidences of different frequencies at any point on the rough surface according to Equation 5.12: 

[𝜙𝑀×(𝑛𝑚𝑎𝑥+1)] =

[
 
 
 
 
 
 
 
2.2681 3.4148 5.1977 5.3991 3.9171 3.2029
3.7282 0.3488 3.0793 5.0153 5.0239 1.1093
4.0971 0.0225 0.9963 5.6497 1.8793 4.6751
4.4089 0.3153 1.5343 3.4391 4.3598 4.1709
1.2114 5.3985 4.3828 4.6273 3.9585 1.3544
5.1218 5.3310 0.5640 4.7376 5.1990 3.5070
4.9327 5.4101 0.3967 5.9858 2.4364 0.1511
2.8786 1.3616 0.3829 0.2327 4.0411 3.7663]

 
 
 
 
 
 
 

        （5.12）                    
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5.3.3 Developing a model to quantify the interaction energy between two rough 

ellipsoids 

Generally, the DLVO theory is used along with Surface Element Integration (SEI) to consider not only 

the shape but also the orientation angle of the particles relative to the surface [35]. The SEI method is 

suitable for studying the effects of shape, orientation, and aspect ratio on the interaction of particles 

with surfaces [22]. According to the SEI method, the total interaction energy of two particles (𝑈(ℎ)) 

can be calculated by considering the interaction energy per unit area (𝛥𝐺(h)) of particles and projected 

surface area of the rough particles according to Equations 5.13 and 5.14 [14, 53]. 

𝑈(ℎ) = ∫ ∫ 𝛥𝐺(ℎ)𝑑
𝜋

2
0

2𝜋

0
A                                                                                                   (5.13)                                                   

𝑑A = 𝑛⃑ 𝑘⃑ 𝑑𝑆                                                                                                                                (5.14)                                                                    

The differential area (𝑑𝑆) can be determined according to Equation 5.15 [14]. 

𝑑𝑆 = 𝑅𝑖
2 𝑠𝑖𝑛 𝜃𝑖 𝑑𝜃𝑑𝜑                                                                                               (5.15)                                              

The tangent vectors of the 𝜃 and φ curves at any point of the interaction area are expressed as 𝑑R⃑⃑
 

𝑑𝜃
 and 

𝑑R⃑⃑ 

𝑑𝜑
, respectively. Therefore, the unit normal at point P can be expressed as follows [14]: 

𝑛⃑ =

𝑑R⃑⃑ 

𝑑𝜃
×
𝑑R⃑⃑ 

𝑑𝜑

|
𝑑R⃑⃑ 

𝑑𝜃
×
𝑑R⃑⃑ 

𝑑𝜑
|
                                                                                                                 (5.16) 

Where the 𝑑R⃑⃑
 

𝑑𝜃
 and 𝑑R⃑⃑

 

𝑑𝜑
 can be calculated according to Equations 5.17 and 5.18: 

𝑑R⃑⃑ 

𝑑𝜃
= 𝑖 ×

𝜕(𝑅𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑)

𝜕𝜃
+ 𝑗 ×

𝜕(𝑅𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑)

𝜕𝜃
+ 𝑘⃑ ×

𝜕(𝑅𝑐𝑜𝑠𝜃)

𝜕𝜃
                                            (5.17)                                               

𝑑R⃑⃑ 

𝑑𝜑
= 𝑖 ×

𝜕(𝑅𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑)

𝜕𝜑
+ 𝑗 ×

𝜕(𝑅𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑)

𝜕𝜑
+ 𝑘⃑ ×

𝜕(𝑅𝑐𝑜𝑠𝜃)

𝜕𝜑
                                          (5.18) 

More details of calculations of vectors were available in the supplementary material.  

It should be noted that the unit normal is usually defined within a body-fixed coordinate system of the 

ellipsoidal particle. However, if the simulation process needs to consider the orientation impacts on the 

particle interactions, a space-fixed coordinate system should be established to generate the new unit 

normal. Therefore, the orientation of the ellipsoid particles can be solved by considering the rotation of 

the fixed coordinates relative to the fixed space coordinate system (X, Y, Z), which associates with two 

sets of coordinates [22]: 

𝑋 = 𝑙11𝑥 + 𝑙12𝑦 + 𝑙13𝑧                                                                                                        (5.19) 
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𝑌 = 𝑙21𝑥 + 𝑙22𝑦 + 𝑙23𝑧                                                                                                       (5.20) 

𝑍 = 𝑙31𝑥 + 𝑙32𝑦 + 𝑙33𝑧                                                                                                        (5.21) 

Where 𝑙𝑖𝑗 (𝑖, 𝑗 = 1,2,3) represents the directional cosine of the X, Y, and Z axes relative to the x, y, and 

z axes, respectively. The expressions of directional cosines were collected from previous work [54]. 

As with any unit normal can be expressed in body-fixed coordinate as:  

𝑛⃑ = 𝑛𝑖𝑖⃑⃑⃑⃑  ⃑ + 𝑛2𝑗⃑⃑⃑⃑⃑⃑ + 𝑛3𝑘⃑⃑⃑⃑⃑⃑  ⃑                                                                                                               (5.22) 

Then, the unit normal should be transformed to the expression of the space fixed coordinates according 

to Equation 5.23 [22]: 

𝑛⃑ = (𝑛1⃑⃑⃑⃑ 𝑙11 + 𝑛2⃑⃑⃑⃑ 𝑙21 + 𝑛3⃑⃑⃑⃑ 𝑙31)𝑖̿ + (𝑛1⃑⃑⃑⃑ 𝑙12 + 𝑛2⃑⃑⃑⃑ 𝑙22 + 𝑛3⃑⃑⃑⃑ 𝑙32)𝑗̿ + (𝑛1⃑⃑⃑⃑ 𝑙13 + 𝑛2⃑⃑⃑⃑ 𝑙23 + 𝑛3⃑⃑⃑⃑ 𝑙33)𝑘̿   (5.23) 

Therefore, based on Equations 5.14, 5.15, and 5.23, Equation 5.13 could be transformed as  

𝑈(ℎ) = ∫ ∫ 𝛥𝐺(ℎ)𝑛⃑ 𝑘⃑ 𝑅𝑖
2 𝑠𝑖𝑛 𝜃𝑖 𝑑𝜃𝑑𝜑

2/𝜋

0

2𝜋

0
                                                                                    (5.24)     

Figure 5.1 shows the scenario for the interaction of two rough particles of different sizes. In this 

particular case, the spatial relationship between two particles can be described as shown in Equation 

5.25, which was also used to connect two angle coordinates in two particles[55]. 

𝜃2 = 𝑎𝑟𝑐 sin [(
𝑅1

𝑅2
) sin 𝜃1]                                                                                                                                  （5.25）                                                    

The separation between rough ellipsoidal particles with randomly oriented asperities can be given by 

Equation 5.26: 

ℎ = 𝐷 + 𝑅𝑎1 + 𝑅𝑎2 − 𝑅1 × cos𝜃1 − 𝑅2 × cos𝜃2 + 𝑐1 + 𝑐2                                           (5.26)                        

Where 𝑐1 𝑎𝑛𝑑 𝑐2 refer to the semi-axis of ellipsoids 1 and 2 along with Z-direction [22],  𝑅1 and 𝑅2 

refer to equivalent radii of modelled rough ellipsoids 1 and 2, 𝑅𝑎1and 𝑅𝑎2 represent the root-mean-

square roughness in the interaction area of ellipsoids 1 and 2. Based on the recorded data, the 𝑅𝑎𝑖 in 

Equation 5.26 could be calculated following Equation 5.27: 

𝑅𝑎𝑖 = √
∑ ∆𝑟𝑖

2𝑁
𝑖=1

𝑁
       (𝑖 = 1,2)                                                                                                          (5.27) 

The series of asperity height data (∆𝑟𝑖) in the process of the generation of random particle surface was 

recorded by MATLAB 2020a (9.8.0.1323502).  
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Figure 5.1. Parameters involved in the interaction of two rough ellipsoids 

5.3.4 Fractal dimension impact 

The fractal dimension can directly control the topology of the rough surface, which may impact the 

roughness of the target surface [56]. Therefore, the mechanism behind the influence of surface 

morphology on particle interaction could be explored by investigating the impact of the fractal 

dimension on interaction energy between ellipsoidal particles (Equation 5.10) [50, 57]. Following 

Equation 5.10, the scale of the fractal dimension should be between 2 and 3 to correctly simulate the 

rough spherical surface [49, 58]. The initial value of the fractal dimension of the ellipsoidal particle was 

set as 2.03 in the present study, and the testing range was 2.03-2.93 (𝜊1= 𝜊2= 0.1 nm and 𝑎 = 𝑏 =1000 

nm, 𝑐 =500 nm). Moreover, to study the effect of relative fractal dimension on the particle interactions, 

the parameter of particle 1 was fixed (𝜊1= 0.1 nm, r1=1000 nm, Df1= 2.83) to exhibit the low degree of 

rough surface, and only the fractal dimension of particle 2 was changed from 2.03 to 2.63. Following 

Equations 5.24 and 5.26, the effects of fractal dimension on the total interaction energy were predicted. 

5.3.5 Fractal roughness impact 

Using Equation 5.10,  the fractal roughness (𝜊i) represents the amplitude coefficient, which can impact 

the magnitude of the contour of asperities on the surface [50]. The fractal values of 𝜊i changed from 0.1 

nm to 10 nm, which was collected from the literature [51]. In this set of experiment, the other parameters 

were maintained constant (𝜊1=𝜊2= 0.1 nm and 𝑎 = 𝑏 =1000 nm, 𝑐 =500 nm). To study the impact of 
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the relative fractal roughness on particle interactions, the parameter of particle 1 was fixed (𝜊1= 0.1nm, 

𝑎1 = 𝑏1 =1000 nm, Df1= 2.03), and only the value of fractal roughness on particle 2 was changed from 

0.5 nm to 10 nm (r2=1000nm, Df2= 2.03). Following Equations 5.24 and 5.26, the effects of fractal 

roughness on the total interaction energy were predicted. 

5.3.6 Shape impact 

In this set of analyses, the effect of particle shape on the interaction energy between particles could be 

simulated following Equation 5.11. The parameters of particle 1 were kept constant (𝑎1 = 𝑏1 =1000 

nm, 𝑐1 =500 nm), while the shape of particle 2 was changed from a sphere (𝑎2 = 𝑏2 = 𝑐2 = 1000 nm) 

to an ellipsoidal pancake with the various value of 𝑐2 from 50 nm to 1000 nm (𝑎2 =1000 nm, 𝑏2 =1000 

nm) to investigate how the shape of a spherical particle changed from a spherical particle to an 

ellipsoidal pancake-like particle would impact its interaction with another particle. According to a 

previous study, a rougher surface morphology could be constructed with a lower value of 𝐷𝑓𝑖  [56]. 

Therefore, 𝐷𝑓𝑖 = 2.03 was selected as the constant value to construct the roughest surface morphology 

in this study when investigating the effects of shape, aspect ratio, particle size and orientation of 

particles on the particle interaction.  It should be noted that 𝐷𝑓𝑖 and 𝑜𝑖 were independent parameters to 

construct the surface roughness according to Equation 5.10. To create the same roughness conditions in 

this investigation, these two parameters were kept constant to obtain the same asperity density, asperity 

height, and surface texture even though the colloidal particle aspect ratio and orientation changed. 

5.3.7 Aspect ratio impact 

The impact of aspect ratio (a/c) of ellipsoid on the total interaction energy between rough ellipsoids was 

investigated based on Equation 5.11, while other parameters were considered constant ( 𝐷𝑓𝑖 =

2.03, 𝑜𝑖 = 0.1 𝑛𝑚). To simplify the simulation process, we assumed that a = b in the ellipsoid particle 

and a/c ranged from 0.05 to 20 according to the previous literature [59]. Prolate-prolate and oblate-

oblate ellipsoidal particle interaction scenarios were considered based on the different shapes of rough 

ellipsoidal particles (Figure A.3.1). Similarly, to create the same surface roughness conditions, the 𝐷𝑓𝑖 

and 𝑜𝑖 were necessary to keep constant in this section. 

5.3.8 Particle size impact 

In this set of analyses, the value of a (or b) ranged from 10 to 1000 nm and the aspect ratio of a/c was 

maintained constant at 2 to construct the typical ellipsoidal shape particle, and other parameters were 
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considered constant (𝐷𝑓𝑖 = 2.03, 𝑜𝑖 = 0.1 𝑛𝑚) in Equation 5.11. The relative particle size effect on 

particle interaction was also investigated in this study. The size of particle 1 was changed from 𝑎1 =

𝑏1 = 10 nm, and 𝑐1 = 5 nm to 𝑎1 = 𝑏1 = 500 nm, and 𝑐1 = 250 nm, while the size of particle 2 was 

kept constant (𝑎2 = 𝑏2 =1000 nm, 𝑐2 = 500 nm).  

5.3.9 Orientation impact 

The relative orientation angle (0 and 𝜋
2
) was investigated in the present modeling study according to 

equations 5.34 and 5.35, where particle 2 was kept constant and particle 1 was rotated with 0 or 𝜋
2
 of 

orientation angle. 

When the fractal parameters were 𝐷𝑓𝑖 = 2.03, 𝑜𝑖 = 0.1 𝑛𝑚, the orientation-averaged interaction energy 

of rough particles (〈𝑈(ℎ) 〉Π ) at a given distance (h) could be calculated by using the Boltzmann 

statistics according to Equation 5.28 [60-62]: 

〈𝑈(ℎ) 〉Π =
∫𝑈Π(ℎ,Ω)𝑒

(−𝛽𝑈Π(ℎ,Ω))𝑑Ω

∫ 𝑒(−𝛽𝑈Π(ℎ,Ω))𝑑Ω
                                                                                        (5.28)    

Where Π denotes LW, EL, or AB (i.e., three aforementioned interactions in the XDLVO theory), 𝑈Π 

represents the interaction between rough ellipsoidal particles, located by the separation distance ℎ and 

the space orientation Ω and 𝛽 = (𝑘𝑇)−1.  

The orientation-averaged configuration could be expressed according to Equation 5.29  [63]: 

𝑑Ω = 𝑠𝑖𝑛𝜔1𝑠𝑖𝑛𝜔2𝑑𝜔1𝑑𝜔2𝑑𝜓1𝑑𝜓2                                                                              (5.29)                                                                                     

Where the 𝜔1 and 𝜔2 are the orientation angles of two particles in the 𝜃 direction, 𝜓1 and 𝜓2 were the 

orientation angles of rough particles in 𝜑  direction. 

5.3.10 Interaction energy comparison between rough and smooth particles 

In this set of investigations, two groups of rough ellipsoidal particles were constructed to own the 

roughest surface morphology where 𝐷𝑓𝑖 = 2.03 and 𝑜𝑖 = 10 𝑛𝑚 (𝑎 = 𝑏 =1000nm, 𝑐 =500 nm). The 

ellipsoidal particles owned smooth surfaces were also constructed where 𝐷𝑓𝑖 = 2.93  ( 𝑎1 =

𝑏1 =1000nm, 𝑐1=500 nm) because the surface roughness would decrease with increasing the value of 

𝐷𝑓𝑖 [56]. 
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5.4 Results and discussion 

5.4.1 Fractal dimension effect 

Previously, the DA method was used for simulating the interaction of two smooth ellipsoidal particles 

[64]. However, the previous work did not consider the effect of surface roughness on the interaction, 

which may not predict the interaction of particles found in nature very well. Therefore, particles with 

rough surfaces and roundly located asperities were generated following Equation 5.10 in the present 

study to explore the effect of surface roughness on the interaction of ellipsoidal particles. The fractal 

dimension (𝐷𝑓 ) controls the asperity size and asperity number simultaneously and expresses the 

complexity of the surface morphology of solid particles [50]. The results and discussion were shown in 

the supplementary material. It could conclude that the total interaction energy increased with increasing 

the fractal dimension of modeled particles.  

5.4.2 Fractal roughness effects 

Fractal roughness (𝜊) is an amplitude coefficient that can affect the size of the asperity profile [49]. The 

effect of fractal roughness on the particle interaction was available in the supplementary material. The 

main conclusion is that the total interaction energy decreased with increasing the value of fractal 

roughness.  

5.4.3 Shape effects 

Previous models investigated the spherical particle-particle interaction and spherical particle-flat 

surface interactions [3, 65]. In our modeling study, the shape of particles could be controlled by the 

value of c in Equation 5.11. The investigation of the shape effect on the particle interaction via 

controlling the value of c could be regarded as a strategy to fill the previous research gap for results on 

the interaction of ellipsoidal particles. The predicted interaction energies between particle 1 and particle 

2 with various shapes were shown in Figure 5.2. In this figure, parameter c2 was changed from c2 of 

1000 nm to 50 nm, which makes the variation from a spherical shape to an ellipsoidal pancake-like 

shape. It could be seen that the interaction energy between two particles was reduced by decreasing the 

value of c2. Therefore, the simulation and predictions of various ellipsoidal shape effects on particle 

interaction could be considered as a bridge to connect the previous spherical particle-particle model and 

particle-flat surface model. As shown in Figure 5.2, with an increase in c2, the total interaction energy 



126 
 

was elevated indicating that the particle with an ellipsoidal shape has more interaction strength than 

spherical shape particles do. Salerno and coworkers reported that the rod-shaped smooth colloids had a 

stronger retention ability on a surface compared with spherical ones [66]. Similar predictions were 

found in our model considering the different shapes of rough ellipsoids (from a spherical shape to an 

ellipsoidal pancake shape by reducing c2). Therefore, the results confirmed that the rough ellipsoids 

provided better adhesion affinity compared to spherical particles.   

 

Figure 5.2 The interaction energy of particles when c2 was changed from 1000 to 50 nm. (𝐷𝑓1 =

𝐷𝑓2 = 2.03, 𝜊1 = 𝜊2 = 0.1 nm, 𝑎1= 𝑏1=1000 nm, 𝑐1 =500 nm, 𝑎2 = 𝑏2 =1000 nm) 

5.4.4 Aspect ratio effect 

The effect of aspect ratio (𝑐
𝑎
 ) of rough ellipsoid on their interaction is shown in Figure 5.3. The 

simulation results depicted (Figure 5.3a) that increasing the aspect ratio from 1 to 10 decreased the 

interaction energy developed between oblate particles (𝑎 = 𝑏 < 𝑐). In the prolate particle (𝑎 = 𝑏 > 𝑐) 

(Figure 5.3b), when the aspect ratio (𝑐
𝑎
) increased from 0.1 to 1, and the interaction energy dropped. 

These simulation results follow the expectation because the aspect ratio significantly controls the 
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interacting area between ellipsoidal particles [27, 55]. The term 𝑑𝑆  in Equation 5.15 represents the 

differential area between two rough ellipsoidal particles and is controlled by R. According to Equation 

5.11, the variation in 𝑎 or 𝑐 can significantly change R. Therefore, the aspect ratio plays an essential 

part in the interaction energy. Gomez-Flores and coworkers also reported that with elevating the aspect 

ratio, the interaction of a cylinder and flat surface decreased, which was determined following the 

DLVO theory [67]. Our results considering XDLVO theory complemented these findings on the 

interaction of rough ellipsoidal particles and illustrated that controlling the aspect ratio of ellipsoidal 

particles could be a tool to improve the colloidal particle interaction with the application, for example, 

in the adsorption of proteins on nanoparticles [68]. As seen in Figure 5.3, the increased aspect ratio 

would decrease the repulsive energy, destabilizing the particles as they could overcome the repulsive 

potential energy barrier development between them more effectively, which might have applications in 

drug delivery, for instance [69].  

In addition, the simulation results exhibited an interesting phenomenon in that the prolate particle 

interaction generated much stronger interaction energy than the oblate particle interaction did. This 

phenomenon is reasonable because prolate-prolate interaction would provide a larger interaction area 

than oblate-oblate interaction. Therefore, the prolate-prolate interaction scenario would provide a 

stronger repulsive potential energy barrier for stabilizing the suspension colloidal system because more 

repulsive energy could be generated to prevent particle aggregation. It should be noted that when  𝑐
𝑎
=

1, the particle becomes a sphere, and its interaction would be developed between prolate and oblate 

particle. Liu and coworkers simulated the interaction of rod-like particles and spherical particles based 

on the DLVO theory and concluded that the highest repulsive energy barrier could be obtained by the 

prolate rod-like particle [70]. The predicted phenomenon could be verified by previous experimental 

works. Seymour and coworkers investigated carboxylate-modified fluorescent polystyrene particle 

deposition rate on a silica sensor and reported that the spherical shape particle obtained a larger 

deposition rate than rod-like particle did [71]. Gomez-Flores and coworkers used a different fabrication 

method to prepare a spherical particle and bullet-like silica particle and compared the deposition rate of 

these two particles on a flat surface and reported that the deposition rate of a spherical particle was 

higher than the bullet-like particle [5].  In our current study, by considering XDLVO theory and particle-

particle interaction instead of particle-flat surface interaction, similar results were predicted. Our 
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predictions suggested that if the energy barrier decreased, the nanoparticles would slowly aggregate due 

to the reduced repulsive energy for separating particles. The previous experimental observations [5, 71] 

strongly supported the present modeling results that the prolate ellipsoidal particles in our model 

experienced higher repulsion energies in the suspension system, which greatly counterbalanced the 

attractive energies and decreased the particle deposition. Consequently, the model predicts that if two 

ellipsoidal particles have different interaction scenarios (e.g., prolate or oblate shape), the colloidal 

system tends to have different stability. 
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Figure 5.3 The aspect ratio effect on rough ellipsoidal particle interaction. (a) The interaction energy  

in an oblate-oblate scenario (𝐷𝑓1 = 𝐷𝑓2 = 2.03, 𝜊1 = 𝜊2 = 0.1 𝑛𝑚, 𝑐 = 1000 𝑛𝑚). (b) The 

interaction energy in a prolate-prolate scenario (𝐷𝑓1 = 𝐷𝑓2 = 2.03, 𝜊1 = 𝜊2 = 0.1 𝑛𝑚, 𝑎 = 𝑏 =

1000 𝑛𝑚). 

5.4.5 Particle size effect 

The effect of particle size on particle interaction was shown in Figure 5.4. As Figure 5.4a shows, the 

interaction energy between two rough particles increased with enlarging the particles (𝑎 = 𝑏 =10 nm, 

𝑐 =5 nm to 𝑎 = 𝑏 =1000 nm, 𝑐 = 500 nm). The predicted results would be reasonable because the 

interaction area was expanded with largening the particle, and thus the interaction strength between the 

two particles was improved. Previous modeling works assumed the interacted particle always owned 

the spherical shape (𝑎 = 𝑏 = 𝑐) and articulated that the particle size had a significant effect on the 

interaction of spherical shape particles [27, 55]. When the shape was changed to ellipsoid in this work, 

similar results were predicted.  

The impact of the relative size of rough ellipsoids on their interaction is shown in Figure 5.4b. It could 

be illustrated that when particle 1 was enlarged, the interaction energy of particle-particle surfaces was 

strengthened. The main reason for this behavior is that the interaction area between two particles was 
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enlarged with increasing the size of the particle according to Equations 5.15 and 24. The energy profile 

could be an indicator for monitoring particle interfacial behavior, and the energy barrier larger than 5 

kT would not cause aggregation [72]. Nevertheless, the repulsive energy barrier shown in Figure 5.4b 

is smaller than 5 kT, which suggests that the rough ellipsoidal particles would easily aggregate if two 

particles owned a significant size. The predicted particle size impacts may have applications, e.g., 

particle flotation [73], membrane fouling [4], and crystallization [74]. As the dispersion stability is in 

proportion to the repulsive energy barrier in the energy profile, the higher values of the repulsive energy 

barrier represent a more stable colloidal system. Therefore, the particle size could provide notable 

influences on the kinetic of particle transportation based on the magnitude of the repulsive energy barrier.  
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Figure 5.4 The effect of particle size on rough ellipsoidal particle interaction. (a) The effect of particle 

size on interaction energy (𝐷𝑓1 = 𝐷𝑓2 = 2.03, 𝜊1 = 𝜊2 = 0.1 𝑛𝑚). (b) The effect of relative particle 

size on interaction energy (𝐷𝑓1 = 𝐷𝑓2 = 2.03, 𝜊1 = 𝜊2 = 0.1 nm, 𝑎2 = 𝑏2 =1000 nm, 𝑐2=500 nm). 

5.4.6 Orientation angle effects 

The above-mentioned simulation results were made based on the assumption that the orientation angle 

of colloidal particles is zero for rough ellipsoidal particles. In reality, particles approach each other with 

random orientation angles in suspension systems. The previous literature suggested that the orientation 

angle had important effects on solid or hollow cylindrical particles because the particle rotation might 

change the separation distance between particles due to the depressions and protrusions of rough surface 

morphology [55, 67]. Nevertheless, the information on orientation angle effects on the interaction 

energy between two rough ellipsoidal particles was unavailable in the literature. Figure 5.5 shows the 

effects of relative orientation angle (0 and 𝜋
2
 ) and averaged orientation angle (0 to 𝜋

2
 ) of ellipsoidal 

particles on the interaction energy. The present model predicted that the total interaction energy 

decreased with increasing the orientation angle from 0 to 𝜋
2
. With widening the orientation angle, the 

interaction area between two rough surfaces decreased, which reduced the interaction energy if the 

orientation angle ranged between 0 and 𝜋
2
 [5]. A previous study reported that the total interaction energy 
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slightly decreased with increasing the rotation angle from 0 to 𝜋
2
 , which was developed between an 

isotropic planar surface and a single-walled carbon nanotube following DLVO theory [75]. 

Bhattacharjee and coworkers constructed a model to simulate a smooth ellipsoidal particle interacting 

with a smooth flat plate and concluded that when the particle interacted with the plate surface, the 

energy profile would encounter the repulsive barrier. In this case, the barrier would be larger when the 

orientation angle was 0 compared to when the orientation angle was 𝜋
2
 [22]. Our results also suggested 

that the rough ellipsoidal particle provided a lower repulsive energy barrier when the orientation angle 

of the two particles was 𝜋
2
  , which would indicate that the rough ellipsoidal particle could easily 

overcome the energy barrier as they attach together. The orientation angle decreased the interaction area 

between two particles when the angle changed from 0 to 𝜋
2
, which directly reduced the total interaction 

energy between particles and diminished the energy barrier. This finding may expand the particle 

modification methods to increase the efficiency of particle dispersion by the optimal angle for particle 

interaction, which could be realized by assigning the orientation angle among the particle in colloidal 

systems, for example, applying to low magnetic fields [76]. Bargozin and coworkers applied the rippled 

rough theory to construct rough spherical particles and investigated the effect of orientation angles on 

particle interaction [77]. Their findings suggest that the energy barrier dropped to its minimum value of 

0.5 kT when the orientation angle increased from 0 to 𝜋 [55]. In the case of our study, the energy barrier 

dropped to 5 kT, which was larger than Bargozin’s work because we included the hydrophobic 

interaction of particles in the simulation process. As the present study considered different parameters 

(e.g., roughness and ellipsoidal shape) from the previous study [77], but similar results were obtained 

in both studies, it could be suggested that the particle orientation would significantly impact the 

interaction energy between particles (sphere or ellipsoid).  
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Figure 5.5 The effect of orientation angle on the interaction of randomly rough ellipsoidal particles 

(𝑎1 = 𝑏1 = 𝑎2 = 𝑏2 = 1000 𝑛𝑚, 𝑐1 = 𝑐2 = 500 𝑛𝑚, 𝐷𝑓1 = 𝐷𝑓2 = 2.03, 𝜊1 = 𝜊2 = 0.1).  

5.4.7 The most effective parameter on particle interaction and model application 

The constructing parameters of randomly rough ellipsoidal particles have significant effects on particle 

interaction. The particle shape (Figure 5.2) can play an important role in particle interaction [78]. 

Yekeler and coworkers also reported that the interaction force of particle surface decreased with 

increasing the elongation and flatness of particles [79]. However, the previous literature lacked 

information about the comparison between the effect of particle shape and surface roughness on particle 

interaction. The present study compared the effects of particle shape and surface roughness on the 

interaction energy of particles. 

The aspect ratio was the most effective parameter in controlling interaction energy (Figure 5.3) because 

the aspect ratio directly controlled the interaction area (𝑑𝑆) between particles, which notably impacted 

the interaction energy (based on Equation 5.15). On the other hand, the fractal roughness provides the 

least effects on the particle interaction compared to other parameters shown in Figure A.3.3. Therefore, 

we could conclude that the shape of particles had more impact than surface morphology on particle 

interactions. Moreover, the predicted results of surface morphology effects on particle interaction could 
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provide a novel direction in material modification to acquire more efficient flocculation or dispersion. 

The main reason is that 𝐷𝑓 and 𝜊 significantly influences the total interaction energy between two rough 

ellipsoids by controlling surface roughness. 

The impact of surface roughness on the interaction energy might facilitate surface coating applications. 

For example, to better design the coating surface and to improve the coating efficiency, the fractal 

dimension can guide and characterize the integrity of the coating [80].  To highlight the importance of 

surface roughness, the comparative effects of rough and smooth surface morphology on the ellipsoidal 

particle interaction were available in supplementary materials. Previous studies stated that the total 

interaction energy could work as an indicator for representing the stability of particles in different 

systems [37, 81-83].  Therefore, Modifying the surface roughness is a novel approach to increase the 

aggregation efficiency if the energy barrier could be reduced to be smaller than 5 kT. 

To validate the present model, the predicted results were compared with the experimental and modeling 

results available in past literature, and the results are shown in the supplementary material (Table S4). 

The predicted results from our numerical simulation could provide a quantitative assessment of natural 

particles involving randomly rough surfaces and ellipsoidal shapes [84, 85]. Moreover, as the XDLVO 

theory was the most representative theory to predict the interaction of particles [84], the model 

developed in the present study could have applications in coating, drug delivery, or flotation industry 

fields. For example, Kwok and coworkers applied the spray-drying nanosuspension to produce the 

controlled surface architecture, which covered the nano-matrix particles and concluded that the 

suspension performance of aerosol improved with increasing the surface roughness [86]. The previous 

modeling study constructed the rough surface with nano-pillar shape asperities, which could not fully 

reflect the properties of natural rough surface [87] because the realistic average of roughness fraction 

could not be described correctly. Generally, the most important step to accurately assess the interaction 

energy between particles is to characterize the properties of natural surface morphology. The present 

model involved the modified two-variable WM function to simulate the randomly rough surface, which 

simulated the texture of engineering surface or biomaterial surface more accurately. With the help of 

this approach, our model could reflect the properties of natural surface morphology. Therefore, the 

provided model could increase the accuracy of predictions of particle interaction. Additionally, the 

present approach can provide directions in designing the desired surface topology of ellipsoidal particles 
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to increase the suspension efficiency. For example, as the lignosulfonate could present an ellipsoidal 

conformation if the sequential fractional of lignosulfonate is conducted in ethanol/water solution [88], 

the present model could be used to predict the dispersibility of lignosulfonate in aqueous systems. The 

present work facilitates the identification of the interfacial behavior of natural colloids and the creation 

of effective modification strategies for designing desired products. It should be noted that the present 

model did not consider the chemical heterogeneity of the material in interaction energy calculations, 

which may limit the accuracy of predictions if the material owned surface charge heterogeneity. The 

previous modeling works made great efforts in simulating particle retention considering nanoscale 

roughness and surface charge heterogeneity and reported that the surface charge heterogeneity played 

a key role in controlling the particle interfacial behavior [89, 90]. Therefore, combining the impacts of 

surface charge heterogeneity into simulation process would be a further improvement. 

5.5 Conclusions 

With the help of fractal geometry theory, a mode was successfully constructed to create a randomly 

rough ellipsoidal morphology, which would represent the surface of natural particles very well. Our 

simulation approach established an accurate numerical model for predicting particle interfacial behavior 

based on the SEI technique and XDLVO theory. It is the first time that the numerical prediction 

considered the effects of ellipsoidal shape particles and natural surface morphology on particle 

interaction. In the present work, the total interaction energy developed between rough ellipsoidal 

particles with randomly located asperities was studied, considering varied fractal dimensions, fractal 

roughness, particle shape, aspect ratio, particle size, and orientation angle were evaluated. The modeling 

results showed that the increase in the fractal dimension and relative fractal dimension increased 

interaction energy, which was attributed to the fined texture of surface topography, which increased the 

asperity number but reduced the height of asperities. The elevated fractal roughness and relative fractal 

roughness diminished the repulsive energy barrier significantly, which was due to improving the 

average roughness via heightening the asperity on the particle surface. The predicted results also 

concluded that the ellipsoidal shape might provide more benefits for particle retention than spherical 

particles. The aspect ratio had the most effects on particle interactions as the interaction area changed 

with the value of the aspect ratio. In addition, considering the orientation angle effects on interaction 
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energy, the repulsive energy barrier decreased because the equivalent distance between two ellipsoidal 

rough particles extended.  

These findings offered deep insights into the particle interface behavior in suspension systems. The 

numerical model presented in this study may provide guidelines for the modification of surfaces or 

properties of particles that are useful for designing functionalized products because the predicted results 

worked as indicators of the status of particle transportation and colloidal system stability. As natural-

based particles are available in colloidal suspensions, more experimental work may be involved to 

investigate the relationship between asperity deformation and interaction force in the future 
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Chapter 6: Interaction of deformable solid and 

hollow particles with the rough surface 

morphology  

6.1 Abstract  

6.1.1 Hypothesis and background 

A majority of natural particles have deformable and rough surfaces. Past research indicated a lack of 

information for a numerical model to simulate the potential non-contact interaction between two 

deformable particles with rough surfaces. The simulation of deformable particles is critical to better 

understanding the interaction of deformable particles in colloidal systems. We hypothesized that the 

deformation process of solid and hollow particles could be simulated by numerical models and the 

constructed models could predict the impacts of deformation on the interaction of rough-surfaced solid 

or hollow deformable particles  

6.1.2 Experiments 

In this work, the deformable solid and hollow particles with rough surface morphologies were modeled 

following fractal geometry theory, and their non-contact interaction was simulated following the three-

stages deformation model. Also, the impacts of surface tension, particle size, and surface roughness on 

the interaction of the particles were investigated.  

6.1.3 Findings      

It was observed that the total potential energy of deformable solid and hollow particles followed a 

pattern under different conditions. The difference in the energy profile between solid and hollow particle 

is the hollow particles generates deeper primary minima and the energy barrier disappeared, which 

indicated the hollow particles owned better attachment ability. The predicted results showed that the 

increased particle size would strengthen the deformability of deformable solid and hollow particles and 

their potential interaction, and particle size would be the most effective parameter to affect the 

deformability of particles. When the particle size increased from 10 nm to 1000 nm, the radius of the 
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deformation region of solid particles was enlarged from 5 nm to 90 nm. Nevertheless, increased surface 

tension would weaken the deformability of deformable solid and hollow particles, which would 

significantly elevate the attraction energy between particles and promote particle aggregation. The 

increased fractal dimension would reduce the deformability of solid and hollow particles but increased 

the potential interaction energy. The controversial results could be found by increasing fractal roughness, 

which would improve the deformability of particles and reduce the interaction energy. The results of 

this study could be applied for foreseeing the deformation and interaction of deformable particles, which 

has a significant application in a particle suspension system, such as microgel and biological cell 

suspensions.  

Keywords: Deformation, surface morphology, deformable particle, non-contact, numerical model 

6.2 Introduction 

Colloidal suspension systems have tremendous applications in many fields, such as medical  [1] and 

industrial fields [2]. To better understand the interaction of particles in suspension systems, the 

simulation of particle interaction is generally considered. While earlier studies mainly focused on 

evaluating the interaction of hard spherical particles, information about the interaction of deformable 

particles is lacking. However, deformable particles are available in natural and industrial environments 

remarkably, and thus understanding the interaction of particles in such systems would be essential. 

Different from hard particles, deformable colloids are a class of particles whose surfaces could be 

extended or compressed structurally when they are under forces [3]. This deformation would impact 

the interaction of deformable particles in colloidal systems [4, 5]. As previous studies mainly focused 

on particles with non-deformable shapes, the interaction energy caused by the variation in the shapes 

of particles is nonexistent. Therefore, applied models for studying hard spherical particles may 

underestimate the interfacial interaction energy created between deformable particles found in natural 

and industrial environments. The first objective of this work was to develop a model and study the 

interaction of deformable particles in colloidal systems. 

The application ranges of deformable particles extend from biology to engineering, e.g., biological cells 

[6, 7] or latex particles [8]. The coalition of deformable solids was studied in the past [9-11]. Shanahan 
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described the interaction scenario of a deformable particle (i.e., vesicle) contacted with a rigid flat 

substrate and claimed that the contact parameters impacted the attraction energy of the two surfaces 

significantly [12]. Wan and Liu established a theoretical model to simulate a deformable capsule 

contacted with a rigid planar substrate and the relationships among contact mechanics, osmotic 

expansion, contact area, and angle, membrane stretch, and bond strength were quantitatively portrayed 

[13, 14]. Nevertheless, the previous works related to deformable particles mainly focused on surface 

contact deformation. Indeed, the interfacial interaction between two surfaces could generate the 

disjoining force to deform the deformable surface without any physical contact [15, 16]. The 

information on the noncontact interaction of deformable particles was not studied and thus was studied 

in this work. Additionally, the previous work involving deformable particles primarily assumed that 

particles were solid. The liquid-filled or hollow particle is commonly found in industrial or medical 

environments, such as hollow silica particles [17], and hollow microgels [18]. However, information 

on the interaction of deformable and hollow particles is lacking. Moreover, the previous numerical 

works articulated that the surface roughness would weaken the interfacial interaction between particles 

[19, 20], but these modeling studies only included nondeformable particles [9-11]. The second objective 

of this work was to investigate the noncontact interaction of deformable particles considering the 

different geometrical structures (solid and hollow particles). 

As the surface of natural particles is rarely smooth, considering the impact of surface morphology on 

particle interaction is important. Extensive studies made great contributions to understanding the 

impacts of surface morphology on interfacial interaction between rough surfaces [19-24]. For example, 

Zhang and coworkers simulated the interaction of sludge particles with the membrane surface and 

postulated that the rough particle would possess weaker interaction energy with the membrane surface 

compared to the smooth particle [25]. However, the previous works involving the impacts of surface 

morphology mainly focused on the hard particles without considering the deformation characteristics 

of particles, such as avoiding the deformation of rough soil particles in sludge [22-25]. The third 

objective of this study was to investigate how the roughness of deformable particles would impact their 

interaction in colloidal systems.  

The main purpose of the present work was to establish a non-contact model to simulate the interaction 
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of two rough and deformable solid and hollow particles and to investigate how the characteristics of 

rough and deformable particles would impact their deformation and interfacial interactions. For the first 

time, we have reported a comprehensive simulation study for assessing the influence of softness on the 

non-contact interaction of rough solid and hollow particles. The results of this work can provide a 

foundation for the coagulation of deformable droplets [26] and bacterial cell adhesion, for instance [27]. 

6.3 Material and method 

6.3.1 Interaction between solid deformable particles 
The coagulation of polyelectrolyte gels and silica-based hydrogels in aqueous systems can be 

considered as a scenario for the interaction of two deformable solid particles [28]. In these cases, a 

deformation region between deformable particles will be formed under interfacial forces due to the 

close approach of two deformable particles. According to the truncated sphere model for particle 

deformation constructed by Danov and coworkers [24], the van der Waals interaction between particles 

could be expressed with a constant Hamaker  𝐴𝐻 based on Equation 6.1: 

𝑊𝑣𝑤 = −
𝐴𝐻
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                                                                                                                                                       (6.1) 

Where 𝑙1 = ℎ + 𝑎1 +√𝑎12 − 𝑟2, 𝑙2 = ℎ + 𝑎2 +√𝑎22 − 𝑟2, 𝑑 = √ℎ2 + 4𝑟2 , and the 𝑎1  and 𝑎2 

represent the radii of deformable particles 1 and 2;  𝑟  is the radius of the deformed film;  ℎ  is the 

separation distance between two particles; and 𝐴𝐻 is Hamaker constant (𝐴𝐻 = 1.1 × 10−20 J [29]). The 

interaction scenario of two solid deformable particles were shown in Figure 6.1a.   

Moreover, as the total volume of particles remains constant during the deformation process, an elevated 

interfacial area would be generated from the deviations in the spherical shape of the particles, which 

would directly affect the total interaction energy between particles. Therefore, the surface extension 

should be taken into account for deformable spheres when their interactions are determined. The 

presence of the planar region between particles expanded the magnitude of the contribution of each 
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particle to the interfacial interaction [30]. The contribution of extended surface area in the total 

interaction of particles is given by [31]: 

𝑊𝐸 = ∫ 𝛾(𝑆)𝑑𝑆
𝐷𝑒𝑓𝑜𝑟𝑚𝑒𝑑 𝑠𝑝ℎ𝑒𝑟𝑒

𝑆𝑝ℎ𝑒𝑟𝑒
                                                      (6.2) 

Where 𝑆 represents the area of the deformed region and 𝛾 represents the interfacial tension of particles. 

To simplify the simulation process, 𝛾 is assumed constant during the deformation, Equation 6.2 was 

transformed to Equation 6.3 for spheres: 

𝑊𝐸 =
𝜋𝛾𝑟4

2𝑎2
                                                             (6.3) 

The interaction energy caused by the alteration in the particle’s interfacial curvature was also considered 

in the present modeling work. The corresponding contribution to the particle deformation energy would 

be generated because of the variations in the spherical curvature energy after and before the deformation 

region formed. Therefore, the interfacial bending energy would be calculated as follows: 

𝑊𝐵 = −2𝜋𝑟
2𝐵0𝐻                                                                                                                               (6.4) 

Where 𝐻 represents the interfacial curvature and 𝐻 = −1/𝑎; the constant 𝐵0 = −4𝑀𝑏𝐻0 where  𝑀𝑏 

represents the bending moment  [32]; and 𝐻0 expresses the spontaneous curvature. The value of 𝐵0 is 

selected as 1.6 × 10−12 N  [33].    
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Figure 6.1 Parameters involved in the simulation of the deformable particles (a) deformable solid 
particles; (b) deformable hollow particles 
 

6.3.2 Interaction between hollow deformable particles 

In this work, only unilamellar particles will be considered. As the present model simulated hollow 

deformable particle interaction in oil emulsion, for example, the hollow particles owned the water core 

and were suspended in the oil phase for carboxyl-capping polystyrene emulsion systems [34]. The 

interaction scenario of the hollow particles was shown in Figure 1b. According to Petsev [35], the van 

der Waals attraction between hollow particles owning a single layer could be expressed as follows: 

𝑈𝑣𝑤 = −∑ ∑ 𝐴(𝑖, 𝑗)𝐻(𝑥𝑖𝑗)
𝑀
𝑗=1

𝑀
𝑖=1                                                                                                            (6.5) 

Where 𝐴(𝑖, 𝑗) represents the Hamaker constant in different phases; 𝐻(𝑥𝑖𝑗) is the geometrical function; 

the 𝑖, 𝑗 represent different phases of solutions.  

For the hollow particle, Equation 1 could be transferred to equation 6: 
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Where 𝐴𝑠𝑜  and 𝐴𝑠𝑤  describe the Hamaker constants of the outer surface in oil phases and an inner 

surface of the water phase, respectively; the Hamaker constants 𝐴𝑠𝑜 = 5.2 × 10−20𝐽  and 𝐴𝑠𝑤 =

1.1 × 10−20𝐽 were selected from previous work [29, 36]; and 𝛿 represented the thickness of hollow 

particle.   

As our model aimed to simulate the deformable particle interaction, the energy of surface extension was 

also considered in the simulation process. The surface extension energy could be described by Equation 

3. Also, one should take into account the energy related to the interfacial bending energy upon 

deformation that could be calculated by Equation 6.4.  

6.3.3 Formation of the deformation region on solid and hollow particles 

According to Equations 6.1-6.6, the interfacial interaction between deformable particles is a function 

of the width and radius of the deformation region. Therefore, it is necessary to establish the analytical 

relations between ℎ, 𝑟 and 𝑟𝑖𝑗 according to Figure 6.1. The deformation process could be divided into 

three steps.  
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Step I: When the separation distance between the mass centre of two particles is larger than 𝑎1 + 𝑎2 +

ℎ0, the two particles maintained their spherical shapes without deformation. The separation distance 

and radius of the deformation region could be calculated according to equation 7 (𝑅𝑖𝑗 > 𝑎1 + 𝑎2 + ℎ0): 

ℎ = 𝑅𝑖𝑗 − (𝑎1 + 𝑎2), 𝑟 = 0                                                                                                             (6.7) 

Where 𝑅𝑖𝑗 represents the separation distance between the centre points of deformable particles; the ℎ0 

represents the distance of particles initially deformed, which could be calculated by a polynomial 

expression in literature [37] (equation 6.8).  

ℎ0 = (1.2932 × 10
−8 − 8.6475 × 10−9𝑒−

𝑎

1.8222
×10−6) ×

3.3253×10−9+5.9804×10−9𝑒
−

𝛾
0.00402

3.3253×10−9+5.9804×10−9𝑒
−
1×10−3

0.00402

    

                                                                                                                                                         (6.8)       

Step II: When the particles start to deform, the separation distance stays unchanged. The deformation 

region starts to form and the radius of deformation changes from 𝑟 = 0 to 𝑟 = √𝑎ℎ0 (maximum) [38]. 

The separation distance and radius of the deformation region would be calculated from Equation 6.9 

(ℎ0 +√𝑎12 − 𝑎1ℎ0 +√𝑎22 − 𝑎2ℎ0 < 𝑅𝑖𝑗 < 𝑎1 + 𝑎2 + ℎ0): 

ℎ = ℎ0, 𝑟 = √𝑎1
2 − [(

𝑎1

𝑎1+𝑎2
) (𝑞 − ℎ0)]

2
                                   (6.9)                                                                                                               

Step III: When the radius of the deformation region reaches its maximum of √𝑎ℎ0 , the particles 

exhibited their largest deformability, and a critical approach distance is reached. The separation distance 

and radius of the deformation region would be calculated following Equation 6.10 ( ℎ𝑐𝑟𝑖𝑡 +

√𝑎1
2 − 𝑎1ℎ0 +√𝑎2

2 − 𝑎2ℎ0 < 𝑞 < ℎ0 +√𝑎1
2 − 𝑎1ℎ0 +√𝑎2

2 − 𝑎2ℎ0): 

ℎ = 𝑞 − √𝑎1
2 − 𝑟𝑚

2 −√𝑎2
2 − 𝑟𝑚

2, 𝑟 = 𝑟𝑚𝑓 = √𝑎ℎ0,                                               (6.10) 

Where the ℎ𝑐𝑟𝑖𝑡 represents the critical distance where two particles are attached. Equation 6.11 could 

be applied to resolve the critical distance of coalescing [33]. 

ℎ𝑐𝑟𝑖𝑡 = (
𝐴𝐻𝜆𝑐𝑟𝑖𝑡

2

128𝛾
)1/4                                                                                 (6.11)                                                                                                                         

Where the 𝜆𝑐𝑟𝑖𝑡 ≈ 𝑟𝑓/10. It should be noted that for hollow particles, the 𝐴𝐻 = (𝐴𝑠𝑜
1

2 − 𝐴𝑠𝑤

1

2 )

2

 [39]. 

 

6.3.4 Constructing randomly rough surface 
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As the particles owned rough surface morphology, considering the effect of roughness on the interaction 

of deformable particles is important. These particles could resemble polystyrene latex [40] and 

enveloped virus [41], whose surfaces were experimentally evaluated to have rough and deformable 

structures. In the present work, we applied the ripped rough particle theory to construct rough particles 

that can help capture the details of the peaks and valleys of the ripples on the particles. This construction 

method was successfully applied in modeling the interaction of rough flocs with membrane [20, 42, 43].  

The average surface roughness would be calculated following Equation 6.12 [44]. 

𝑆𝑎 =
1

𝑆
∬ |𝐹(𝑥, 𝑦)|𝑑𝑥𝑑𝑦
0

𝑆
                                                                      (6.12)                                                                                                                                   

Where the 𝑆 is the definition area, 𝑆𝑎 represents the average surface roughness, and 𝐹(𝑥, 𝑦) represents 

the function of a rough surface. 

To simplify the numerical simulation process, it was assumed that colloidal particles could deform but 

the constructed asperities were not deformable (i.e., they were rigid). This scenario would resemble the 

surface topography of bacteria (R. erythropolis 20S-E1-c)  [45, 46]. The process of constructing a rough 

surface could be satisfied by employing a modified two-variable Weierstrass-Mandelbrot (WM) 

function, which originated from the theory of fractal geometry [47]. The fractal geometry has been 

widely applied in simulating the randomly rough bio- and engineering- surfaces in the past [48, 49]. 

Therefore, applying the fractal geometry theory to construct a naturally rough surface could capture 

more characteristics of surface topographies and increase the accuracy of simulation work. 

The previous works reported that the modified two-variable Weierstrass-Mandelbrot (WM) function in 

Cartesian coordinates (𝑥, 𝑦, 𝑧) could be applied to simulate the features of rough planer surface [45, 50, 

51]. The expression of a randomly rough planar surface would be described as Equation 6.13 [52]. 
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) + 𝜙𝑚,𝑛)                                                                    (6.13)                                                                                                                                   

Where 𝐺 is the fractal roughness representing the asperity size; 𝐷𝑓 is the fractal dimension; 𝜂 describes 

the density of frequency in the profile; 𝐿  is the sample length; 𝜙𝑚,𝑛  represents a random phase; M 

represents the number of superimposed ridges applied to generate the rough surface; and  𝑛𝑚𝑎𝑥 

represents the highest frequency. The values of constructing parameters in Equation 6.13 were collected 
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according to the literature study [23, 51] and shown in the supplementary material (Figure A.4.1). 

Based on Equations A.2.1-A.2.3, the randomly rough particle surface could be modelled following 

Equation 14. 
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As the average roughness (𝑆𝑎) of the randomly rough surface would be calculated based on Equations 

6.12-6.14, which is denoted as 〈∆𝑏𝑖〉  in the following investigations. Therefore, the radius of 

constructed randomly rough particle could be calculated as shown in Equation 6.15: 

Υ𝑟𝑎𝑛𝑑𝑜𝑚 𝑖 = 𝑎𝑖 + 〈∆𝑏𝑖〉                                                                                                                  (6.15) 

To predict the interaction of randomly rough and deformable solid particle interaction, the van der Waals 

attraction energy could be expressed as follow: 
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                                                                                                                                                     (6.16) 

Where 𝑂1 = ℎ + Υ𝑟𝑎𝑛𝑑𝑜𝑚 1 +√Υ𝑟𝑎𝑛𝑑𝑜𝑚 12 − 𝑟2, 𝑂2 = ℎ + Υ𝑟𝑎𝑛𝑑𝑜𝑚 2 +√Υ𝑟𝑎𝑛𝑑𝑜𝑚 22 − 𝑟2, 

As for rough hollow particles, the van der Waals attraction energy would be rearranged as shown in 

equation 6.17: 

𝑈𝑉𝑊 = −
𝐴𝑠𝑜

12
[
Υ𝑟𝑎𝑛𝑑𝑜𝑚

ℎ
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ℎ
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3

4
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12
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Υ𝑟𝑎𝑛𝑑𝑜𝑚−𝛿
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Υ𝑟𝑎𝑛𝑑𝑜𝑚−𝛿
) +
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−

2𝑟2

(Υ𝑟𝑎𝑛𝑑𝑜𝑚−𝛿)(ℎ+2𝛿)
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𝐴𝑠𝑤
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Υ𝑟𝑎𝑛𝑑𝑜𝑚−𝛿
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Υ𝑟𝑎𝑛𝑑𝑜𝑚−𝛿
) +

3

4
+
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(Υ𝑟𝑎𝑛𝑑𝑜𝑚−𝛿)(ℎ+𝛿)
(
15

8
+
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8(ℎ+𝛿)
) +

𝛿

2(ℎ+𝛿)
]                                                                                     (6.17) 

Similarly, the surface extension energy and interfacial bending energy of rough solid and hollow 

particles could be calculated by replacing 𝑎 with Υ𝑟𝑎𝑛𝑑𝑜𝑚 in Equations 6.3 and 6.4 only and described 

as Equations 6.18 and 6.19.            
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 𝑊𝐸 =
𝜋𝛾𝑟4

2Υ𝑟𝑎𝑛𝑑𝑜𝑚
2                                                                                                                           (6.18)                        

𝑊𝐵 = −2𝜋𝑟
2𝐵0

−1

Υ𝑟𝑎𝑛𝑑𝑜𝑚
                                                                                                               (6.19) 

                                         

6.3.5 Impact of surface tension on particle interaction and deformation 

The cohesive forces between liquid molecules cause surface tension, which would equilibrate inside the 

bulk of a liquid and result in a net force towards the bulk in interface regions [53]. Therefore, surface 

tension represents an important property of the colloidal particles in suspension systems [53], it would 

impact the deformation of deformable particles and their interfacial interactions. Therefore, it is 

necessary to investigate the effects of surface tension on the deformability of particles. The investigated 

range of surface tension 𝛾 was selected from previous work from 0.01 mN/m to 50 mN/m [29, 31], and 

the other parameters were kept constant ( 𝑎𝑖 = 500 nm, 𝐴𝐻 = 1.1 × 10−20 J for solid particle,  𝐴𝐻 =

1.53 × 10−20 for hollow particle [29, 36]). 

6.3.6 Impact of particle size on particle deformation and interaction 

A previous study discussed that the critical coagulation concentration would be decreased by reducing 

the particle size since the surface energy of particles was changed by particle sizes [54]. Nevertheless, 

previous studies primarily assumed that particles were hard and non-deformed [54, 55]. To fill the 

research gap, it is important to investigate the impact of particle size on the interaction of deformable 

particles. In this study, the particle size changes from 10 nm to 1000 nm in this section, which was 

selected according to previous work [52], and the other parameters were kept constant ( 𝑎𝑖 = 500 nm, 

𝐴𝐻 = 1.1 × 10
−20 J for solid particle,  𝐴𝐻 = 1.53 × 10−20 for hollow particles). 

6.3.7 Impact of fractal dimension on particle deformation and interaction 

To construct the particles with surface morphology resembling that of natural particles, the fractal 

geometry theory was applied in the present work. The 𝐷𝑓 controls the surface texture of the material. 

Based on Figure S1, the larger value of 𝐷𝑓  would reduce the surface roughness of the constructed 

particles, which would suggest that the 𝐷𝑓 would play a key role in altering the surface morphology of 

particles. Previous studies stated that the range of 2 and 3 for the fractal dimension was applied to 

construct a three-dimensional rough surface [51, 56],  Therefore, the present work analyzed the effects 

of 𝐷𝑓 on the particle interaction energy and critical parameters of deformation when 𝐷𝑓 changed from 
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2.01 to 2.91, and other parameters were kept constant ( 𝛾 =  1 mN/m ( 𝑎𝑖 =  500 nm,𝐴𝐻 =

1.1 × 10−20 J for solid particles, 𝐴𝐻 = 1.53 × 10
−20 𝐽 for hollow particles, 𝐺 =1 nm).  

6.3.8 Impact of fractal roughness on particle deformation and interaction 

The parameter 𝐺 controls the height of asperities on particles, which is also an important parameter to 

control the topography of the rough spherical surface. In the current work, the fractal roughness, G, 

between 1 nm and 50 nm was considered [25] and other parameters were kept constant (𝛾 = 1 mN/m 

 𝑎𝑖 =  500 nm,  𝐴𝐻 = 1.1 × 10
−20 J  for solid particles, 𝐴𝐻 = 1.53 × 10−20 𝐽 for hollow particles, 𝐷𝑓 

= 2.01). 

6.4 Results and discussions 

6.4.1 The effect of surface tension on the interaction of deformable particles  
Figures 6.2a and 6.2b showed the impact of surface tension on the deformation of particles. As seen, 

the critical deformation parameters were changed by elevating the value of 𝛾. The initial deformation 

distance (ℎ0) dropped with a larger value of 𝛾 (Figure 6.2a), which suggested that the particle with a 

lower 𝛾 deformed more easily by interfacial force because those particles started deforming at a farther 

distance. The coalesce distance (ℎ𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙) also decreased with an increase in the value of 𝛾, which also 

indicate that the particle with a higher value of 𝛾 was more difficult to coagulate (Figure 6.2a). In the 

case of hollow particles, the effects of surface tension of deformable particles showed a similar tendency 

to that of the solid particles (Figure 6.2b). In addition, the difference in deformation between the solid 

and hollow particle is shown in ℎ𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 because of the different values of the Hamaker constant in 

Equation 6.11. The values of  ℎ𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 in solid particles (0.75 nm) was smaller than that of hollow 

particles (0.81 nm), which indicated the hollow particle was easier to coagulate compared with solid 

particles. The radius of the deformation region (𝑟𝑚𝑓) decreased with increasing 𝛾, which is another 

indicator that the particle with a smaller 𝛾 could deform more greatly. Ferri and coworkers investigated 

the deformation of the single-Pickering-emulsion droplet and demonstrated that the surface tension 

contributed to the interfacial force, which would resist droplet deformation [57]. The larger 𝛾 generated 

stronger force to resist particle deformation. The proposed model may provide guides for the 

improvement in the dispersion system by altering the surface tension of the material.  

The effect of surface tension (𝛾) on the interaction of deformable particles is shown in Figures 6.2c and 
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6.2d. It is observed that the energy barrier increased from 0 to 435 kT by elevating  𝛾 from 0.01 mN/m 

to 50 mN/m if the two solid particles had a 500 nm radius (Figure 6.2c). This phenomenon could be 

explained by Equation 3, where the energy of 𝑊𝐸 is proportional to 𝛾.  According to Equation 6.6, the 

variation in 𝛾 would cause different values of ℎ0, indicating the different deformability of particles. 

However, the energy barrier disappeared when two hollow and deformable particles interacted as shown 

in Figure 6.2c. Only when 𝛾 had a larger value (50 mN/m in this study), the increase in the energy 

barrier was observable. The main reason for this phenomenon is that the deformation effects on 

attraction force between hollow particles would be stronger than that of solid particles, where the hollow 

particle generated the deeper primary minimum and the repulsive energy would not change significantly 

compared with solid particles.   

It should be noticed that the generated energy barrier between deformable particles is different from the 

electric repulsive energy barrier, which represents the resistance of surface deformation because the 

surface was extended under the interfacial force and created repulsion to prevent surface deformation. 

This repulsion phenomenon caused by the deformable surface is called soft repulsion in past work [58]. 

Previous works also reported that the larger energy barrier represents the stronger soft repulsion in the 

deformable particle system [31], which tends to enhance the attraction force between deformable 

particles [59]. Therefore, the soft repulsion indeed increased the strength of attraction energy. Neumann 

and coworkers investigated the adhesion ability of leukocytes and platelets to solid substrates and stated 

that cellular adhesion ability would be elevated with increasing surface tension [60]. The previous 

experiment [60] verified this phenomenon in that the larger 𝛾 would represent larger soft repulsion, 

which increased the adhesion ability of particles. 
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Figure 6.2 The effect of surface tension on particle deformation and particle interaction (a) 
deformation parameters of solid particles (b) deformation parameters of hollow particles (c) 
interaction energy of solid particles (d) interaction energy of hollow particles 

 

6.4.2 The effect of particle size on particle interaction and deformation 

The relationship between particle size and critical parameters of particle deformation was shown in 

Figures 6.3a and 6.3b. The 𝑟𝑚𝑓 increased speedily with the improved particle size for both particles, 

which is reasonable because the particles with larger sizes developed more interaction area and thus 

interfacial energy. Additionally, the increased particle size would elevate the value of 𝑟𝑚𝑓  based on 

Equation 8. Therefore, the particle size played a dominant role in controlling the value of 𝑟𝑚𝑓. Yan and 

Geng investigated the effects of particle size on the deformation of polycrystalline 𝛼-SiC particles and 

reported that the stiffness of particles increased with decreasing particle size [61]. In our model, 𝑟𝑚𝑓 

described the radius of deformation region, and the predicted results showed that the smaller particle 

exhibited more rigid particles. Ma and Gao applied Eshelby tensors to predict the effective elastic 

properties of multiphase composites and the modeling results showed that the decreased particle size 

had a large effect on the effective Young’s modulus, which reduced the elasticity of the material [62]. 

Although our numerical study did not investigate Young’s modulus of the material, it used critical 

parameters to express the deformation resistance and concluded that the larger particle owned stronger 

deformability. 

Figure 6.3c shows the effect of particle size on the interaction of deformable and solid particles. The 

potential interaction energy increased with enlarging the particle size because the interaction area 

between particles intensified. When the radius of a deformable particle was 10 nm, the repulsive energy 

barrier was 17.8 kT, and when the radius increased to 1000 nm, the energy barrier dropped to 9.9 kT.  

The main reason for the dropped energy barrier is that the increased rate of van der Waals attraction 

forces (Equation 6.1) and bending forces (Equation 6.4) are larger than the surface extension forces 

(Equation 6.3) with increasing particle size. The total interfacial energy between the particles grows 

with increasing the particles [63]. As the energy barrier is the summation of the results in 𝑊𝑣𝑤, 𝑊𝐸  and 

𝑊𝐵, the energy barrier would reduce if the increasing rate of attraction potential energies were larger 

than that of the repulsive energy. However, the decreased primary minimum with increased particle size 

suggested that the larger deformable particles provided better stability in the dispersion system. In 

another work, He and his coworkers analyzed the kinetic stability of hematite nanoparticles and reported 
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that the smaller hard particle showed larger aggregation rates because the critical coagulation 

concentration depended on particle size, and it dropped as particle size decreased [54]. Even though the 

proposed model included particle softness and deformation, the effects of particle size on deformable 

particles’ interfacial energy showed a similar trend to the interaction of non-deformed particles [54]. 

However, the energy barrier disappeared in Figure 6.3d for hollow particles. The main reason for this 

is the significantly increased attraction energy and the increased rate of attraction force in a hollow 

particle system because the van der Waals interaction between hollow particles is determined not only 

by the interactions of a solid outer layer but also by that of the inner surface (Equation 6.17). Despite 

the disappeared energy barrier, the impact of particle size on interaction energy for hollow particles is 

similar to that of solid particles. 
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Figure 6.3 The effect of particle size on particle deformation and particle interaction (a) deformation 
parameters of solid particles (b) deformation parameters of hollow particles (c) interaction energy of 
solid particles (d) interaction energy of hollow particles 

6.4.3 The effect of fractal dimension on particle interaction and deformation 

The relationship between 𝐷𝑓 and critical deformation parameters were explored in Figure 6.4a. Both 

critical deformation parameters decreased with increasing the value of 𝐷𝑓 . The critical parameters 

showed a significant drop when𝐷𝑓 changed from 2.01 to 2.61, however, the decreasing rate became 

insignificant with further increasing the value of 𝐷𝑓. The reason for this behavior is that the surface 

topography of constructed particles becomes smooth when the value of 𝐷𝑓 surpassed the critical value 

(2.6 in this work), because  𝐷𝑓  critically impacts the surface morphology of the particles. It was 

postulated that the average surface roughness decreased exponentially with the enlarged value of 𝐷𝑓 of 

membrane surface [49].  No significant difference could be found when 𝐷𝑓 increased from 2.61 to 2.81. 

Similarly, the critical parameters of hollow particles decreased with increasing the value of 𝐷𝑓 as shown 

in Figure 6.4b. Our simulation results indicated that the surface roughness significantly strengthened 

the deformability of particles, which implies that rougher particles are generally softer  [49]. The main 

reason for this phenomenon is that increasing the value of 𝐷𝑓 , the texture of the particle surface becomes 

denser, and the particle becomes smoother, which solidify the particle surface.  In the same vein, the 



159 
 

softness was defined by the topography of the surface, particularly the asperity size and its periodicity 

[64]. The effects of 𝐷𝑓 on surface softness was investigated in past [65, 66]. Yu constructed an elastic-

plastic contact model to simulate the rough flat surface deformation and reported that the increased 𝐷𝑓 

created a stiffer flat surface [65]. Also, Jiang and coworkers established a contact model to simulate the 

deformation of rough surfaces and concluded that the increased 𝐷𝑓  improved the stiffness of rough 

surface [66]. Although the previous studies mainly focused on the deformation scenario of contacted 

surface [65, 66],  the deformation of non-contact scenario behaved very similarly.  

Generally, the surface of natural particles has a rough surface with random topography [67], and the 

modified WM function could be applied to simulate these surfaces. As the fractal dimension controlled 

the texture of the rough surface, its effect on the interaction of rough deformable surfaces should be 

investigated. Figure 6.4c shows the effect of fractal dimension on the interaction of deformable rough 

particles. It is seen that the interaction energy increased when 𝐷𝑓  became larger. In this case, the 

elevated value of 𝐷𝑓would smoothen the texture of constructed surface, which will diminish the total 

surface roughness of particles [49]. The previous studies on hard rough particles articulated that the 

greater surface roughness would lessen the interfacial interaction between particles because the 

interaction area was reduced by the larger asperity [42, 68]. It is seen that the primary minimum was 

changed with the value of 𝐷𝑓, which directly controlled the particle deformability. As explain above, 

the higher value of 𝐷𝑓  would yield harder particles, and thus the surface extend energy would be 

reduced with increasing 𝐷𝑓, which resulted the deeper primary minimum as shown in Figure 6.4c. The 

rougher surface would reduce the stiffness of the surface of hollow particles (Figure 6.4d), which would 

generate larger 𝑈𝐸 (Equation 6.18), especially at the critical distance of coalescing. Cai and coworkers 

applied the fractal geometry to construct a randomly rough membrane surface and reported that the total 

interaction energy between rough sludge flocs and membrane improved the value of 𝐷𝑓, which is similar 

to our findings even though our model constructed the rough surface and considered the deformation 

energy in the simulation process [49].   
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Figure 6.4 The effect of fractal dimension on particle deformation and particle interaction (a) 
deformation parameters of solid particles (b) deformation parameters of hollow particles (c) 
interaction energy of solid particles (d) interaction energy of hollow particles 
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6.4.4 The effect of fractal roughness on deformable particle interaction and deformation  

Figure 6.5a shows the relationship between G and the deformation of solid particles. With increasing 

G, the critical parameters enlarged especially for a radius of the deformation region (𝑟𝑚𝑓  ), which 

directly characterized the degree of deformation. The increased ℎ0  would suggest that the rougher 

particle started the deformation at a larger separation distance. Similar results were found for hollow 

particles (Figure 6.5b). The simulated results also suggested that the increased asperity height would 

make the constructed surface softer, which reduced the stiffness of the particle surface. In a similar 

work, Miao and Huang developed a numerical contact model to simulate the deformation of a rough 

surface and demonstrated that the larger value of G could obtain a smaller contact stiffness [69]. 

Although a non-contact model was involved in this study, the simulation results showed similar 

predictions, where the increased 𝑟𝑚𝑓   reduced the stiffness of the material. Therefore, our results 

indicated that the surface roughness would negatively affect the softness of the material, regardless of 

the surface contact. 

Figure 6.5c showed the fractal roughness effect on the interaction of deformable rough particles. As 

seen, the interfacial energy decreased with enlarging G from 1 nm to 50 nm. In this case, G represents 

the height of asperities on a randomly rough surface, and the surface roughness increased with 

increasing the G value [70]. As the G represents the height of asperities on a randomly rough surface, 

the surface roughness increased with increasing the G value [70]. The relationship between deformation 

and rough solid particle interaction shown in Figure 6.5c is followed our expectations. The energy 

barrier shown in Figure 6.5c increased with increasing the value of G, as the rough surface is softer than 

the smooth surface. Despite the small variation in the energy barrier, the value of G seems to influence 

the interaction of deformable particles. With increasing the asperity height, the particle deformation 

region would be increased where the rmf  and WE enlarged (Equation 3). The soft repulsion energy barrier 

between hollow particles disappeared because of the significantly increased strength of 𝑊𝑣𝑤 and 𝑊𝐵 

force (Figure 6.5d). But the impact of G on hollow particle interaction exhibited a similar tendency to 

that of solid particles. As G controlled the asperity height of the material surface, our model concluded 

that the deformability of the material would improve if the asperity size increased, which would 

generate more interaction energy between particles. Interestingly, the total interaction energy would 

drop with roughening the surface of the particles were assumed hard [20, 71, 72]. However, previous 

and our models proved that the softer surface would generate more interaction energy, and increasing 
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the surface roughness would create a softer material surface [30]. Therefore, it could be articulated that 

there is an equilibrium between surface deformability, surface roughness, and interfacial interaction.  
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Figure 6.5 The effect of fractal roughness on particle deformation and particle interaction (a) 
deformation parameters of solid particles (b) deformation parameters of hollow particles (c) 
interaction energy of solid particles (d) interaction energy of hollow particles 

6.4.5 The most effective parameter to impact deformation 

A comparison between four types of particles were shown in Figure 6.6: Smooth (deformable/ non-

deformable) vs rough (deformable/ non-deformable). The results confirmed that the surface roughness 

significantly reduced the potential interactions between deformable particles. Moreover, the primary 

minimum decreased and an energy barrier was created for deformable particles. This phenomenon 

suggested the important role of particle softness in the interfacial behaviors of particles.  

The present study established a numerical model to investigate the impact of surface tension, particle 

size, and surface morphologies on particle deformation. The modeling results predicted that the particle 

size exhibited the most effective influence in controlling the deformation of particles (Figure 6.3). 

Moreover, it was observable that the surface morphology had a significant impact on particle 

deformation (Figures 6.4 and 6.5). The fractal dimension (Figure 6.4), which controlled the surface 

texture, showed more sensible impacts on particle deformability than fractal roughness (Figure 6.4a and 

6.4b) because the fractal dimension was more influential in altering surface roughness than fractal 
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roughness was.  

 
Figure 6.6 The difference in potential interaction between four types of particles 

 

6.4.6 Comparison of results 

To evaluate the accuracy of the results, the predicted results were compared with the experimental and 

modeling results available in the literature, and the results are shown in Table 1. 

Table 6.1 Comparison between past works and present modeling study 

Type of 

works 

Material Interaction 

scenario 

Key 

parameters 

Results Main conclusion 

Experiment, 

[73] 

Aluminum 

particle 

Particle vs 

flat 

 

Particle 

size 

flattening 

parameters 

increased from 

0.4 to 0.6 

Smaller particles 

exhibited weak 

deformability 

This model - Particle vs 𝑎 rmf enlarged from rmf  increased 
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particle 0.2 𝜇𝑚 to 0.6 𝜇𝑚 with increasing 

the value of  

𝑎 

Experiment, 

[61] 

polycrystalline 

𝛼-SiC particles 

Particle vs 

particle  

49 

Particle 

size 

 
Yield stress 

decreased from 
9.4 Mpa to 3.7 

Mpa 

Smaller particles 

exhibited weak 

deformability 

This model - Particle vs 

particle 

𝑎 rmf increased 

from a change of 

0.5 𝜇𝑚 to 0.8 𝜇𝑚 

rmf  increased 

with increasing 

the value of  

𝑎 

Past 

modeling 

work, [50] 

- 
Asperity vs 
flat surface  
 

𝐷𝑓 Contact stiffness 

increased from 

0.1 to 1.5 

Kn/(N/m) 

The contact 

stiffness 

increased with 

increasing the 

value of 𝐷𝑓 

This model - Particle vs 

particle  

 

𝐷𝑓 rmf dropped from 

0.1 𝜇𝑚  to 0.06 

𝜇𝑚 

rmf  increased 

with increasing 

the value of 𝐷𝑓 

Past 

modeling 

work, [69] 

- Rough 

surface vs 

flat surface 

𝐺 Contact stiffness 

decreased from 

10 × 10−12 to 

1 ×

10−12K(N/mm2) 

The contact 

stiffness 

decreased with 

increasing the 

value of  

𝐺 

This model - Particle vs 

particle 

𝐺 rmf enlarged from 

0.2 𝜇𝑚 to 0.6 

𝜇𝑚. 

rmf  decreased 

with increasing 

the value of  

𝐺 

In the experimental study carried out using aluminum particles, when the particle size increased from 5 

𝜇𝑚 to 25 𝜇𝑚, the flattening parameters increased from 0.4 to 0.6 [73]. For the same size particles, our 
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modeling results predicted the enlargement of rmf from 0.2 𝜇𝑚  to 0.6 𝜇𝑚 . When the size of 

polycrystalline 𝛼-SiC particles altered from 20 𝜇𝑚 to 55 𝜇𝑚, the yield stress decreased from 9.4 Mpa 

to 3.7 Mpa [61]. The present model predicted the increase of rmf from 0.5 𝜇𝑚 to 0.8 𝜇𝑚 under the same 

conditions. Although previous experimental studies applied different parameters to describe particle 

deformation, the impact of particle size on particle deformation predicted in our numerical work is 

similar. The increased particle size elevated the flattening parameters and decreased yield stress 

mentioned previously [61, 73], which represented the improved deformability of particles. Our 

numerical results also showed that the radius of the deformation region increased with elevating the 

particle size. Therefore, the previous experimental results [61, 73] could verify the predictions of the 

present model.  

In another work, the interaction of a rough surface with a flat surface was studied, and the results 

demonstrated that the stiffness of the material surface increased from 0.1 to 1.5 Kn/(N/m) when 𝐷𝑓 

increased from 2.4 to 2.7 [50]. Even though our model aimed at constructing a noncontact interaction 

scenario, the predicted results showed that rmf dropped from 0.1 𝜇𝑚   to 0.06 𝜇𝑚   under the same 

conditions. In another modeling study, when two rough particles were contacted, the value of stiffness 

decreased from 10 × 10−12  to 1 × 10−12 K (N/mm2) when 𝐺  increased from 1 × 10−16  m to 1 ×

10−13 m [69]. Our current work applied a noncontact interaction scenario and predicted that rmf would 

increase from 0.5 𝜇𝑚 to 0.6 𝜇𝑚 when 𝐺 changed from 𝐺 increased from 1 × 10−16 m to 1 × 10−13 m. 

The contact stiffness in the past modeling work represented the resistance to deformation upon the 

impact of surface morphology. Therefore, the decreased value of contact stiffness implies the reduced 

resistance ability of deformation, which could be expressed by the increased value of rmf in the present 

model. Although the parameter of deformation is different in the previous and current models, the 

present model suggested that surface roughness would improve the deformability of particles. Even 

though the present model considered the surface morphology and geometrical structure (solid and 

hollow) in assessing the non-contact interaction energy between deformable particles, the predicted 

results successfully anticipated similar trends to what was reported in the literature [50, 61, 69, 73]. 

Therefore, the present simulation analysis displayed an accurate prediction of deformable particle 

interaction and deformation.   

The present modeling study provides a novel method to evaluate the potential energy between two 



169 
 

rough and deformable particles with randomly rough surface morphology. By applying this strategy, 

the effect of surface morphology of deformable particles on their interactions in colloidal systems can 

be addressed. The proposed model demonstrated the relationship between surface morphology and 

surface deformation in a non-contact scenario.  

6.4.7 Application 
 

The predicted results suggested that compared with the regular hard particle, the deformable particle 

could exhibit some advantages in industrial applications, for example, softer vesicles required 

stronger adhesion energy to achieve successful internalization compared to the rigid vesicles [74]. 

Therefore, altering the surface softness could be considered a new direction in optimizing the properties 

of products. 

Although previous work mainly simulated the hard particle interaction and concluded that the surface 

roughness had significant effects on hard particle interfacial behaviours, the present model considered 

softness and demonstrated that the surface morphology also had significant impacts on deformable 

particle interaction. The predicted results may facilitate the surface modification method for improving 

the efficiency of coagulation or deposition by controlling the surface roughness height or density of the 

deformable material.  

The model may also provide a new direction to control surface morphology by a surface modification 

approach to achieve the optimal deformability of material [75-77]. To achieve this purpose, applying a 

coating technique may help, for example, coating bacterial cells with polypyrrole [78], or changing the 

density of the crosslinking between the polymer chains [79] to increase the softness by constructing a 

rougher surface. Moreover, our modeling results could provide a novel insight into improving material 

interfacial behaviors by modifying particle surface softness instead of only altering particle size or 

surface morphology [80]. 

6.5 Conclusion 

We hypothesized that the total potential interaction developed between two deformable particles in 

colloidal systems would be dependent on the surface morphology of rough particles, and it could be 

simulated if the aspects of particle properties and surface morphology were considered. We constructed 

the deformation models of deformable solid and hollow particles and simulate the interaction and 



170 
 

deformation between randomly rough particles.  

Previously, the interaction of non-deformable particles was primarily simulated [47, 48, 81-89]. When 

the impact of surface softness was considered, the reports were mainly focused on the smooth surface 

or particles and the simulated interaction scenario was the contact interaction [31, 90]. As the present 

numerical model included the fractal geometry theory to construct a randomly rough deformable surface 

to accurately capture the characteristics of the naturally rough surface, it generally predicted the non-

contact interaction of the rough deformable particles more accurately than the previous experimental 

and theoretical studies [31, 68, 90].  

The modeling results showed that the most effective parameter in affecting the deformability of particles 

is particle size. When the solid particle size increased from 10 nm to 1000 nm, the deformation critical 

parameter increased, especially 𝑟𝑚𝑓 increased from 5 nm to 90 nm. The deformation critical parameters 

decreased with elevating surface tension, but the attraction energy increased with increasing surface 

tension significantly in solid particle interactions, facilitating particle adhesion. The comparison 

between deformable and hard particles showed that the deformable particle exhibited a shallower 

primary minimum than hard particles, promoting the dissociation of deformable particles. 

Our simulation process also considered the impacts of surface morphology, and the results showed that 

the potential energy of solid and hollow particles increased with the enlarged value of a fractal 

dimension, but the critical parameters of deformation decreased with an increased fractal dimension. 

Although the energy barrier disappeared in hollow particle interactions, the variation in the total 

potential energy showed a similar tendency compared to solid particle interaction when considering the 

rough surface morphology. The controversial prediction was observed in increasing the fractal 

roughness. Our simulation suggested that surface morphology played an important role in affecting the 

interfacial behavior and surface softness of solid and hollow particles. Compared to the interaction 

between smooth particles, the interaction between rough particles provided a shallower primary 

minimum, which suggested the easier disaggregation of rough particles.  

As particles have different softness and surface morphology in natural systems, the proposed model can 

precisely predict the interfacial behaviors of particles by considering softness, surface morphology and 

geometrical structure simultaneously. To improve the accuracy of the simulation, future numerical work 

should account for the contributions of deformable asperities effects on the interaction of solid and 
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hollow particles.  
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Chapter 7:  Conclusion and Recommendation  

The present work provided evidence that the total interfacial energy generated between rough particles 

in colloidal systems would be dependent on the surface morphology and properties of rough particles, 

and it could be predicted based on numerical method if characteristics of surface topographies and 

particle softness could be simulated 

The numerical methods for constructing 1) the different geometrical shapes of particles, 2) flat and 

spherical surfaces with various surface morphologies, and 3) the different interaction models based on 

various interaction scenarios were reviewed comprehensively.  The advantages and disadvantages of 

the summarized numerical approaches for constructing rough surfaces with different topographies and 

evaluating their interactions were discussed. Compared with the summarized numerical methods, the 

approaches that applied fractal geometry to construct randomly rough flat surfaces and particles could 

be considered the most accurate models to characterize the naturally rough surface and to evaluate the 

interaction energy between surfaces. The usefulness of modeling results drawn from the literature 

reviewed in this work suggests that the numerical model will provide deep insights into predicting the 

interaction of colloidal particles in different colloidal systems.  

In addition, it was hypothesized that the surface morphology would impact the total interaction energy 

between two rough particles in colloidal systems and that it could be calculated based on the XDLVO 

theory if the characteristics of the rough surface could be simulated. In this chapter, the uniform shape 

of asperities was constructed on the particle surface by MATLAB and simulated the interaction of the 

particles with a novel SEI approach in the XDLVO theory. The simulated results showed that the total 

interfacial energy dropped significantly with increasing the asperity number and asperity ratio. The most 

effective parameter for constructing parameters to control the primary maximum and minimum was the 

particle size because the varied particle size would lead to  an altered interaction area between two 

particles. Additionally, the more effective parameter of surface morphology in monitoring the interfacial 

interaction energy was the asperity ratio. The constructed model could accurately predict the stabilities 

of the particle system and control the interfacial behaviors of the desired particle, which may facilitate 

metal coating, mineral suspensions, and membrane fouling. 

Moreover, as previous studies did not consider the impact of the location of asperities on the rough 
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surface of the particles, a modified two-variable WM function based on the fractal geometry was applied 

to construct a randomly rough spherical surface, which could accurately capture the details of surface 

morphology of a naturally rough surface. The constructed interaction model under XDLVO theory 

explored the influence of factors affecting the construction of rough particles with randomly located 

asperities on particle interactions. The simulation results showed that the fractal parameters 

significantly affected the interaction energy between randomly rough particles. The fractal dimension 

altered interfacial interaction of particles more effectively than the fractal roughness did. According to 

the predicted value of the primary maximum of the energy profile calculated by the XDLVO theory, 

changing the fractal dimension of the particle surface, for example via the coating particles can be 

considered the most effective method to modify the surface topography of the materials to control their 

stability in colloidal systems. 

Also, a model was created to construct a randomly rough ellipsoidal morphology, which would 

represent the shape and surface properties of natural particles. It was the first time that the numerical 

prediction considered the effects of ellipsoidal particles and natural surface morphology on particle 

interaction. In this work, the total interfacial energy developed between rough ellipsoidal particles with 

randomly located asperities was studied, considering varied fractal dimensions, fractal roughness, 

particle shape, aspect ratio, particle size, and orientation angle. The modelling results showed that the 

increase in the surface roughness could notably reduce the interfacial interaction energy. The predicted 

results also concluded that the ellipsoidal particles may provide more benefits for particle retention than 

spherical particles do.  The predicted results offered deep insights into the interfacial behavior of 

ellipsoidal particles in suspension systems. The constructed model may obtain some guidelines for 

understanding the interaction of particles in colloidal systems that contain ellipsoidal particles, such as 

𝛼-Fe2O3 ellipsoids. 

Furthermore, models were constructed to generate deformable solid and hollow particles and simulate 

the interaction of randomly rough deformable particles for the first time. The modeling results showed 

that the particle size was the most effective parameter in affecting the deformability of particles because 

the critical deformation parameters increased with the elevated particle size. When the solid particle 

size increased from 10 nm to 1000 nm, the deformation critical parameter increased, especially the 

radius of the deformation region increased from 5 nm to 90 nm. The comparison between deformable 
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and hard particles showed that the deformable particle exhibited a shallower primary minimum than 

hard particles, promoting the dissociation of deformable particles. The predicted results suggested that 

surface morphology played a key role in controlling the interfacial behavior and surface softness of 

solid and hollow particles. Additionally, the interaction between rough deformable particles provided a 

shallower primary minimum than that of smooth deformable particles, which suggested the rough 

deformable particles would be more easily dispersed in colloidal systems.  

As particles have different morphologies, shapes, and owned soft surfaces in colloidal systems, the 

presented modeling approaches in this thesis provide a comprehensive insight into predictions of 

interfacial behaviors of natural particles, which can precisely predict the behavior of colloidal systems 

by considering surface morphologies, geometrical structure, and softness. The provided models could 

be applied in many industrial or medical fields, such as metal coating, mineral suspensions, drug 

delivery, and membrane fouling. The predicted results also could guide the surface modification 

strategies to improve the properties of products that are made from colloidal suspension systems. 

 Future work may consider the deformation of asperities located on rough surfaces in the simulation 

process. As the investigation of deformable particle interaction in this thesis assumed the asperities were 

rigid, the present model may face limitations if the material surface roughness is deformable. Therefore, 

considering the deformation of asperities in the simulation process would further improve the accuracy 

of predictions and extend the application of the constructed models. Additionally, the effect of shapes 

of asperities located on particle surfaces on the interaction of rough particles may be considered to find 

out how the shapes of asperities would impact the interaction of particles.  

The deformation of non-spherical particles in the simulation analysis may also be included in future 

work since particles have varied shapes and dimensions in real colloidal systems. Current numerical 

work mainly assumed the deformation particle owned spherical shape. Although constructing the non-

spherical particle may require more complicated numerical methods, the predictions in interaction 

energy from such models would be desirable.  
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Chapter 8: Appendix 

 Abbreviations 

                           AH Hamaker constant 
                           D the closest distance between the two-particle surface (nm) 
                          dA the differential projected area of the differential element on 

membrane surface (m2) 
                          dr differential area radius (m) 
                         dS the differential projected area of differential circular arc on the 

particle surface (m2) 
𝑑𝜃 differential angle along with 𝜃 coordinates (°) 
𝑑𝜑 differential angle along with 𝜑 coordinates (°) 
ℎ the separation distance between two planar surfaces (nm) 
𝑘⃑ 𝑖 unit vector along positive z-direction 
𝑛⃑ 𝑖 the unit outward normal to the surface 

                        Dfi Fractal dimension 
                        𝜏i Fractal roughness (nm) 

𝜙𝑚,𝑛 random phase [0, 2𝜋] 
                         M number of superposed ridges 
                          L 

𝜓 
sample length (m) 
frequency density 

                         𝜈𝑠 cutoff frequency (m) 
                        Ra average roughness of hemisphere 
                         nmax highest frequency 

𝛥𝐺 interaction energy per unit area (mJ/m2) 
𝑟𝑖 the radius of element (smooth) particle (nm) 
𝑅𝑖 the radius of rough particle (nm) 

                         U the interaction energy between the membrane surface and 
particle (kT) 

𝛾 surface tension parameter (mJ/m2) 
𝜀𝑟𝜖0 the permittivity of the suspending liquid (C/Vm) 

                          zeta potential (mV) 
𝜅 reciprocal Debye screening length (1/nm) 
𝜃 angle coordinate in the spherical coordinate system 
𝜑 angle coordinate in the spherical coordinate system 

                         𝜆 decay length of AB interactions in water (0.6 nm) 
ℎ0 minimum equilibrium cut-off distance (0.158 nm) 

Superscripts 
AB Lewis acid-base 
EL electrostatic double layer 
LW Lifshitz-van der Waals 
E Surface extented 
B Bending 

Total total 
+ electron acceptor 
- electron donor 
𝜊 column with small asperities 
𝜂 column with large asperities 
𝛼 poles area 
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𝛽 equator area 
Subscripts 

𝑙 liquid 
𝑤 water 
𝑖 describing particle 1 and 2 (i=1,2) 

 
 

8.1 A modeling approach for quantitative assessment of interfacial 

interaction between two rough particles in colloidal systems 

 

 
Figure A.1.1 The definition of asperity ratio and asperity number 
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Figure A.1.2 Constructed rough particles with different parameters, (a) (ri = 5 nm, ni = 10, 𝜆i= 
0.01), (b) (ri = 5nm, ni = 10, , 𝜆i= 0.1) and (c) (ri = 5nm, ni = 20, , 𝜆i= 0.1). 

 
 

Table A.1.1 Surface tensions parameters (mJ/m2) of liquid used in Young’s equation [1] 
Probe liquids  𝛾𝐿𝑊 𝛾+ 𝛾− 𝛾𝐴𝐵 𝛾𝑡𝑜𝑙 

Water 21.8 25.5 25.5 51.0 72.8 

Glycerol 34.0 3.9 57.4 30.0 64.0 

Diiodomethane 50.8 0.0 0.0 0.0 50.8 

 
Table A.1.2 Summary output of ANOVA data analysis of three models when the aspect ratio increases 

from 30 to 55 

 
 

 Aspect ratio from 30 to 50 Aspect ratio from 50 to 55 
Source of Variation F P-value F crit F P-value F crit 

Three models 24.179 7.211E-11 3.009 6.032 0.003 3.052 
Model 1 and Model 2 0.007 9.322E-01 3.862 0.001 0.972 3.929 
Model 1 and Model 3 24.981 8.312E-07 3.862 6.211 0.014 3.929 
Model 2 and Model 3 24.753 9.328E-07 3.862 6.166 0.015 3.929 
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Figure A.1.3 Two rough particles interaction with the aspect ratio (r2/r1) between 30 and 50 (a) The 
3D rough particles modeled by Matlab (b) the side view of 2D rough particle interactions 

 

Figure A.1.4 Two rough particle interaction with the aspect ratio (r2/r1) of above 50) (a) The 3D rough 
particles modeled by Matlab (b) The side view of 2D rough particle interactions 
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Figure A.1.5 Aspect ratio of particle 2 / particle 1 increased with the different relative shapes of 
particle 2 to particle 1 (The red region represents the relative shape of the large particle) 

 
The relative shape changed from a rough sphere to a rough plate when the aspect ratio increased to 30. 
With further increasing the aspect ratio to 50, the relative shape of the large particle changed from a 
rough flat to a smooth flat. 

8.1.1 Comparison of different models 

The comparison of the three models when the aspect ratio was smaller than 30 is not involved in the 

present study because the relatively large particle can still be considered a sphere when the aspect ratio 

is smaller than 30 according to the literature [2]. Therefore, when the aspect ratio is smaller than 30, 

Model 1 is selected as the most accurate method to calculate the interaction between particles. 

According to Equations 24 and 26 (Figures A.1.3 and A.1.4), Model 2 and Model 3 were established to 

simulate rough particle interactions that had significantly different sizes. As shown in Figure A.1.5, 

when the aspect ratio was greater than 30, particle 2 could be regarded as a rough flat plate for particle 

1 [2], and thus Model 2 was used for evaluating the interaction of particle 1 with a rough surface. 

Similarly, Model 3 constructed with Equation 26 was used in simulating particle 1 interaction with a 

smooth surface according to Figure A.1.4. To compare all models, the total interaction energy was 

calculated under the same conditions when the aspect ratio was changed from 30 to 55. The scale of the 

aspect ratio selected for this interval is based on the report by Bargonzin and coworkers [2], who viewed 

that a significantly large particle could be imaged as a rough flat surface for a small particle when the 

aspect ratio was above 30.  

The comparison of results from three models via ANOVA test with replication was shown in Table A.1.2. 

Models 1, 2, and 3 have significant differences (P < 0.05, F > Fcritical) when the aspect ratio was changed 
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from 30 to 55. This result indicated that Model 1 may not be accurate for prediction in the range of 30 

to 55. When Model 1 and Model 2 were compared using the ANOVA test, the results had no significant 

difference (P > 0.05, F < Fcritical). However, when Model 2 and Model 3 were compared or Model 1 and 

Model 3 were compared with the ANOVA test, the results showed a significant difference (P < 0.05, F 

> Fcritical). Therefore, we concluded that the main reason for the significant difference between the three 

models was caused by the enormous gap in variances between Model 3 and the other two models. The 

aspect ratio of 30 was selected as an example shown in Figure A.1.6(a). The inserted graphs in the 

figures are used for improving the visibility of overlapped regions of the curves in the figures. Model 2 

generated a deeper primary minimum than Model 1. In this case, because the aspect ratio of r2/r1 was 

increased significantly, the size of particle 1 is extremely small compared to particle 2, leading to a tiny 

project area of particle 1 on particle 2. Equation 24 predicted the separation distance between two 

different areas of particles, therefore, this equation in Model 2 did not consider the radius of particle 2. 

As a result, the value of h was smaller in Model 2 than in Model 1. Thus, the absolute values of 

𝑈𝐴𝐵, 𝑈𝐿𝑊, 𝑈𝐸𝐿 would be larger based on equations 21-23 than those from equation 19. Although Model 

2 predicted a deeper primary minimum, the accuracy of Model 1 is not affected when the aspect ratio 

was between 30 and 50 based on the ANOVA test. Therefore, Model 1 can replace Model 2 when the 

scale of aspect ratio is between 30 and 50. 

When the aspect ratio enlarged more than 50, a significant difference (P <  0.05, F >  Fcritical) was 

observed between Models 1, 2, and 3 (Table S2). The results have no significant difference between 

Model 1 and Model 2 (P >  0.05, F <  Fcritical), which suggests that Model 1 could still be used in 

replacing Model 2 at this aspect ratio. However, the comparison between Model 2 and Model 3 or 

Model 1 and Model 3 also shows a significant difference. When the aspect ratio is above 50, Model 3 

cannot be replaced by either Model 1 or Model 2 (Table A.1.2). This conclusion is still valid, although 

the simulation results made by Model 3 should match the results made by Model 1 or 2. In Model 3, 

the surface roughness and size of particle 2 were not considered in the simulation (Equation 26). The 

main reason for the significant difference in the simulation results is the interaction energy in the short-

range between the particles (Figure A.1.6). In Figure A.1.6b, Model 3 displayed a much deeper primary 

minimum than Model 1 when the aspect ratio was 50 (Figure A.1.6b) because Model 3 did not count 

the asperity height where the projected area located on particle 2 surface. The effective separation 
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distance considered by Model 3 is smaller than that considered by Model 1 or Model 2, which provides 

a deeper primary minimum for the interaction of the rough particles. In addition, a previous study 

reported that the rough surface yielded a much shallower primary minimum than a smooth surface 

because it would significantly change the lever arms and adhesive torque [3, 4], which would also 

provide a reason for the deeper primary minimum predicted by Model 3. In our simulation studies, the 

large rough particle (particle 2) changed from a rough sphere to a smooth plate when the aspect ratio 

increased from 30 to 50  as shown in Figure A.1.4, which increased the primary minimum, and such a 

change induced a significant difference in ANOVA test for Model 3 compared with Model 1 or 2. 

However, considering a larger distance between the particles, the pattern generated by Model 3 is similar 

to that made by Model 1 or Model 2 as shown in Figure A.1.6. Thus, we considered Model 3 as a valid 

model in the simulation analysis. The reason for ignoring surface roughness at a large aspect ratio is 

that the surface asperities (Equation 11) depend on the particle radius. With enlarging particle 2 to 

infinite, the asperity size would be increased significantly. If particle 1 was small, the interacted area of 

the two particles could be located on a single large asperity of particle 2, and thus no surface roughness 

of particle 2 needs to be involved in the Model 3 simulation under these conditions (Figure A.1.4). In 

this case, we could image particle 1 interacting with a smooth flat plate instead of a spherical particle 

under our assumption. Thus, when the aspect ratio increases above 50, Model 3 would be more accurate 

than Model 1. 

Therefore, only when the aspect ratio is greater than 50 (no roughness on particle 2), Model 3 can be 

used for improving the accuracy of the simulation results, and Model 1 can be applied to simulate the 

particle interactions instead of Model 2 if the aspect ratio is smaller than 50 in the present study. Based 

on the above evaluation results, Model 1 and Model 3 were selected to simulate the rough particle 

interactions in the following analysis. As we discussed above, particle 2 is regarded as a smooth plate 

in Model 3, and only particle 1 has variable parameters. Thus, Model 3 is mainly focused on the relative 

surface roughness and particle size effect analysis in the next sections.  
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Figure A.1.6 The comparison with between Model 1, Model 2 and Model 3. (a) The aspect ratio is 
fixed at 30 (b) The aspect ratio is fixed at 50. 
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Figure A.1.7  Aspect ratio effects on total interfacial energy following Model 3 (𝑛1 = 20, 𝜆1 =
0.005) 
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Figure A.1.8  Relative asperity number effects on total interfacial energy following Model 3 (𝜆1 =
0.001, r1=100nm, r2=10000nm) 
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Figure A.1.9  Relative asperity ratio effects on total interfacial energy following Model 3 (𝑛1 =
10, r1=100nm, r2=10000nm) 
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Figure A.1.10  Particle size effects on total interfacial energy following Model 3 (𝑛1 = 10, 𝜆1 =

0.001, r2=10000nm) 
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Figure A.1.11 The interfacial energy of two particles (r1=r2=1000 nm) with different asperity ratios and 

asperity numbers following Model 1 

8.1.2 Proposed method verification  

The correctness of the simulation could be verified in two strategies based on previous studies [1, 5, 6]. 

One is by comparing the present simulation with the classical method (DA) under predefined scenarios. 

The DA method has been verified as a correct methodology to simulate the interaction of two smooth 

spheres [7]. Once the results generated in the present work for the interaction of smooth particles agree 

with that of the DA method, it can be claimed that our results are accurate.  

𝑅𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 =
𝑅1𝑅2

(𝑅1+𝑅2)
                                                                                                                             (A.1.1) 

𝑈𝐿𝑊 = 2𝜋∆𝐺ℎ0
𝐿𝑊 ℎ0

2𝑅𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒

𝐷
                                                                                                               (A.1.2) 

𝑈𝐸𝐿 = 𝜋𝜀0𝜀𝑟𝑅𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 [2𝜉1𝜉2𝑙𝑛 (
1+𝑒−𝜅𝐷

1−𝑒−𝜅𝐷
) + (𝜉1

2 + 𝜉2
2)𝑙𝑛(1 − 𝑒−2𝜅𝐷)]                                           (A.1.3) 

𝑈𝐴𝐵 = 2𝜋𝑅𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒𝜈∆𝐺ℎ0
𝐴𝐵exp (

ℎ0−𝐷

𝜈
)                                                                                               (A.1.4) 

The DA method to simulate two smooth particles was described in the supplementary material. The 
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parameters of Model 1 were set to r1=r2=1000 nm, n1=n2=0 , which represents smooth particle 

interactions (i.e., with an asperity density of zero). As shown in Figure A.1.12, the two smooth particle 

interactions were simulated by the proposed method and compared with the DA method. The predicted 

trends of interaction energy by the present model agreed with the trend predicted by the DA method. 

Thus, the interaction of two smooth particles could be regarded as an exceptional scenario in the 

proposed method (when the asperity number equals 0). The agreement of prediction energy curves 

proves the correctness of our model. 

Another strategy is to analyze the simulation error under different numbers of calculation segments. As 

the algorithm in the proposed study is a double integral, we applied the composite rule of Simpson to 

estimate the results. The calculation errors could be made in this approximating process. Thus, the 

balance of calculation error and calculation segments represent the correctness of the proposed method. 

In addition, the composite Simpson’s rule can avoid the antiderivatives of Equations 3.21-3.23. The 

composite Simpson’s rule is as follows (Equation A.1.5) [1, 6]: 

∫ ∫ 𝑓(𝜃, 𝜑)𝑑𝜃𝑑𝜑 = ∑ ∑ ∫ ∫ 𝑓(𝜃, 𝜑)𝑑𝜃𝑑𝜑
𝜃2𝑚
𝜃2𝑚−2

𝜑2𝑙
𝜑2𝑙−2

𝑞
𝑚=1

𝑝
𝑙=1

𝑑

𝑐

𝑏

𝑎
                    

                                     ≈  
𝑔𝜚

9
∑ ∑ (𝑓2𝑙−2,2𝑚−2 + 𝑓2𝑙,2𝑚−2 + 𝑓2𝑙,2𝑚 + 𝑓2𝑙−2,2𝑚) + 4(𝑓2𝑙−1,2𝑚−2 +

𝑞
𝑚=1

𝑝
𝑙=1

                                          𝑓2𝑙,2𝑚−1 + 𝑓2𝑙−1,2𝑚 + 𝑓2𝑙−2,2𝑚−1) + 16𝑓2𝑙−1,2𝑚−1                                      (A.1.5) 

Where 𝑓𝑙,𝑚 is used for simplifying the function of 𝑓(𝜃, 𝜑)  in the composite Simpson’s rule, the 

parameters 𝑝 and 𝑞 represent the number of the segments at the interval of [𝑎 , 𝑏] at 𝜃 direction and the 

number of the segments at the interval of [𝑐 , 𝑑] at 𝜑 direction,  𝜑1 = 𝑎,𝜑𝑙 = 𝑎 + 𝑙g (𝑙 = 1,2,… ,2𝑝 +

1); 𝜃1 = 𝑐, 𝜃𝑚 = 𝑐 +𝑚𝑘 (𝑚 = 1,2,… ,2𝑞 + 1); 𝑔 = (𝑏 − 𝑎)/2𝑝; 𝜚 = (𝑑 − 𝑐)/2𝑞 

The calculation error (𝐸) of this algorithm is shown in Equation A.1.6 [6]: 

𝐸 =
(𝑏−𝑎)(𝑐−𝑑)

180
[𝑔4

𝑎𝜕4𝑓(𝛽,𝜏)

𝜕𝜑4
+ 𝜚4

𝜕4𝑓(𝛽̂,𝜏̂)

𝜕𝜃4
]                                                                                        (A.1.6)                                   

Where 𝜷  and 𝜷̂ , 𝝉  and 𝝉̂  represent the values of [𝒂  ,  𝒃 ] and [𝒄  ,  𝒅 ]  intervals, respectively. The 

relationship between calculation error and the numbers of segments in hydrophobic interaction is shown 

in Figure A.12, which indicated that the larger segment number caused the lower calculation error. The 

pattern of Model 1, Model 2, and Model 3 suggested that the defined large segment numbers could 

provide validations for these three models. The results showed that the calculation error is less than 3% 

when the approximation segment reaches 3600 or more. Similar conclusions can be drawn for the 
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interaction of Van der Waals and the electric double layer. Therefore, the segment numbers are selected 

as 4000 for calculation. The calculation errors are negligible when the value is less than 3% in the 

simulation process, which also indicated the correctness of the proposed method. 

 

 

Figure A.1.12 The comparison between DA method and the present method  
 

8.2 Interfacial interactions of rough spherical surfaces with 

random topographies 
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Figure A.2.1. Parameters involved in the interaction between a particle with longitudinally arranged 

asperities and a control particle 

 

Figure A.2.2. Parameters involved in the interaction between a rough particle with latitudinally arranged 

asperities and a control particle 

8.2.1 The transformation of coordinates  

 

The spherical coordinates (R, θ, φ)  were used to replace the cartesian coordinates (𝜒 ,  𝑦 ,  𝑧 ) for 

simplifying the calculation in the present study as shown in Equations A.2.1-A.2.3 [1].  

𝜒 = 𝑅 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜑                                                                                                                  (A.2.1)                                                                

𝑦 = 𝑅 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛𝜑                                                                                                                   (A.2.2)                                                             

𝑧 = 𝑅 𝑐𝑜𝑠 𝜃                                                                                                                           (A.2.3)    

8.2.2 The numerical equations to define the fractal dimension and fractal roughness 
In our model, a series of roughness spectrums contained in the WM function could be described by a 
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spectral density function. 

𝑆(𝜔) =
𝜏
2(𝐷𝑓−1)

2𝑙𝑛𝜂

1

𝜔
(5−2𝐷𝑓)

                                                                                                           (A.2.4)    

where 𝜔  and 𝑆(𝜔)  represents the surface roughness frequency and the power of the spectrum, 
respectively; 𝜂 represents the parameter of frequency density. The 𝑆(𝜔) can be calculated by following 
the Fast Fourier transform method [1]. For a fractal profile, plotting the logarithm of 𝑆(𝜔)  to the 
logarithm of 𝑆(𝜔) would yield a straight line. The slope (𝑘𝑝) and intercept (B) of the straight line could 
be obtained by regression analysis. Accordingly, solving Equations A.2.5 and A.2.6 could provide the 
data of 𝐷𝑓 and 𝜏.  

𝑘𝑝 = 2𝐷𝑓 − 5                                                                                             (A.2.5)  

𝐵 = 2(𝐷𝑓 − 1)𝑙𝑔𝜏 − lg (2𝑙𝑛𝜂)                                                                                                              (A.2.6)                                                                

 

8.2.3 Young’s equation and input parameter 

The properties of particle surfaces can be expressed by solving them via Equation A.2.7 [2]. The surface 

tension values of liquid (𝛾𝑙𝐿𝑊, 𝛾𝑙+ , and 𝛾𝑙−) and contact angles (θ) also need to be measured for at least 

three different liquids (e.g., glycerol, diiodomethane, and water) to determine the solid surface tensions 

(𝛾1𝐿𝑊 , 𝛾1+ , and 𝛾1−). Table S1 lists surface tension parameters between two rough particles used in this 

study, which can be used to calculate Young’s equation group in Equation A.2.7. 

(1+𝑐𝑜𝑠𝜃)

2
𝛾𝑙
𝑇𝑜𝑙 = √𝛾𝑙

𝐿𝑊√𝛾1
𝐿𝑊 +√𝛾𝑙

−1√𝛾1
+ +√𝛾𝑙

+√𝛾1
−1                                                 (A.2.7)   

Table A.2.1. Surface tensions parameters (mJ/m2) of liquid to set up Young’s equation [3]  

Probe liquids  𝛾𝐿𝑊 𝛾+ 𝛾− 𝛾𝐴𝐵 𝛾𝑡𝑜𝑙 

Water 21.8 25.5 25.5 51.0 72.8 

Glycerol 34.0 3.9 57.4 30.0 64.0 

 

8.2.4 The unit vector calculation process 

 

The unit vectors between two particles can be calculated as per Equation A.2.8 [1]: 

𝑜 =

𝑑𝑟⃑⃑ 

𝑑𝜃
×
𝑑𝑟⃑⃑ 

𝑑𝜑

|
𝑑𝑟⃑⃑ 

𝑑𝜃
×
𝑑𝑟⃑⃑ 

𝑑𝜑
|
                                                                                                                   (A.2.8)                                                                                                                            

Where the 𝑑𝑟 
𝑑𝜃

 and 𝑑𝑟 
𝑑𝜑

 represent the vectors and can be calculated following Equations A.2.9 and A.2.10: 

𝑑𝑟 

𝑑𝜃
= 𝑖 ×

𝜕(𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑)

𝜕𝜃
+ 𝑗 ×

𝜕(𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑)

𝜕𝜃
+ 𝑘⃑ ×

𝜕(𝑟𝑐𝑜𝑠𝜃)

𝜕𝜃
                                             (A.2.9)                                                            
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𝑑𝑟 

𝑑𝜑
= 𝑖 ×

𝜕(𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑)

𝜕𝜑
+ 𝑗 ×

𝜕(𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑)

𝜕𝜑
+ 𝑘⃑ ×

𝜕(𝑟𝑐𝑜𝑠𝜃)

𝜕𝜑
                                             (A.2.10)    

 

                                

 

Figure A.2.3. Constructed rough spherical surfaces with different parameters, (a) 𝐷𝑓 = 2.2, (b)  𝐷𝑓 =

2.3, (c)  𝐷𝑓 = 2.4, (d)  𝐷𝑓 = 2.5 

        

The different values of the random phase were shown in Equations A.2.11-A.2.15. 

 

[𝜙1] =

[
 
 
 
 
 
 
 
2.2681 3.4148 5.1977 5.3991 3.9171 3.2029
3.7282 0.3488 3.0793 5.0153 5.0239 1.1093
4.0971 0.0225 0.9963 5.6497 1.8793 4.6751
4.4089 0.3153 1.5343 3.4391 4.3598 4.1709
1.2114 5.3985 4.3828 4.6273 3.9585 1.3544
5.1218 5.3310 0.5640 4.7376 5.1990 3.5070
4.9327 5.4101 0.3967 5.9858 2.4364 0.1511
2.8786 1.3616 0.3829 0.2327 4.0411 3.7663]

 
 
 
 
 
 
 

                      (A.2.11)      

[𝜙2𝑎] =

[
 
 
 
 
 
 
 
4.1191 2.8619 0.9096 0.4612 0.3180 3.6027
3.6189 4.7493 2.3329 0.7634 3.5270 0.8468
2.5344 5.6397 2.2358 1.9834 3.8325 3.1260
3.7808 2.1945 3.2084 1.5343 2.5146 5.2563
5.7687 1.0330 3.9593 4.7668 5.0661 0.8882
4.3296 3.5302 3.3163 1.6307 5.6540 6.2518
2.6011 4.5469 6.1725 2.3536 2.9490 4.9859
5.4271 2.6648 2.5421 3.0370 5.0575 5.1017]

 
 
 
 
 
 
 

                                (A.2.12) 
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[𝜙2𝑏] =

[
 
 
 
 
 
 
 
0.0808 6.1569 4.1835 1.8631 3.9698 2.3516
4.6463 2.1937 6.0879 3.2715 4.2675 6.2551
2.9557 5.3284 4.6760 4.4495 1.4076 0.3511
3.5387 4.4639 1.3998 0.4655 5.3136 1.4555
0.7391 4.1937 2.9450 5.6548 3.2763 0.5161
5.8645 1.5321 1.6243 3.9077 5.8631 2.3428
4.3234 6.0645 4.9222 4.1252 2.7984 2.1609
1.0744 4.8341 0.7780 2.4890 3.4023 1.0550 ]

 
 
 
 
 
 
 

                               (A.2.13) 

 

[𝜙2𝑐] =

[
 
 
 
 
 
 
 
2.2004 3.5182 1.2746 0.0583 1.8301 2.3935
3.6335 4.4653 3.3080 1.0001 3.9834 2.9716
2.4748 3.9381 5.0795 2.6448 4.8868 6.0861
3.9726 2.2546 4.9109 5.9741 4.7623 2.0438
5.0035 5.8720 1.9142 5.8823 1.3200 5.5729
0.7031 0.1575 5.0509 5.1201 3.0307 3.5421
2.7415 5.3811 1.5759 2.4420 4.4423 5.6568
5.2151 1.5263 4.5889 6.0546 3.9766 0.3021]

 
 
 
 
 
 
 

                                                         (A.2.14)          

[𝜙2𝑑] =

[
 
 
 
 
 
 
6.2085 5.8828 0.5773 3.9317 1.5416 6.1835
3.4671 2.2659 2.1903 4.3228 5.7710 6.0415
5.1146 4.9935 0.4057 1.4898 1.5998 2.4044
5.1155 2.2950 4.8010 5.9191 3.5359 5.4426
5.3613 5.9095 4.1801 2.5438 3.2561 3.8384
4.4745 4.5492 4.7374 3.2625 1.4252 3.0480
4.4869 1.6210 5.1267 4.8220 2.0956 3.1904]

 
 
 
 
 
 

                                         (A.2.15) 

Table A.2.2 The ANOVA test for ten different interaction scenarios for rough particles with random 

surface morphology 

Source of Variation F P-value F crit 

Different random 

phase 𝜙2𝑖   

1.04E-08 

 

> 0.05 1.509627 

 

 

 

The reconstructed spherical surface is used to prove the hypothesis that surface roughness is the 

dominant factor in interfacial interaction. 

 

𝑅reconstructed−latitudinal = {

𝑟1 + 𝑟1𝜆𝛼1 𝑐𝑜𝑠(𝑛𝛼1𝜃1) + 𝑟1𝜆𝛼1 𝑐𝑜𝑠(𝑛𝛼1𝜑1)  0 ≤ 𝜃1 ≤ 𝜋/3
𝑟1 + 𝑟1𝜆𝛽1 𝑐𝑜𝑠(𝑛𝛽1𝜃1) + 𝑟1𝜆𝛽1 𝑐𝑜𝑠(𝑛𝛽1𝜑1) 𝜋/3 < 𝜃1 < 2𝜋/3

𝑟1 + 𝑟1𝜆𝛼1 𝑐𝑜𝑠(𝑛𝛼1𝜃1) + 𝑟1𝜆𝛼1 𝑐𝑜𝑠(𝑛𝛼1𝜑1)   2𝜋/3 ≤ 𝜃1 ≤ 𝜋

   

                                                                                                                                     (A.2.16) 
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Figure A.2.4. The surface morphology comparison of the constructed spherical surfaces. To improve 

the visualization of the varied area, the asperity size was magnified. (a) the rough particle constructed 

by Equation 4.2. (b) the rough spherical surfaces constructed by Equation A.2.16, which owns a smaller 

area of small asperities. 
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Figure A.2.5 The influences of asperity position on interfacial energy of rough spherical surfaces 

according to Equation A.2.16 when r1=rcontrol =1000 nm, n=5, λcontrol = 0.005 

8.3 Interfacial interactions of rough ellipsoidal particles with 

randomly located asperities  

Table A.3.1. Surface tensions parameters (mJ/m2) of liquid to set up Young’s equation [2, 3] 

Probe liquids  𝛾𝐿𝑊 𝛾+ 𝛾− 𝛾𝐴𝐵 𝛾𝑡𝑜𝑙 

Water 21.8 25.5 25.5 51.0 72.8 

Glycerol 34.0 3.9 57.4 30.0 64.0 

Diiodomethane 50.8 0.0 0.0 0.0 50.8 

Table A.3.2. Contact angle and zeta potential of modeled particle [4] 
Contact angle (°) Surface tension (Calculated based on 

Table S1) (mJ m-2) 

Zeta 

potential 

(mV) Water Glycerol Diiodomethane 𝛾𝐿𝑊 𝛾+ 𝛾− 

69.82±0.57 66.76±0.20 32.72±0.32 43.06 0.02 14.22 -20.74 ± 

0.58 

 

Table A.3.3 Parameters collected from literature to construct randomly rough surface [5] 

Parameters Value Unit 

L 5000 nm 

𝜂 1.5 / 

M 8 / 

Ls 450 nm 

𝜙𝑚,𝑛 Randomly calculated in the 

interval [0, 2𝜋] 

/ 
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8.3.1 The numerical equations to define the fractal dimension and fractal roughness 

A series of roughness spectra of the surface cross-section can be expressed by spectral density function 

[6] 

𝑆(𝜔) =
𝜏
2(𝐷𝑓−1)

2𝑙𝑛𝜂

1

𝜔
(5−2𝐷𝑓)

                                                                                                              (A.3.1)    

where 𝜔 and 𝑆(𝜔) represents the surface roughness frequency and the power of spectrum, respectively; 

𝜂  represents the parameter of frequency density. The 𝑆(𝜔)  can be calculated by following the Fast 

Fourier transform method [6]. For a fractal profile, plotting the logarithm of 𝑆(𝜔) to the logarithm of 

𝑆(𝜔) would yield a straight line. The slope (𝑘𝑝) and intercept (B) of the straight line could be obtained 

by regression analysis. Accordingly, solving the Equations S5 and S6 could provide the data of 𝐷𝑓 and 

𝑜 [1].  

𝑘𝑝 = 2𝐷𝑓 − 5                                                                                             (A.3.2)  

𝐵 = 2(𝐷𝑓 − 1)𝑙𝑔𝑜 − lg (2𝑙𝑛𝜂)                                                                                                              (A.3.3)                                                                

8.3.2 The numerical equations to define the vectors  

Substituting Eq. (11) into Equations. (17) and (18) in the manuscript, the partial derivatives can be 

determined. Then, Eq. (16) of the manuscript can be expressed as: 

𝑛⃑ =
𝑅𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑−𝐴1𝑠𝑖𝑛𝜑∑ ∑ 𝐴2 sin(𝜑−

𝜋𝑚

𝑀
)−𝐴1𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜑

𝑛𝑚𝑎𝑥
𝑛=0 ∑ ∑ 𝐴2 cos(𝜑−

𝜋𝑚

𝑀
)𝑐𝑜𝑠𝜃

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

𝑀
𝑚=1

√𝑅2+𝐴1
2∑ ∑ 𝐴2

2 sin2(𝜑−
𝜋𝑚

𝑀
)+𝐴1

2∑ ∑ 𝐴2
2 cos2(𝜑−

𝜋𝑚

𝑀
)𝑐𝑜𝑠𝜃2

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

𝑖  

+
𝑅𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜑+𝐴1𝑐𝑜𝑠𝜑∑ ∑ 𝐴2 sin(𝜑−

𝜋𝑚

𝑀
)−𝐴1𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜑

𝑛𝑚𝑎𝑥
𝑛=0 ∑ ∑ 𝐴2 cos(𝜑−

𝜋𝑚

𝑀
)𝑐𝑜𝑠𝜃

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

𝑀
𝑚=1

√𝑅2+𝐴1
2∑ ∑ 𝐴2

2 sin2(𝜑−
𝜋𝑚

𝑀
)+𝐴1

2∑ ∑ 𝐴2
2 cos2(𝜑−

𝜋𝑚

𝑀
)𝑐𝑜𝑠𝜃2

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

𝑗    

+
𝑅𝑐𝑜𝑠𝜃+𝐴1𝑠𝑖𝑛𝜃∑ ∑ 𝐴2 cos(𝜑−

𝜋𝑚

𝑀
)𝑐𝑜𝑠𝜃

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

√𝑅2+𝐴1
2∑ ∑ 𝐴2

2 sin2(𝜑−
𝜋𝑚

𝑀
)+𝐴1

2∑ ∑ 𝐴2
2 cos2(𝜑−

𝜋𝑚

𝑀
)𝑐𝑜𝑠𝜃2

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

𝑘⃑                                                       

(A.3.4) 

Where the 𝐴1 and 𝐴2 are coefficients, and could be described as follows: 

𝐴1 = 𝐿 (
𝐺

𝐿
)
𝐷𝑓−2

(
𝑙𝑛𝜂

𝑀
)1/2                                                                                   (A.3.5)                            

𝐴2 = 𝜂
(𝐷𝑓−3)𝑛sin (

2𝜋𝜂𝑛𝑟𝑠𝑖𝑛𝜃

𝐿
× cos (𝜑 −

𝜋𝑚

𝑀
) + 𝜙𝑚,𝑛) ×

2𝜋𝜂𝑛𝑟

𝐿
                                                (A.3.6) 

Thereafter, 𝑛⃑ 𝑘⃑  could be expressed as follows: 
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 𝑛⃑ 𝑘⃑ =
𝑅𝑐𝑜𝑠𝜃+𝐴1𝑠𝑖𝑛𝜃∑ ∑ 𝐴2 cos(𝜑−

𝜋𝑚

𝑀
)𝑐𝑜𝑠𝜃

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

√𝑅2+𝐴1
2∑ ∑ 𝐴2

2 sin2(𝜑−
𝜋𝑚

𝑀
)+𝐴1

2∑ ∑ 𝐴2
2 cos2(𝜑−

𝜋𝑚

𝑀
)𝑐𝑜𝑠𝜃2

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

𝑛𝑚𝑎𝑥
𝑛=0

𝑀
𝑚=1

                                     (A.3.7)        

 

 

Figure A.3.1.  The different shapes of randomly rough ellipsoidal particle 

8.3.3 Fractal dimension effect  
𝐷𝑓 can generate surfaces with different degrees of roughness, which may represent the topographical 

characteristics of surfaces. Figure A.3.2 shows the effects of fractal dimension on the interaction of 

rough ellipsoidal particles. As seen in Figure A.3.2a, the interfacial interaction energy was increased 

with growing 𝐷𝑓 from 2.03 to 2.93 in both particles. The main reason for this phenomenon is attributed 

to the fact that the surface roughness of ellipsoidal particles is reduced by increasing the value of the 

fractal dimension. Although the increased fractal dimension generates more asperities, the total average 

surface roughness of particle is decreased [1] because the increased value of the fractal dimension would 

refine the texture of the rough surface, which would directly reduce the size of generated asperities. The 

previous studies generated the asperities with uniform and periodic sinusoidal functions and concluded 

that the greater surface roughness would lessen the interaction energy between particles because the 

separation distance was enlarged by inflating the asperity [7, 8]. Zhu and coworkers generated a rough 

uniform surface (hemisphere) with a spherical surface pattern and reported that the total interaction 

energy dropped with increasing the hemisphere size [9]. Our results using the modified two-variable 
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WM function to generate the randomly rough surface predicted a similar pattern (Figure A.3.2). The 

present model could improve the accuracy of the prediction for the interaction energy of rough surfaces 

with morphologies close to those of natural rough surfaces [7-9]. Moreover, the surface roughness could 

provide benefits in coagulation systems because the surface roughness would control the magnitude of 

the energy barrier developed between particles as shown in Figure A.3.2. Abdellatif and coworkers [10] 

investigated the relationship between the fractal dimension of gold nanoparticles and particle 

aggregation and noticed that the gold nanoparticles tended to aggregate when their surface fractal 

dimension dropped.  

It should be noted that there is a critical value of a fractal dimension that would eliminate surface 

roughness. Cai and coworkers reported that the surface roughness decreased exponentially with 

increasing the value of the fractal dimension [1].  As shown in Figure A.3.2a, the interaction energy 

grew insignificantly with further enlarging the value of 𝐷𝑓 >2.33, which indicated that the roughness 

was in fact eliminated when the 𝐷𝑓 > 2.33 because the surface roughness expediently decreased with 

increasing the value of fractal dimension [1]. Therefore, the critical value of 𝐷𝑓 in the present study is 

approximately 2.33. 

The effect of the relative fractal dimension on the particle interaction was shown in Figure A.3.2b. The 

fractal dimension of particle 1 is set at Df1 = 2.83 to construct a relatively smooth particle, while the 

fractal of particle 2 (Df2) is changed from 2.03 to 2.63. According to Figure A.3.2a, the total interaction 

energy has no remarkable difference while continually increasing the value of 𝐷𝑓 from 2.63 to 2.93. 

The main reason is that the surface morphology would not change as a smooth surface is generally 

generated when 𝐷𝑓 = 2.63. 

As shown in Figure A.3.2b, the interaction energy between particles was intensified when the fractal 

dimension 2.03<Df2<2.63. As the surface morphology had no change when the 𝐷𝑓 > 2.63 in this study, 

the maximum Df2 was selected as 2.63. Once the fractal dimension of rough particle 1 was constant, the 

value of Df2 could represent the relative roughness of these two particles [11].  

With growing the value of Df2, the size of asperities was reduced on the surface, which would strengthen 

the interaction energy between particles. 

As the surface roughness can be expressed by the asperity number and asperity size [12], the impact of 

each parameter in controlling interaction energy could be explored from the predicted results in this 



203 
 

study. Usually, the surface roughness would be lessened by reducing the asperity number and asperity 

size, which would elevate the total interaction energy   [8]. However, when the 𝐷𝑓 increased, the texture 

of the rough surface was refined, which strengthened the total interaction energy, where the asperity 

number increased but the asperity size dropped [1]. According to these results [1, 8, 12], it could be 

concluded that the size of asperity (surface roughness height) has more effect than the number of 

asperities (surface roughness fraction) on the interaction of rough ellipsoidal particles  
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Figure A.3.2. The effect of fractal dimension on the interaction energy of the rough ellipsoidal 

particle with randomly located asperities (a) The effect of fractal dimension on particle interaction 

(𝑎1 = 𝑏1 = 𝑎2 = 𝑏2 = 1000 𝑛𝑚, 𝑐1 = 𝑐2 = 500 𝑛𝑚, 𝜊1 = 𝜊2 = 0.1 𝑛𝑚). (b) The effect of relative 

fractal dimension on particle interaction (𝑎1 = 𝑏1 = 𝑎2 = 𝑏2 = 1000 𝑛𝑚, 𝑐1 = 𝑐2 = 500 𝑛𝑚, 𝜊1 =

𝜊2 = 0.1 𝑛𝑚,𝐷𝑓1 = 2.83). 

8.3.4 Fractal roughness effect  

The effect of 𝜊  on ellipsoidal particle interaction is shown in Figure A.3.3a. The total interfacial 

interaction energy between two rough ellipsoids decreased with varying the value of 𝜊 from 0.1 nm to 

50 nm in two interaction scenarios. As shown in Equation 10, one power function relationship existed 

between 𝜊 and surface roughness, which would suggest that surface roughness was affected by 𝜊 [13]. 

Therefore, the simulation results should be reasonable because the total interaction energy decreased 

with increasing surface roughness. Different from the fractal dimension, the increased value of 𝜊 would 

change the surface morphology only via enlarging the asperity height. The role of surface roughness 

was to adjust the separation distance and interaction area between rough particles, which could 

significantly control the interfacial energy in particle interaction. The importance of surface roughness 

was articulated by Shen and coworkers, who studied how the roughness of quartz sand surface impacted 
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white carboxyl-modified polystyrene latex nanoparticle attachment [14]. The present model showed 

that without excluding the Born repulsion energy, the depth of the primary minimum decreased with 

increasing the value of 𝜊, which suggested that the surface roughness would significantly control the 

particle transportation (Figure A.3.3a). Shen and coworkers stated that the depth of primary minimum 

could be an indicator of monitoring the attachment affinity of colloidal particles, and if the depth of 

primary minimum decreased, disaggregation would occur in colloidal systems [15]. Therefore, the 

shallower depth of the primary minimum caused by the higher value of 𝜊 in our model might indicate 

the detachment of the particles because the adhesion between particles deteriorated due to increased 

surface roughness [16]. 

The previous literature mainly focused on the effect of fractal dimension on spherical particle 

interactions when the fractal geometry theory was considered [17]. Nevertheless, the relative roughness 

has a significant effect on rough ellipsoidal particle interactions. As shown in Figure A.3.3b, the total 

interaction energy between particles decreased with increasing the relative fractal roughness (𝜊2) from 

0.5 to 10 nm.  

Also, this finding may facilitate the particle aggregation application because the asperities generated on 

the particle surface could control the repulsion energy of interfaces [18]. For example, in the system of 

ZnO aqueous solution, the rough ellipsoidal particle existed, which would tend to coagulate with a 

coarse surface. These results confirmed that by roughening the surface morphology of particles, the 

repulsion energy between particles deteriorated and particles tended to attach. As shown in Figure A.3.3, 

the energy barrier between two rough ellipsoidal particles was weakened by inflating 𝜊, which indicated 

that the increased asperity size reduced the obstacle of particle coagulation. In this context, Elimelech 

and coworkers reported that the asperities on the membrane surface diminished the interaction force 

between flocs and membrane, and flocs could attach to rougher surfaces more greatly than smooth 

surfaces [19]. 
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Figure A.3.3. The effect of fractal roughness on the interaction energy of rough ellipsoidal particles 

with randomly located asperities. (a) The effect of fractal roughness on particle interaction (𝑎1 = 𝑏1 =

𝑎2 = 𝑏2 = 1000 𝑛𝑚, 𝑐1 = 𝑐2 = 500 𝑛𝑚, 𝐷𝑓1 = 𝐷𝑓2 = 2.03 ). (b) The effect of relative fractal 

roughness on particle interaction (𝑎1 = 𝑏1 = 𝑎2 = 𝑏2 = 1000 𝑛𝑚, 𝑐1 = 𝑐2 = 500 𝑛𝑚, 𝐷𝑓1 = 𝐷𝑓2 =

2.03, 𝜊1 = 0.1 𝑛𝑚 ). 

8.3.5 Comparison of the interaction energy between rough and smooth particles 

The comparative effects of rough and smooth surface morphology on the ellipsoidal particle interaction 

were shown in Figure A.3.4. Regardless of the method of the roughness increment, it could be found 

that the surface roughness significantly reduced the repulsive energy barrier, which indicated that the 

surface roughness destroyed the dispersion stability between particles that tended to aggregate 

otherwise. Once the surface roughness was eliminated from the modeled particles, the largest magnitude 

of repulsive energy barrier could be achieved where the strongest repulsion energy existed between the 

two particles. Therefore, surface morphology played an important role in particle transportation. Geiger 

and coworkers found that the elevated surface roughness led to a significant drop in the effective charge-

carrier mobility and an increase in the subthreshold swing [20]. Another phenomenon is that the rough 

surface generated the shallower primary minimum in energy profile as shown in Figure A.3.4, which 

indicated that the rough surface also weakened the initial attachment ability of particles. If the particle 

were assumed attached at the primary minimum, the rough particle would release more easily from the 

rough surface compared to the smooth surface [15].  The predicted various interaction energies in this 

numerical model could be an indicator for the modification of surface morphology to prepare the desired 

products.  
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Figure A.3.4. The comparisons between the smooth and rough surface morphology effects on particle 

interaction (𝑎 = 𝑏 =1000 nm, 𝑐 =500 nm) 

8.3.6 The validation of the present model  

To evaluate the accuracy of the results, the predicted results were compared with the experimental and 

modeling results available in past literature, and the results are shown in Table S4 

Table A.3.4 Comparison between past studies and present modeling study 

Type of works Material Interaction 

scenario 

Conditions Theory Main 

conclusion 

Experiment, [21] 

 

Bare silica 

particle 

Particle vs 

flat 

 

Orientation 

angle 

increased 

from 0 to 𝜋
2
 

DLVO The 

repulsive 

energy 

barrier 

decreased 

from 512.1 

kT to 52.7 

kT 
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This model - Particle vs 

particle 

Orientation 

angle 

increased 

from 0 to 𝜋
2
 

XDLVO The 

repulsive 

energy 

barrier 

decreased 

from 478.4 

kT to 45.2 

kT 

Modeling work, [22] 

 

- Particle vs 

flat surface 

Orientation 

angle 

increased 

from 0 to 𝜋
2
 

 
DLVO The 

repulsive 

energy 

barrier 

decreased 

from 15 kT 

to 5 kT  

This model - Particle vs 

particle 

Orientation 

angle 

increased 

from 0 to 𝜋
2
 

XDLVO The 

repulsive 

energy 

barrier 

decreased 

from 7 to 3 

kT 

 

In the experimental study carried out using bare silica particles, when the orientation angle increased 

from 0 to 𝜋
2
, the primary maximum dropped from 512.1 kT to 52.7 kT [21]. For the same size particles, 

our modeling results predicted the primary maximum change from 478.4 kT to 45.2 kT when 𝐷𝑓 was 

2.93 to create a smooth surface. When the orientation angle of modeled particle was altered from 0 to 

𝜋

2
 [22], the primary maximum decreased from 15 to 5 kT. Under the same conditions, our modeling 

results predicted the primary maximum change from 11 to 2 kT when 𝐷𝑓 was 2.93. As the previous 

experimental and modeling work relied on the DLVO theory and the present work was based on the 

XDLVO theory, the difference between the modeling and experimental results would be related to the 
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inclusion of hydrophobic interaction in the present work. Another reason to cause the difference is that 

the present model considered ellipsoidal particle-particle interaction unlike the interaction scenario 

constructed in past work [22] [21]. The past experimental work considered particle-flat surface 

interaction, which did not involve the curvature effects of particle shape if the flat surface was replaced 

by the spherical particle. Therefore, the curvature effects of particle shape on interaction area were 

considered in this work. Generally, the experimental and modeling results successfully anticipated 

similar trends for the interaction of particles when the orientation angle was increased, and our model 

considered different interaction scenario and involved the impacts of surface morphology. 
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8.4 Interaction of deformable solid and hollow particles with the 

rough surface morphology 

 
Figure A.4.1. Constructed rough spherical surfaces with different parameters, (a) 𝐷𝑓 = 2.2, (b) 

 𝐷𝑓 = 2.3, (c)  𝐷𝑓 = 2.4, (d)  𝐷𝑓 = 2.5 
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