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Abstract

A new approach for transient analysis of nonlinear circuits based on the nonlinear device state
variables and power waves at their ports is described and implemented in a free circuit simulator
named fREEDA. The analysis is formulated in terms of power wave quantities instead of voltages
and currents. The circuit is partitioned into linear and nonlinear parts and a relaxation approach
is used to decouple the calculations in each part. The wave equations are combined with the
parameterized nonlinear device models already available in fREEDA. A direct consequence of
iterating power waves is that iterations can never diverge to infinity. Another potential advantage
of this approach is that no large matrix decompositions are necessary at every time step. Many
of the calculations in this approach can be performed concurrently, so the method could be
implemented in a parallel computer system easily.

This thesis covers the theoretical background, literature review and formulation of the pro-
posed method. Convergence conditions are analyzed. Modifications to improve the robustness
and convergence rate of the relaxation approach are investigated. Simulation results of sev-
eral circuits containing both single and multiple port nonlinear devices are used to evaluate the

performance of the proposed approach. Finally the road map for future work is presented.
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Chapter 1

Introduction

1.1 Objectives and Motivations of The Presented Study

Circuit-level simulation of large circuits is a challenging task in terms of memory and CPU
time. Nonlinear circuit elements add more complexity to the simulation because of the solution
of system of nonlinear algebraic equations and/or differential equations. It is thus of great
interest to find efficient simulation methods. The objective of the research presented in this
thesis is to investigate the performance of a transient analysis based on fixed-point iterations of
wave quantities. His long-term objectives are to develop a robust and efficient parallel circuit
simulator for nonlinear circuits that can exploit both computer clusters and multi-processors for
higher performance over sequential circuit simulators.

Transient Analysis employs time-domain techniques to simulate circuits. The utmost advan-
tage of transient analysis compared to other techniques is it’s capability to handle very strong
nonlinearities of large circuits. The fact that small time steps can be used in time-domain inte-
gration makes this analysis robust [50]. So transient analysis is a promising start to evaluate the
theory of nonlinear circuit analysis based on power waves.

The transient analysis formulation presented in this work is based on fixed-point iterations
of power waves at the nonlinear device ports. The greatest advantage of this approach compared
to the traditional fixed-point iteration approaches using voltages and currents is that iterations
can not diverge to infinity. This property is the direct consequence of using power waves and
is very convenient because it assures physically meaningful excitations to the device models and

iterations never go out of control. Steady-state oscillations in the error function are observed
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if iterations are not convergent. One objective of this work is to demonstrate this property
for circuits with different nonlinear elements. Another objective is to make those sequences
showing steady-state oscillations convergent to the appropriate solution i.e. guarantee the local
convergence.

Numerical methods based on Newton’s method require the solution of a set of simultaneous
linear equations [3]. A matrix decomposition of a large Jacobian matrix is required at each New-
ton iteration. In his current implementation, it is not required to decompose a large Jacobian
matrix in each iteration, instead, system equations are decoupled to each nonlinear device and
the numerical calculations for this dissociated approach can be performed concurrently, so the
proposed approach can readily be implemented in parallel computer system to reduce the simu-

lation time to a greater extent. Thus the proposed approach could be efficient for large circuits.

1.2 Original Contributions

Previously, the proposed techniques in the literature use wave quantities instead of voltages
and currents for transient simulation of circuits in the framework of Wave Digital Filter (WDF')
theory [1]. Fiedler et al in [4] employed this approach of WDF theory to simulate power elec-
tronic circuits. Some other related works are [30, 55, 5]. But this theory was implemented most
of the time for linear circuit elements and a small collection of simple nonlinear elements. C.
E. Christoffersen in {12] proposed a transient analysis formulation based on relaxation of power
waves at the ports of nonlinear devices, which allows easy inclusion of complex multi-port non-
linear devices. The use of power waves guarantees that at all iterations, nonlinear devices are
excited with a physically meaningful input, ¢.e., the amount of power transmitted to nonlinear
devices is bounded. There is little work in the literature exploring this idea. In the presented
work the method proposed in [12] is further developed for faster convergence in a wider variety of
circuits with parameterized nonlinear device models and implemented in the fREEDA simulator.
The introduction of device modelling using parameterization developed with fREEDA can be
found in {20]. This is the first time implementation of a relaxation based approach of power
waves in a circuit simulator for transient analysis of nonlinear circuits. An approach of dissocia-
tion of the system of nonlinear power wave equations into each nonlinear device is utilized in the

presented research. The idea of decoupling system equations is common in relaxation of voltages
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and currents (e.g., [3]), but quite new for relaxation of power waves. This idea is important for
developing a parallel algorithm to solve a system of equations with nonlinearity. The idea of
parameterization of nonlinear device models using state variables was used previously for circuit
analysis in [38], this concept is employed in the wave approach for the first time. Finally a vector
extrapolation method [16] is used for the first time in circuit analysis to improve the convergence

of relaxation methods.

1.3 Thesis Outline

Chapter 2 presents the review of all topics that are relevant for the work in this thesis. The
formulation of circuit equations using different methods along with the convergence analysis of
the methods and convergence improvements are illustrated in Chapter 3. Description of circuits
used in this work and all the simulation results with individual discussion are presented in Chap-
ter 4. General discussions and summary of the presented approach with the conclusion and the

road map for the future works are included in Chapter 5.



Chapter 2

Literature Review

This chapter presents an overview of existing works relevant to this thesis. The basic theory
of waves, passivity and a review of the WDF concept along with all other attempts of circuit
analysis using WDF theory are presented first. Next, the principles of relaxation-based transient
analysis of circuits are presented, followed by the theory for minimum polynomial extrapolation

(MPE).

2.1 Basic Theory of Waves

The theory of transmission line demonstrates the basic conception of waves. His presented
research work is based on power waves, so the transformation of voltages and currents to power
waves is explored here briefly. Besides, previous works based on waves actually used voltage
waves as parameter, so the transformation for voltage waves is also depicted here.

Let us consider a lossless transmission line with reference impedance Zp, terminated in a
load of impedance Zg, and a sinusoidal voltage source. The sinusoidal wave travelling through
positive z direction will be reflected from the termination. So the voltages and currents at each

point of transmission line will contain both positive and negative waves. Hence,

V(z) = Vte P y—etif (2.1)
v+t V-

I(z) = ——e P2 __¢tifz 2.2

(@) = g5 (22)
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Figure 2.1: A Terminated Lossless Transmission Line

and reflection coefficient,

V+e"'j,gltr

Zgr — 2

_ 4BL— ZBo (2.3)
Zpr+Zpo

where, V* and V'~ are the amplitude of voltage waves through positive and negative z direction
respectively, V and I are the steady-state voltage and current of the transmission line, 8 is the
phase constant and l;,. is the length of transmission line.

V+
If Vs and Vi, s are the RMS values of the travelling voltage wave, then |Vl = | \/§|
V-
and |V sl = % So the power flowing through positive z direction Pg can be expressed by

the following equation:

Vausl®  Vaus!®
Pr = 2.4
B ZBo ZBo 24)

2.1.1 Voltage Wave

Now voltage and current at z = [,

V(ltr) — V+e—jﬁltr + V—e+jﬁltr
I(lLT) — Y_j__e_jﬂltr . _‘:_e+]ﬁltr
ZBo Zpg
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Considering zero length transmission line,

V = V4V~

= ﬁ(VgMS_’_VR_MS) (2.5)
L v

Zpy  Zgo

V2 _
= Z;(V}EMS — Vaus) (2.6)
steady-state voltages and currents at any node can be converted to voltage waves considering a
zero length fictitious transmission line and these voltage wave quantities can be used as param-
eters for circuit analysis. Most of the previous works exploring the idea of using wave quantities
instead of voltages and currents employed voltage waves.
2.1.2 Power Wave

Using power waves is more convenient than using voltage waves in terms of nonlinearity of
the circuit. Let us consider aaap and bapp are the amplitude of incident and reflected power
V2 v

and |baymp|? = -~5—. Then
Bo ZBo

waves to the load respectively in such a way that |aamp|? =

voltage and current can be expressed as follows

V = V/Zgo(aamp + bamp)

= +/2Zgy(arms + brums) (2.7)
1

I = \/Z—BO(GAMP - bAMP)
V2
= \/—Z?O-(GRMS — brums) (2.8)

where, arps and brys are the RMS value of incident and reflected power waves respectively.
Steady-state voltages and currents can be transformed to power waves using these equations.

The idea of transformation can be extended for the instantaneous value of the quantities also.

2.2 Basic Concepts of Wave Digital Filter
WDF represents one class of digital filters that are closely related to the classical filter
networks. WDF have discrete structures that emulate an analog reference circuit which is not

required to be a filter and thus WDF theory can be applied to model any circuit. The equivalence
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between a WDF and its reference circuit from which it is derived is based on the idea of not using
voltages and currents as signal parameters but instead using so-called wave quantities for circuit
analysis [1]. WDF preserve losslessness and passivity of the reference circuit. So WDF' theory
validate the application of wave quantities for circuit analysis without changing the behaviour
of the circuit. WDF are less sensitive to parameter quantization than discretization based on
voltage and current [5]. The transformation of analog reference circuit from so-called reference

domain to WDF domain is described in [1}.
2.2.1 Signal-Flow Graph

The conception of signal-flow graph (SFG) is important for WDF representation of the
reference circuit, that is why a brief description of SFG is provided here. For example, SFG
of an inductor and a capacitor is presented. Continuous and discrete time equations (derived

from trapezoidal rule) for an inductor and a capacitor are as follows:

() = leiﬁd—lt(t)

= in(p) = inl-1+ g%(vm(p) +vri(p— 1))
iCl(t) — CldUc’d;(t)

= veilp) = ver(p = 1) + 22 ioa(p) + ics(p — )

where, L; and C; are the inductance and capacitance of the inductor and capacitor respectively,
v, i1 and veyp, o are the voltages and currents across the inductor and capacitor respec-
tively, hssy is the time step size used for discretization and p is the discretized time points.
Corresponding SFGs are shown in Fig. 2.2.

Delay free loop (DFL) is a loop of SFG where no delay is involved. DFL is an important
term in SFG as well as WDF theory. Here, DFL is explained with a simple LC filter (Fig. 2.3).
Continuous time differential equations and corresponding discrete time equations are as follows:

dia(t)
dt

=5 iy(p) = iy(p—1)+ %(vm(p) +ura(p — 1))

’ULQ(t) = L2



CHAPTER 2. LITERATURE REVIEW

iy (1)

vy (t)

. .(t)

Ve (U

! vuz;;{/lﬂ

;ﬂL

hy, /2L,

h,, /2C,

J v, (o)
.

Figure 2.2: SFG of an inductor and a capacitor
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Figure 2.3: DFL by a LC filter
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d'UoQ(t)
dt

=5 valp) = valp = 1)+ 5 (i) + ialp = 1)

vra(t) = via(t) — vea(t)

= vra(p) = vi2(p) — vor(p)

The SFG for this LC filter (Fig. 2.3) does not contain any delay in the path from input to output,
thus SFG for this circuit creates a DFL from input to output that prohibits this implementation

from being realizable.

THEOREM 2.2.1. [1] The SFG of a proper digital filter is realizable at a sampling frequency

1
= T (11 is the sampling interval) if and only if it satisfies the following conditions:
1

1. It does not contain any DFL.

2. The total delay in any loop (directed or not) is equal to a multiple (zero, positive, or negative)

Of T1~

2.2.2 Frequency Variable

Though this rule is basically used in HB simulation using waves, this idea (described in
[1, 4]) is presented to depict some important properties of transformation. Let, s = o + jw be
the complex frequency for reference circuit which is transferred into another complex frequency

variable, 1. The simplest choice of 1 is the well-known bilinear transform of the z-variable [17].

z—1
v = z+1
sT
= tanh(—Q—)
andz = &7 (2.9)

where F' = % is the sampling frequency and 7' is the sampling interval for the digital filter. So
WDF domain referred to z-domain. From Eq. (2.9). it can be easily shown that

s = ?lnz
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and from first-order bilinear approximation,
22-1
Tz+1

From frequency warping concept it can be shown that every point on the unit circle in z-

(2.10)

plane, (z = ¢™T) is mapped to a point on the jw axis on the s-plane and it is mapped to

1-domain as follows:

T
p=tan(So),  s=ju, ¥=3jo (211)

and the mapping in different domain,
Re(1)) > 0 <= Re(s) >0 < |z| > 1
Re()) <0 <= Re(s) <0< |z| <1 (2.12)

where, Re(-) and Im(-) denote the real and imaginary axes respectively. Frequencies on the
imaginary axes (both 1-domain and s-domain) are mapped to the unity circle at z-domain,
left half plane and right half plane frequencies are mapped inside and outside the unity circle

respectively (Fig. 2.4).

AAAAAAAAA

=
90999 R /
0.0.9:9.6.9.9 X
CRRKK KKK 0000
9.9.9.0.0.0.0 (XX
QRIS oo‘o’o‘o’//
020,000 Q
CRRERL Y //
Unity Circle
w- plane z- plane

Figure 2.4: Mapping of frequencies in different domain

Property (2.11). implies that real frequencies in the reference domain (i.e. imaginary values
of 1) correspond to real frequencies in the WDF domain (i.e. to imaginary s) and vice versa.
property (2.12). indicates that stable reference circuits correspond to stable and causal digital

filters and vice versa.
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2.2.3 Signal Parameters

In classical circuit, a port is characterized by a voltage and a current and a reference port
impedance Z, can be assumed for that port. Let, the instantaneous quantities for voltages
and currents are v = v(t) and i = i(t) respectively. Then instantaneous voltage waves (wave

quantities) are defined as follows:

vt 4 u”
vt =+ Zg1, vE
— vt =y (213)
v =v— Zat. 1= —"
27,

where v+ and v~ are the instantaneous incident and reflected voltage wave quantities. These are
the extension of the definition of voltage wave depicted in Egs. (2.5), and (2.6). This is the basic
equation of circuit analysis using voltage wave quantities, explored in all previous works based

on voltage waves.

2.3 Building Blocks

WDF realization of reference circuit is derived block by block .e. all elements and intercon-
nections are treated individually. The transformation theory of elements and interconnections
for classical circuit from analog reference domain to WDF domain is explo;ed in most of previous
works, an elaborate description of these transformations would be found on [1]. The basic idea
of building blocks of WDF is mentioned here to understand the procedure of circuit simulation
using this theory.
2.3.1 Transformation of Elements and Sources

Reflections from some common circuit elements are calculated in terms of incident voltage
waves in this Subsection. Reflection coefficient, defined in Eq. (2.3). will be used for this purpose.
Let us consider a resistor, a capacitor and an inductor of values R3, C5 and L3 respectively
connected to a transmission line of reference impedance Zgg, then the load impedances across

1
these elements are Rj, O and sLj respectively. Now the reflection coefficients from these
sLg
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elements are given as follows:

Resistor, I'r(s) = Bt 7o (2.14)
3+ ZEo
1
SO, 4o
Capacitor, I'c(s) = %—— (2.15)
—+Z
A + Zgg
Ly—2Z
Inductor, T'z(s) = ‘Z—L—S:—Z—EO (2.16)
3 EQ
Now using bilinear transform in Eq. (2.14).
ZRg
_ jR——
Ug(p) _ Ry
vz (p) 1 ZEg
R

where, v5; and vj are the incident and reflected voltage waves for the resistor and p is the
discretized time points. If it is assumed reference port impedance, Zgq, = load impedance, Rj3,

then

vr(p) = 0 (2.17)

So, a resistor absorbs all the waves incident to it. Similarly using bilinear transform in Eq. (2.15).

22-1 P

_ 1—ZgoCa— 1427 Y = ZgCs—~(1— 271

vo(p) 1 —ZgeCss PO 41 (L+27) = Zgo 3T3( 27)

T = 2 2—1 3

ve(p) 1+ ZpoCss L+ ZpoCo s (1+27) + ZpoCa (1= 27)
3 3

where, v} and vg are the incident and reflected voltage waves for the capacitor and T3 is the

T
sampling interval. If it is assumed reference port impedance, Zgy = 2—63'3’ then

ve(p) = vi(p—1) (2.18)

So incident waves are delayed by one time step after reflection from a capacitor. In the same

way, using bilinear transform in Eq. (2.16).

Zgy 22z2—1 Zgg i ZeoTs
- s — -— (1-z7")-
v (p) _ Ly _T32+1 Ly _ 2L
i) i Zm 2i-1 Zm o Zels
L3 T3 z+1 Lg 2L3

(1427

(1+27)
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Figure 2.5: Some major one port elements and their WDF domain realization
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where, v] and v] are the incident and reflected voltage waves for the inductor. Assuming
2L3

Ty

vp(p) = —vilp—1) (2.19)

reference port impedance, Zgy =

So incident waves are inverted and delayed by one time step after reflection from an inductor.
Realization of some major one port elements in WDF domain is depicted in Fig. 2.5.
2.3.2 Circulators

Circulator is a nonreciprocal n. port (n, > 3) element and best described in terms of wave

quantities as follows

- __ +
Uu 1 - vu Ne!
- _ +
v, 9 = Uy 13
- _ +
Uy Ne 1)u. ne—1

where, v} n, and v, are the incident wave to and reflected wave from port n. respectively. A

Figure 2.6: WDF realization of a four port circulator

four port circulator is shown in Fig. 2.6.

2.3.3 Interconnections and Adaptors
In this Subsection the procedures are shown to transform the interconnections or the topo-
Jogical rules (Kirchhoff’s laws) from classical network to WDF domain. Adaptors are defined for

parallel and series connections.
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Parallel Adaptors

A three port parallel adaptor (Fig. 2.7) is used to depict the concept first and then the formula
is generalized for multiple ports. v' is used as the incident wave to the device and v~ as the
reflected wave from the device, but from the adaptor point of view v~ is the incident wave and
vt is the reflected wave, so the solid and dashed waves are interchanged here. The equations for

incident and reflected waves at port 1 are as follows:

Uy = Upy + Zpylp
U;Ll = Upy ~ Zpyiny (2.20)

where, wvp_ is the voltage across port 7 and ¢, is the current through that port of parallel
connection, Z,_ is the reference impedance of that port , v:,' . and v, are the incident and

reflected waves at port r of the parallel adaptor. Similarly other equations are as follows:

Vpo = Upy+ Zpylp,
+ _ .
Up, = Upy — Zpyip, (2.21)
Upy = Upg+ Zpsipg
vi. = vy, — Zyt (2.22)
p 3 'p3 r1tp3 .
v
P2 v, 7
. —> 9 02 “pz
lpz WPZ Zpg A
é ':"'::
o v

. . ~ p2

Ip1 i v 'p2 Ipa

— ~— L wow ——e

v*‘,‘ v Vi Vs

Vor | °F »3 o |Y%s ¥4 Z
4 p3 Pl v Pt 3
WA N -\ WA = AN
S —e >~ ——
Z
Zp, 3

Figure 2.7: WDF domain realization of 3 port parallel adaptor

From Kirchhoff’s law, it can be expressed that vy, = vy, = vy, and 15 + 1py + 1py = 0.

Eliminating v,,, Upy, Ups, ip;, Ipy a0d 4pg from Eqgs. (2.20), (2.21), and (2.22), the expressions
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for the reflected waves can be found from the adaptor,

2 2
7Z Z
+ _ P1 - P2 -
Upy = 1+1+1%1+ 1+1+1vp2+
ZP 1 Zp 2 ZPS Zp 1 ZP 2 Zp 3
9
Zps - -
i T T V%3~ Vn, (2.23)
ZPI Zp2 ZP3
2
7z
+ _ p1 - P2 -
Vp o = T T vp1+ 1 N T N 1 vp2+
Zp 1 Zp2 Zp 3 Zp 1 Zp 2 Zp 3
9
Zp3 — —
i i TV 3~ Vn s (2.24)
Zpl ZP2 ZPS
and
2 2
Z Z..
+ _ P1 - P2 -
”p3“1+1+1“p1+1+1 T %
— - -_ PR— ___*____
ZP]_ Zp2 ZP3 Zpl ZPQ ZPS
9
ZP3 — —
i T Vp3 ™ Vps (2.25)
Zpl ZP2 Zp3

The concept can be generalized for multiple port parallel adaptor (Fig. 2.8). According to

Kirchhoff’s law,
Uplzvpzz...:UpT:...:Upm’ Zp1+lp2_+_...+2pr+...+2pm:0

where r = 1,2,3,...,m and m is the number of ports in the adaptor.

So the reflection from port r in parallel adaptor can be expressed as follows:

+ _ - . —
Uy, = Upy TV, (2.26)
Upg = NVt MUyt %y ety
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Figure 2.8: WDF domain realization of m port parallel adaptor

where, v, is the adaptor coefficient for port r in m parallel ports and defined as,
2

. ZP'r
R | LT
Zpy  Zpy Zy

An important property of paralfél adaptor is that any one port of a parallel adaptor can be

made reflection-free. Let’s say port m is reflection free, i.e.
y ) b

Ym = 1 (2.27)

1 1 1 1
= — ot (2.28)
me ZPl ZPZ ZPm—l

The corresponding reflection from port m of parallel adaptor (s.e., incident wave to the device

connected to port m) can be derived From Eq. (2.26).

vt

Pm

NUp | T VoUp, + "+ Ym-1¥y

m-—1

The reflection from that port of parallel adaptor, v; 18 independent of incident wave v,
(or, actual reflection from the device connected to port m) and corresponding port m is called

reflection-free and the adaptor is said to be constrained. Symbolically this absence of reflection
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Figure 2.9: WDF domain realization of a parallel adaptor with n, port reflection-free

is represented by a stroke at the output (Fig. 2.9). Physically Eq. (2.28). can be interpreted to
express that Z, , is equal to the input impedance at port m if the other ports are terminated
by their respective port impedances.

Series Adaptors

For the series adaptor (Fig. 2.10) Kirchhoff’s laws can be employed as follows:
U51+U62+“'+Uer+"'+ven:O> le] = leg == " = lgp = ° = lgp

where, v, is the voltage across the port r and ¢., is the current through that port of series
connection, r = 1,2,3,...,n and n is the number of ports in the adaptor. Equations for incident

waves and reflected waves in terms of node voltages and currents are,

- _ . + ;
Vg = Ve1 + Zsyler, Ve g = Ver — Zg1ler
- . + ;
Vg 5 = U + Zsolen, Ve g = Veg — Zgolen
- . + ;
Ve p = Ver + ZereT, Ve r = Ver — Zsrzer
- . + .
V. = Ven + Lsnlen, VS, = Ven — Lsnlen
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Figure 2.10: WDF domain realization of m port series adaptor

where, Z,, is the reference port impedance at port r. Eliminating voltages and currents from
the above equations, the generalized equation for the wave reflection from a series adaptor can

be found.

U, = U~ S (2.29)
where,
o = VertUotooF Ut
QZsr
Zsl+Z52+"'+an

Sr =

One of the ports in series adaptor can be made reflection-free too. Let’s say port n is the

port, so the reflection coefficient of that port is
S = 1 (2.30)
so port impedance Z;,, can be expressed as follows
Zsn = Zatlgt ot Lo (2.31)

Similar to the parallel adaptor, reflection from that port of series adaptor, v/, is independent of

e

incident wave v, _, so corresponding port n is called reflection-free and the adaptor is said to be

en?
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constrained. Symbolically this absence of reflection is represented by the same way as parallel
adaptor. Physically Eq. (2.31). can be interpreted to express that Z;,, is equal to the input
impedance at port n if the other ports are terminated by their respective port impedances.
2.3.4 Scattering Matrix '

There is an alternative way to calculate the reflected waves from interconnections directly
using so-called scattering matriz. It is good to realize all the connections from classical circuits
by adaptor concept as a clear view of the connections can be obtained, but for larger circuits this
concept is inefficient because a lot of calculations involved in this concept and DFLs may arise in
the WDF realization that have to be taken care of individually. The scattering matrix concept
avoids this problems. Reflections from the connections could be found in just one step using this
concept. The idea of scattering matrix is used in several works in the literature (e.g., [4, 12]).
This is described here because a similar idea is used to formulate the circuit equations in his
proposed approach. For calculating this matrix all the series and parallel adaptors are combined
and adopt any method to write Kirchhoff’s Current Law (KCL) and Kirchhoff’s Voltage Law
(KVL) equations in vector form, then node voltages and port currents are transformed to incident
and reflected waves, this vector form of wave equations are then used to calculate the reflections.
The methods, adopted here to find the KCL and KVL equations are KCL based on cut sets and
KVL based on loop sets [43]. If i, is the vector of currents and v, is the vector of voltages, KCL

and KVL for any set of adaptors can be derived as follows:

[Q] ig = (2'32)

0
B]v, = 0 (2.33)

where [Q] and [B] are cut set and loop set matrices respectively. As incident waves and reflected
waves for individual ports can be obtained from individual voltages and currents, vectors of waves

can be defined as follows:

QG](v, =v) = 0 (2.34)

q

Bl(v, +v/) = 0 (2.35)
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where v,

and v are the