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ABSTRACT

In this thesis we describe a squeezing for S U(3) systems and compare squeezing in the phase
space in the semiclassical approximation with squeezing obtained by the full quantum me-
chanical calculation. We show that the equations of motion in phase space for S U(3) Wigner
function are given in terms of the Poisson bracket plus quantum correction terms which depend
on the inverse dimension of the system. In the semiclassical approximation, for large values
of the S U(3) representation label A, we can ignore the quantum correction terms and use the
truncated Liouville equation; squeezing in S U(3) systems is well described by this truncated
Liouville equation. Finally, we find some scaling behaviors associated with squeezing in S U(3)
and compare these with the corresponding S U(2) calculations.
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1. INTRODUCTION AND MOTIVATION

The idea of developing a quantum theory that could easily be understood using the tools of
classical mechanics has attracted significant attention since the early days of quantum mechan-
ics. A very important development came with the work of Moyal [1], who realized that Weyl
quantization [2] could be inverted by the Wigner transform [3] from an operator on the Hilbert
space to a function on the phase space. The quantum expectation value of an operator can then
be represented by the statistical like average of the corresponding phase space function with
the statistical density given by the Wigner function. This formal resemblance of quantum me-
chanics in the phase space formulation to classical mechanics provides deeper understanding of
differences between the quantum and classical phenomena.

The objective of this thesis is to investigate squeezing properties of S U(3) states using fully
quantum and semiclassical methods. The basic ingredients of the thesis are the quantum evo-
lution equation and its semiclassical counterpart, the concept of coherent states, the concept of
squeezing, and some notions regarding the group S U(3).

In this introduction, we will use the example of position and momentum space to illustrate
the basic principle and terminology of the phase space approach to quantum mechanics, and
some of the resulting surprises of this approach. One such surprise is that quantum probability
distributions in phase space can be locally negative. We will also review coherent states for the
harmonic oscillator and illustrate squeezing of such a coherent state. In the later chapters , these
notions will be generalized to S U(2) and S U(3) systems, which describe 2-level and 3-level
atoms. The chapter on S U(2) is a bridge between the more familiar position-momentum space
and the more abstract setting of the su(3) algebra. The new and main results of this thesis are
found in Chapter 5, which deals with squeezing in S U(3) system.

1.1 Quantum versus classical

The structure of quantum mechanics seems to present a radical departure from that of classical
mechanics. In classical mechanics the state of a system with 2 degrees of freedom is described
by a point in 2 dimensional phase space with coordinates (g, p). The generalized coordinate ¢
describes the configuration of the system in 1 dimensional configuration space and the coordi-
nate p is the canonical conjugate momentum. The time evolution of this system is generated by
the Hamiltonian H (g, p). The system point (g, p) moves on the phase space along a particular
trajectory according to Hamilton’s equations of motion

dp _ dq _

dt dr
where {f, g} is the Poisson bracket of any two functions f and g. Moreover the classical phase
space distribution p,; evolves according to Liouville’s equation

0

9 o = —{pu. H) . 12
5P {pe1, H} (1.2)

ip.H}, {q.H} (1.1)
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By contrast, in quantum mechanics the state of a system is not represented by a point in
the 2 dimensional phase space. For a pure state it is represented by a state vector |/) in a
complex Hilbert space H. The unitary time evolution of this state vector is generated by a
hermitian Hamiltonian operator A acting in this space and the state vector evolves according to
the Schrodinger equation:

8
ih ) = ). (13)

These differences between Hilbert space formulation of quantum mechanics and classical
mechanics have inspired a large amount of efforts since the early days of quantum mechanics
to bridge the gap between the quantum and classical description of the world.

One notable effort in this direction is the formulation of quantum mechanics in phase space.
The foundations of this remarkable formulation were laid out by H Weyl [2] and E Wigner
[3]. In the phase space formulation every quantum observable f is mapped, using the so-called
Wigner transform, to a real-valued function Wy (g, p) in phase space. Conversely, one can go
in the reverse direction using the so-called Weyl quantization: to every phase space function
W¢(q, p) one can associate a quantum observable f acting in the Hilbert space for the quantum
system. The Wigner transform of the density operator p = |) (| is called the Wigner quasi
distribution function of the quantum system. All the predictions of quantum dynamics can be
extracted from the Wigner function. Moreover since the Wigner function is defined on phase
space we can easily compare its time evolution to that of the classical phase space distribution.

1.2 Phase space formulation: an overview

Let us introduce position eigenstates {|g), —oco0 < g < oo} for which §|g) = ¢|g). This basis is
complete so we may expand any ket [if) as

W) = f dqla) gl v) (1.4)

with (q| ¥) = ¥ (g) the wave function of the system evaluated at position g. From a wave
function y(q) associated to the ket [yr) one constructs the Wigner function W, defined on phase
space:

Woq.n) =2 [ ey g2, (15)

with p the density operator |){y/|. For later convenience we have introduced the Wigner func-
tion in Eq. (1.5) in such a way that is proportional to the function introduced by Wigner in
a somewhat ad hoc manner. To find the position probability density we integrate the Wigner
function over the momentum

1 00
2
= dpW, (g, )., 1.6
war =5z [ dow, (16)
and to find the momentum distribution we integrate over the position
1 (o)
2
= — dgW,(q,p). 1.7
W (p) ML qW, (. p) (1.7)

A direct result of these two equations is that the Wigner distribution satisfies

(oe) 00 1
f f dqdp W, (q, p) = % (1.8)
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Wi (a.p)

Fig. 1.1: Wigner function of the number state |1). Left: calculated. Right: as obtained experimentally by
Wineland et. al.[4].

The Wigner function is thus a probability distribution in phase space. However, even though
it is real, it is not everywhere non negative, so it is not a true probability density. For instance
the Wigner function of the harmonic oscillator number state |1) is found to be

2p°  2¢*mw 2mw 2
W|1>(6],P)=2( P + 1 —1)6Xp(—q G ) (1.9)

hmw h h mwh
and is plotted in Fig. 1.1. Although Wigner functions can acquire negative values one still
obtains the correct marginal distribution if the function is integrated over the entire range of the
complementary variable and multiplied by 2z72 . Thus, we usually refer to the Wigner function
as a quasi probability distribution.
To prove that the Wigner function cannot be everywhere positive consider two orthogonal

states |1) and [y;): (Y| ¥2) = 0. For the density operators p; = [1) (1| and p, = [2) (2| one
can show

e e
P =Tep) = 5o [ [ dadp W, @p W@ =0, (L10)

Thus W, (¢, p) and W,, (g, p) cannot both be positive everywhere.

Now let us have a look at the time evolution of the Wigner function. The Wigner function
inherits its time dependence through the time dependence of the wave function as governed by
the Schrodinger equation:

2 P

L0 B
thal//(q, 1= —%8—612!//(61, n+Vigy(q.1) . (1.11)

This can be substituted into

a‘4//) (qapa t) _ . _ 8w* (Q"‘Z’ t) 5 alp (q_Za t) 2ipz/h
— —2[ dz[w(q Z’t)—at + Y (q+z,t)—at et (1.12)

to get, after straightforward but tedious manipulations, the so-called quantum Liouville equation

(%)

oW, (g, p, 1) n 3V #W,(q,p, 1)
e :

TR (1.13)
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Fig. 1.1: Wigner function of the number state |1). Left: calculated. Right: as obtained experimentally by
Wineland et. al.[4].

The Wigner function is thus a probability distribution in phase space. However, even though
it is real, it is not everywhere non negative, so it is not a true probability density. For instance
the Wigner function of the harmonic oscillator number state |1) is found to be

2 2 2 2
2p N 2¢°’mw l)exp(—q mw p )
hmw h h mwh
and is plotted in Fig. 1.1. Although Wigner functions can acquire negative values one still
obtains the correct marginal distribution if the function is integrated over the entire range of the
complementary variable and multiplied by 2z7 . Thus, we usually refer to the Wigner function
as a quasi probability distribution.

To prove that the Wigner function cannot be everywhere positive consider two orthogonal
states |1) and [y;): (Y| o) = 0. For the density operators p; = [1) (1| and p, = 1) (2| one
can show

Wiy (g, p) = 2( (1.9)

e e
)P =Tep) =50 [ [ dadp W, @p W@ =0, (L10)

Thus W, (¢, p) and W,, (g, p) cannot both be positive everywhere.

Now let us have a look at the time evolution of the Wigner function. The Wigner function
inherits its time dependence through the time dependence of the wave function as governed by
the Schrodinger equation:

2 P

L0 B
thal//(q, 1= —%8—612!//(61, H+Vigy (g, . (1.11)

This can be substituted into

a‘4//) (qapa t) _ . _ 8w* (Q"‘Z’ t) 5 61& (q_Za t) 2ipz/h
— —2]: dz[w(q Z’t)—at +y (q+z,t)—at et (1.12)

to get, after straightforward but tedious manipulations, the so-called quantum Liouville equation

(%)

oW, (g.p,1) _

R PV FW, (g p.t
o = W W) - LR

24 g’ op?

(1.13)
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The above equation is the classical Liouville equation (1.2) with the addition of extra correction
terms that depend on powers of 7 and higher order derivatives of potential. Thus for systems
with vanishing third and higher order derivatives of the potential, like the harmonic oscillator,
the evolution of the system is classical. Moreover the quantum Liouville equation shows a
quantum-classical correspondence: for 7 — 0 the higher order corrections vanish and we are
left with the classical Liouville equation.

The Wigner function is only one of an infinite number of possible quasi probability distri-
butions. A serious obstacle in associating a quantum observable f to the phase space function
Wy (g, p) is that, although the classical variables g and p commute, the quantum operators § and
p do not commute:

[6.p] = ap - pg=inl. (1.14)
For instance for the classical phase space function ¢?p* we cannot simply replace g and p with
the operators ¢ and p since there are many possible ways to order the operators. For instance
two of the possible quantized versions of ¢*p? are §p>§ and %(6]2 P+ ﬁzc}z) which are not equal.

In order to overcome this problem an ordering rule must be considered in any quantization
scheme. In this thesis, we will work exclusively with the so-called Weyl ordering. According
to the Weyl rule the quantized form of the polynomial ¢*p?, is }‘(@2 p*+24p%q + ﬁ%}z). This
ordering produces the Wigner function given in Eq. (1.5). Other common orderings are the
normal and anti-normal orderings, which correspond respectively to the Husimi Q-function and
to the Glauber-Sudarshan P function.

In general, the phase space symbol W((q, p) of a given symmetric-ordered operator f is most
conveniently related to the trace of the operator by the so-called quantization kernel w(qg, p):

W (p.q) = 2Tt (W(q. p)f) - (1.15)
The Wigner function of Eq.(1.5) is then written as
W, (g, p) = 2Tr (W(q, p)p) = 21w (g, p) ¥) - (1.16)

The quantization kernel is different for different orderings, and different for different physical
systems. For the symmetric ordering in position-momentum space, the kernel is conveniently
given in the form [5]

W(g,p)=D(q.p)PD"(q,p), (1.17)

where A
D(q,p) = expli(pg —qp)/h | (1.18)

is a unitary displacement operator and P is a parity operator

p= f dq |-q) (gl = f dp 1-p) (p. (1.19)

The quantization kernel also allows us to go from phase space to operators. In general, for
a given function W, (g, p), the corresponding symmetric-ordered operator is given by the Weyl
quantization as

~ 1
/= &qudpw(q, )Wy (q,p). (1.20)

The Wigner transform of Eq. (1.15) and Weyl quantization are inverse of each other.
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One can show

W(g.p)lgy = PO Rg—q'y, W(g,p)lp’) = e 4PV 2p — p'y (1.21)
Thus Tr (W (g, p)) = 5 and
Tr (W (g, p)W(q',p")) = nhd 2 —2q") 6 (p - p’) . (1.22)

Therefore for an operator f, one can write the trace as:

R R 1
Tr(f)=qu’ G flg'y = ﬁqudpwf(q,p). (1.23)

This corresponds to integrating the corresponding function in phase space over the entire phase
space. For A = fg one can show

Te(A) = T5(72) = 5,7 [ dadp W q.0) Wy (1.24

Now let us show how the phase space formulation of quantum mechanics resembles the
Hamiltonian formulation of classical mechanics. In quantum mechanics the expectation value
of an operator f is calculated by

(fr="Tr(fp) (1.25)
Eq. (1.24) then gives

A 1
=57 | dadoWy(@.p) W, 0.0, (1.26)

Therefore the expectation value of a quantum observable f can be expressed as the average
of a classical function Wy (g, p) over the phase space with Wigner quasi distribution function
as the distribution function, and is similar to the calculation of expectation values in classical
mechanics.

1.3 Harmonic oscillator coherent states

Coherent states are of central importance to quantum mechanics. The concept of what is now
called coherent states was proposed by Schrodinger [6] in connection with the classical states
of the quantum harmonic oscillator. It was Glauber [7] who first used the term coherent states
for the eigenstates of the annihilation operator a. He used the coherent states to study the
electromagnetic correlation functions, which are of great importance in quantum optics.

For the harmonic oscillator coherent state |@) we have

ala) = ala) , (1.27)

where « is an arbitrary complex number. As always the annihilation and creation operators, a
and &', have the property that

an)y = Vnln-1), a'lny=Vo+1ln+1), (1.28)
where |n) is the number state, that is, a'a |n) = n |n). They satisfy the commutation relations

[a, zﬂ'] =1, [&"‘,a"‘] =[a,4] = 0. (1.29)
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Fig. 1.2: Wigner function of the vacuum state |0) (left), and harmonic oscillator coherent state |a) for
F=p=2

One other way to define the coherent state of the harmonic oscillator which is the one we
will use and generalize, is as a displaced vacuum state i.e. as resulting from the action of the
displacement operator D (@) on the vacuum state |0),

) = D(@)|0), D(a)=e "4, (1.30)

where D (a) is a unitary transformation, D~' (@) = D' (/). When expressed in terms of p and g,
D(«) is exactly given in Eq. (1.18). Physically D (@) is a translation operator: for £ and p the
dimensionless operators defined as

1 .
N PUPS A A AT
x—i(a+a), p—2—i(a—a), (1.31)
we have
D' (@iD(@) = %+Re(a),
D) pD(@) = p+Im(a) (1.32)
As aresult
X=(aX|la)=Re(a), p=L(a|pla)=Im(a). (1.33)
One can obtain the Wigner function of the coherent state |@) as
Wia) (@) = 2exp (-2(x - ¥ = 2(p - p)*) . (1.34)
Comparing with the Wigner function of the vacuum state |0), given by
Wioy (@) = 2exp (-22% - 2p) , (1.35)

it is clear that the coherent state is a displaced vacuum state, as illustrated in Fig. 1.2. This
figure shows the Wigner functions of the vacuum state |0) and coherent state |@). For both of
these cases the Wigner function is positive.



1. Introduction and Motivation 12

1.4 Harmonic oscillator squeezed states

The uncertainty relation for the operators £ and p, with [£, p] = £ 1, is

(AD*(AP)* = % (1.36)

For coherent states |a) the variances of position and momentum are equal,

(AR) = (AP = - (1.37)

B

However, there exists a set of states for which (A%)* or (Af))2 is smaller than }r States for
which this occurs will have less uncertainty in position or momentum than a coherent state.
These states are called squeezed states. Of course, the fluctuations in the other variable must be
enhanced so as to not violate the uncertainty relation.

Generally, squeezing occurs when the variance is less than i along any direction in the x — p
plane. We now introduce the operator %4 in the x — p plane [8]

£y = 567000 = %0050 + Psind, (1.38)
where 0 < 6 < 27, Special cases are Xy = X and X, = p. The squeezing parameter is then
defined as

& = min (A%)*, (1.39)

which is the minimum value of (A%y)* with respectto 6. If & < ‘1‘ the state for which the variance
is calculated is squeezed.

One of the ways to generate a squeezed state is through the action of the so-called squeezing
operator S (r) on the vacuum state |0),

N =8@0)y, S) =exp % (- a") (1.40)
where r is a real parameter.
One can show
ST as (r)=acoshr—a'sinhr, ST(r)a'S (r) = &' coshr— asinhr. (1.41)
This leads to ! |
(AR = =¥, (AP = - (1.42)
4 4
Thus for r > 0 (resp. r < 0) the operator X (resp. p) is squeezed.
The Wigner function of the squeezed vacuum state is calculated to be
2 P
Wiy (x, p) = 2ex (— - ) , 1.43
I (X, p p YA 20pP (1.43)

and is plotted in Fig. 1.3(left) for r = % It is a Gaussian, narrowed in the direction of squeezing
and expanded in the orthogonal direction. Note that for the squeezed vacuum state the Wigner
function is non negative.
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Wy, () W s (2.0

Fig. 1.3: Wigner function of the squeezed state |r) for r = % (left) and the Wigner function of the dis-
placed squeezed state |, a) for r = % and X = p = 2 (right).

A more general squeezed state can be obtained by applying the displacement operator D (@)
on the vacuum squeezed state |r),

la,r) = D (@) S (r)]0) . (1.44)

This is called displaced squeezed state. The Wigner function of the x-squeezed state displaced
by X = p = 2 is plotted in Fig. 1.3 (right).

As we have already mentioned squeezing can occur in any direction in the x — p plane. Fig.
1.4 shows the Wigner function of the rotated squeezed state

Inasy =T (@ Inay, T(p)= e, (1.45)

forr = %, @ = %n and X = p = O for the plot on the left and X = p = 2 for the right plot. The
Wigner function for this state is

N2 \2
(=% (p-7)
Wiraze) (X, p) = 2exp [ — - > (1.46)
2(Ax) 2(Ap)
where
X, = XCOS@ + psing, Py = PCOS@ — x8Sing. (1.47)

Squeezing can also be produced experimentally using a nonlinear transformation, for in-
stance generated by the so-called Kerr Hamiltonian [9]

A

H = «ka"a> . (1.48)

This Hamiltonian is not of the form of squeezing operator given in Eq. (1.40) but still produces
squeezing.
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W, e (=p) W‘]r,a’;(p> (=p)

Fig. 1.4: Wigner function of the rotated squeezed state |r, a; ¢) for r = %, @ = zlt” and X = p = 0 (left)
and X = p = 2 (right)

Squeezed states of light have lots of applications; aside from its intrinsic usefulness in car-
rying out fundamental experiments in optical physics, there are a number of general areas in
which the use of squeezed light are advantageous. These include spectroscopy [10], interfer-
ometry [11], precision measurement [12], optical communications [13] and enhancement the
sensitivity of gravity-wave detectors [14]. The LIGO gravitational wave detector uses interfer-
ometry and squeezed states and is sufficiently sensitive to detect movements as small as 10™8m,
i.e., one thousandth the diameter of a proton.

1.5 Motivation and organization of the thesis

The original work of [2] and [3] has been expanded well beyond semiclassical dynamics to
include quantum optics [15], [16], [17], [18], quantum chemistry [19], classical optics [20],
[21], signal analysis [22], [23], speech analysis [24],[25], data analysis [26]and other areas:
there is now a huge literature on Wigner function that uses Eq. (1.5) as a starting point. Various
types of Wigner functions have been derived, each suited to the particular need of a problem
[27], [28]. Some applications to quantum mechanics in phase space are reviewed in [29], [30],
[31]. A collection of original papers can be found in [32]. This list of reference is by no means
exhaustive: more than 4800 papers can be found on Web of Science on this topic in the last 20
years.

In this thesis we use phase space methods in the semiclassical limit to describe squeezing in
SU(2) and SU(3) systems. The semiclassical calculations for the evolution of S U(3) Wigner
functions under a non-linear su(3) Hamiltonian were published in [33] and represent the first
calculations of this kind in § U(3) systems.

The S U(3) evolution depends on a Poisson bracket obtained by Medendorp and de Guise
shortly before I arrived. I have verified their expression, starting from scratch and by verifying
that the bracket of two symbols of generators is proportional to the symbol of the commutator.
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The symbols are obtained from a quantization kernel, found in [34]. These were published in
[33] but are otherwise original.

The time evolutions that we consider result in a deformed Wigner function (deformed in a
sense to be explained later). The original results included in this thesis also include the evalu-
ation of a squeezing parameter as a function of time. One example of this kind of calculation
was included in [33]. The thesis also includes an additional case that will be included in a
forthcoming paper.

Many of the results on S U(3) were strongly inspired by similar results obtained by Klimov
and collaborators for spin (or S U(2)) systems. Going from S U(2) to SU(3) is an interesting
technical challenge; the thesis is constructed by first presenting results for S U(2) and then
(sometimes in parallel with S U(2)) results for S U(3). Presenting the material in this way often
clarifies and motivates definitions initially suggested in the context of the harmonic oscillator or
S U(2) systems. Although the results on S U(2) are not original, many of them were re-derived
separately to gain experience in preparation for challenging S U(3) calculations, to illustrate
some basic ideas or to complement the work on S U(3). Finally, harmonic oscillator and S U(2)
Wigner functions are easily plotted, which makes some of the more abstract concepts easier to
grasp.

The remainder of the thesis is organized in two parts. In the first part, we obtain the Wigner
functions and required phase space functions for each of S U(2) and S U(3) systems, and derive
the Liouville-like equation for the appropriate Wigner functions in the semiclassical limit.

Much like mentioned for the general potential V(g) in section 1.2, the equations of motion
for the density matrix usually contain the Poisson bracket as leading term, plus some correction
terms. For SU(2) and S U(3) systems, these correction terms are respectively inverse powers
of j, the angular momentum of the S U(2) system and of inverse powers of A, the number of
excitation in the 3 dimensional system. For sufficiently large j and A the equations of motion
truncated at the Poisson bracket are a good approximation to the exact evolution for short times.

In the second part we show that squeezing can be described in the semiclassical limit i.e.
by ignoring quantum correction terms in the equation of motion of the Wigner function. For
squeezing in S U(2) systems several criteria has been defined so far. We choose a well known
criterion suggested in [35], similar to the definition of squeezing we presented here in this
chapter for harmonic oscillator systems. We define our squeezing criterion for S U(3) systems
in the similar manner.



2. A CLOSER LOOK AT THE GENERAL PHASE SPACE
FORMULATION OF QUANTUM MECHANICS

In this chapter at first we use coherent states to define the phase space of the system. We then
discuss general formulation of phase space functions and their properties via the Stratonovich-
Weyl correspondence. To make the phase space formulation of quantum mechanics an au-
tonomous formulation a new product called star product must be defined between the phase
space functions which will be discussed in the last section of this chapter.

2.1 Generalized coherent states and the definition of quantum phase space

It was Perelomov [36] who proposed the most useful generalization of coherent states for ar-
bitrary Lie groups. His approach preserves important features of harmonic oscillator coherent
states but also allows generalization to finite dimensional Hilbert spaces and emphasizes the
role of group transformations and associated geometry in the construction of coherent states.
The basic theme of this development was to intimately connect the coherent states with the
dynamical group for each physical problem.

For instance, the commutation relations of @, a" and 1 define the Heisenberg-Weyl Lie alge-
bra Aw(1). Transformations generated by exponentiation of these elements form Heisenberg-
Weyl group, HW(1). The next ingredient of Perelomov’s construction is a special state, the
vacuum state |0). The HW(1) group transformation D(«), introduced in chapter 1, acts on |0)
produces the coherent state.

This is generalized as follows for spin system. The algebra is the su(2) algebra, with elements
S.8 y and S . satisfying the usual commutation relations

A A

S8, =iS.. [$,.8:]=iS. [S..8.]=38,. 2.1)
The exponentiation of a general element of the algebra produces a group transformation. When
this group transformation acts on the spin state |j, j), we obtain an S U(2) coherent state. An
S U(2) transformation can always be written in the factored form R, (¢) R, (6) R, (y) where
Ry (p) = e 5+ denotes a rotation about the k axis through the angle ¢. Because R, (y)|J, j)

is just | j, j) multiplied by a constant phase factor, we can eliminate this phase so that an S U(2)
coherent state depends on only two angles and can be written as:

o, 6) = R. (@) R, (O) 1), J) - (2.2)

Thus, the role of the displacement operator D(«) of the harmonic oscillator problem is played
by the transformation R (¢)R,() in § U(2) and the role of the vacuum state |0) is played by the
angular momentum state |, j).

As shown in [37], this definition of a coherent state can be extended to any group. The
construction is straightforward. The coherent state is simply obtained by applying a unitary
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transformation to an extremal state, a state which is killed by every raising or every lowering
operator.

Now let us show how we can determine the phase space of a physical system using the
concept of coherent states. The coherent state approach is not just a convenient mathematical
tool, but it also helps to understand how physical properties of the system are reflected by the
geometrical structure of the related phase space [38].

Imagine the Hamiltonian for a system is expressed as a polynomlal in elements of an algebra
g. As an example for su(2) the algebra elements are S ,, S and S so a possible Hamiltonian
might be S? or some other polynomial. Then we say that g is the dynamical algebra of the
system and ® is the dynamical group of the system. Suppose now that 7(g) is a k X k matrix
representing the element g in the abstract group. For simplicity, we suppose that it is not possible
to make a change of basis in the k-dimensional space so that 7'(g) becomes block diagonal, i.e.
it is not possible to find a new basis where

T\ (g) O ) _ (2.3)

T@:(o T, (9)

This is not a big assumption: if 7'(g) can be written as block diagonal for every element g, then
we work in 7'1(g) and T»(g) separately. When 7'(g) cannot be brought to block diagonal form, it
is said to be irreducible. A coherent state is then defined by picking an element g in the group
and acting with its matrix representation 7'(g) on a special state [i/)

We) =T (8) o), geb. (2.4)

The state |/) is chosen so it is killed either by every lowering operator or every raising operator.
Thus, for the harmonic oscillator, one chooses |i/() to be the vacuum state, killed by a. For spin
systems one chooses |) to be the m = j state |j, j) which is killed by the raising operator
S,=8,+iS,.

In practice, Eq. (2.4) can be simplified. Within the set of group elements, there is a subset
with the property that T'(h) |o) returns |i) up to a phase:

T (h) o) = P lyrp) . (2.5)

This subset of elements forms a subgroup $ of the group ®. For instance the subset of elements
of the form R_(7y) form a subgroup of S U(2); elements in the subset have the property that

R.)1jj)=e S jy=e™1jj) . (2.6)

As we mentioned before an element of § U(2) can be factorized in the form R, (¢) R, (6) R, ().
Since R, (y) |], j) « |}, j), we can eliminate this part in the factorization and see that a coherent
state for S U(2) can be written more simply as R, (¢) R, (6) ], j). Thus, for SU?2), H = U(1)
and S U(2) coherent states are given by Eq. (2.2).

Every element g € ® can be written as a product g = Q- & where A is in $ and Q is the group
element g - h~! which is in the coset space M = 6/$. Using this factorization of g, we see that
two elements g, = Q; - h; and g, = €, - h, will produce the same coherent state (up to a phase),
if Q; = Q,. Thus, distinct coherent states are really labeled by Q’s, not g’s.

Using notions of geometry beyond the scope of this thesis, one can show that the cosets It
can be considered as a geometrical space (called the coset space) with properties of a classical
phase space [38]. For the case of SU(2) we have g = R.(p)R,(O)R.(y), Q = R, (¢) R, (6) and
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h = R, (y). Thus the S U(2) coherent states |¢, 8) are determined by ¢ and 6 in the coset M. The
phase space of S U(2) system is S U(2)/U(1); one can show that this is geometrically identical to
the 2-dimensional sphere [39], with 6 the polar angle and ¢ the azymuthal angle on the sphere.

The two other examples that are given in this thesis are the harmonic oscillator coherent
states, defined on the complex plane C = HW(1)/U(1), and the S U(3) coherent states, defined
on the 4-dimensional sphere S* = SU(3)/U(2).

2.2 Stratonovich Weyl correspondence

According to the Stratonovich Weyl correspondence [40] an operator £ in the Hilbert space H
is mapped to a family of functions Wj(f) (€2), called phase space symbols, on the phase space .
The index s here is related to the ordering of the operators. In this thesis we always consider the
symmetric ordering of the operators which for historical and convenience reasons is denoted by
the index s = 0. With this blanket assumption we will no longer use the index s to lighten the
notation.

It is desirable for the symbol W (Q2) to possess the following physically motivated properties
[41]:
1. Linearity. The Hilbert space of a quantum mechanical system is linear. To preserve this the
symbol for the sum of two operators should be the sum of the individual symbols:

Wi () = W, (Q) + W, (Q) . (2.7)

2. Reality. In order to guarantee that the symbol of an observable (i.e. a hermitian operator) be
a real function, one requires
W (@) = (W, Q) . (2.8)

3. Normalization. This results in the constant function 1 as the symbol of the identity operator
1

f du (Q) W, (Q) = Tr(f) (2.9)

where du () is the invariant measure on the coset.
4. Covariance. This means that the phase space symbol of a transformed operator is the same
as the symbol of the original operator but at the transformed point

Wr g i () = Wr(g- Q). (2.10)

This property has been used in chapter 1 to find the Wigner function of the rotated squeezed
State.

5. Traciality. The tracing condition assures that the statistical average of the phase space symbol
W, (©) coincides with the quantum expectation value of the operator f

fdﬂ Q) W, (Q) W, (Q) =Tr(f3) . (2.11)

The linearity is taken into account if we implement the map by

W, (Q) = Tr(fw Q) (2.12)
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where W () is an operator-valued function on the phase space Mt called quantization kernel.
The traciality condition (2.11) is then taken in to account if

f= f dp ( Q) W, () (Q) (2.13)

and conditions (2.8) to (2.10) are satisfied by the following constraints on the quantization
kernel

Q) = (@), (2.14)
Tr(w (@] =1, (2.15)
TW (T =w(g" Q). (2.16)

Substituting f and g from Eq. (2.13) into (2.11) we obtain the following condition on the
quantization kernel,
Tr (W (Q) W (Q)] = A(Q,Q) 2.17)

where A (Q, Q') is called reproductive kernel and behaves like a ¢ function on Mt:

W (Q) = f A (Q) A (Q, Q)W (Q). (2.18)

Eq. (2.17) is the generalization of Eq. (1.22) in chapter 1. Within this framework, the quantiza-
tion kernel for S U(2) and S U(3) systems were constructed in [34].

2.3 Star product and Moyal bracket

A final feature of the phase space formulation is the need to introduce a new kind of product
rule, called the star product. In ordinary quantum mechanics, operators do not necessarily
commute. On the other hand, operators are mapped to phase space functions of commuting
variables. Thus, to preserve features related to the non-commutative nature of the operators,
one must redefine the combination rules for the phase space functions. The star product of two
symbols, Wy (Q) x Wy (Q), is defined as

Wiy (Q) = Wy (Q) * Wy () (2.19)
The star product is associative,
Wy () x (Wy () * W, () = (Wy (€) *x Wy (Q)) * W, (Q), (2.20)
but noncommutative,
Wy (Q) * Wy (Q) £ Wy (Q) % Wy (Q). (2.21)

The so-called Moyal bracket, defined as the symbol of the commutator, Wy 77, is written

Wy, Wy}, = Wiz = Wy * Wy = Wy x Wy (2.22)
The von Neumann equation,
in2P _ |A.p] (2.23)
ot e '
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in which A is the Hamiltonian of the system and p is the density matrix, becomes a Liouville-
like equation in the Moyal bracket for the Wigner quasi distribution function, the phase space
symbol of the density operator,

ih%Wp Q) ={W, (Q).W, (Q)}M = Wiag)- (2.24)
In the next chapters, where the semiclassical dynamics of S U(2) and S U(3) systems will be
discussed, this classical-like equation will be used. In particular, we will see that, under some
assumptions that are reasonable for the physics of squeezing, the Moyal bracket can be approx-
imated by the Poisson bracket, with correction terms going to zero in the “classical limit” of
large representations, much like the correction terms of Eq.(1.13) go to zero in the limit where
h goes to zero.



3. SU(2) SEMICLASSICAL DYNAMICS

In this chapter we discuss dynamics of spin systems in the semiclassical regime. In spin systems
the observables are spin operators S, S y,S' . and their powers. The spin operators have the
commutation relations of su(2) algebra; hence the dynamical group of spin systems is the S U(2)
group. Systems of two level atoms and linear lossless passive device having two input ports and
two output ports like beam splitters can be described by the group S U(2). After giving some
details on the su(2) algebra, S U(2) group and S U(2) coherent states, the phase space symbol of
su(2) generators will be obtained. We write the quantum Liouville equation in terms of Poisson
bracket and show that for large spin numbers j we can ignore quantum correction terms. Finally
the semiclassical dynamics of spin systems under a linear and a nonlinear Hamiltonian will be
discussed.

The results of this chapter are fully compatible with [42] in which discrete optical systems
has been investigated using S U(2) from a different perspective without using tensor operators
on the group but functions. The fact that the two points of view are equivalent is discussed in
[43].

3.1 su(2) algebra and S U(2) group

The su(2) algebra is spanned by 2 X 2 traceless hermitian matrices. The su(2) algebra is con-
structed from spin operators S ,, $ y and S . with 2 x 2 matrix representation

A 1{0 1 A L0 —i A 1L{1 0

S"_E(l 0)’ Sy_i(i o)’ SZ‘E(O —1)' SR
These operators and any real combination of them are called generators of the su(2) algebra.
The su(2) operators in Eq. (3.1) have the following commutation relations

A A

8.8, =i, [8,.8.]=iS.. [8.8.]=iS,. (3.2)

The commutator of any two arbitrary generators is another linear generator. It is convenient to
introduce su(2) ladder operators
S.=8,+i,, (3.3)

which have the commutation relations:

A A

$..8.| =8, [8..8]=28.. (3.4)

The action of the ladder operators S, on the states | J,m) is as follows:

Sclpmy=GFm)Grm+1)|j,m=1). (3.5)
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By exponentiating the generators of the su(2) algebra we obtain the elements of the S U(2)
group. The set of 2 X 2 unitary matrices with determinant 1 forms the group S U(2). The matrix
multiplication is the group operation. In general any S U(2) element can be written as

o= o) et =1, (3.6)
where a and b are complex numbers. In particular by writing
a=lale™, b=1ble™, (3.7)
and defining,
lal = cos(6/2), |b| =sin(6/2) , (3.8)
then

cos (6/2) e —sin (6/2) e
sin (6/2) e cos (6/2) e~

(e 0 cos(6/2) —sin(0/2) \[ e™* 0 3.9
- 0 €¥? sin(6/2)  cos (6/2) 0 €7 ) (3.9)

where &, = % (e+7y),& = % (¢ — 7). From Eq. (3.1) one can verify that

e 2 0 igS. cos(0/2) —sin(6/2) —i6s
( 0 e ) R sin(62) cos(2) )¢ (3.10)
Therefore a general element of the S U(2) group can be written as
R(¢,6,7) =R (©)R, (O)R:(y) , (3.11)
with A .
R.(p)=e™: R (O =e"™. (3.12)

There exists a very interesting connection between the algebra of spin systems and the al-
gebra of two dimensional harmonic oscillator [44]. Using creation and destruction operators
ai, &I, d, and &; and the number operators 71; = &I&l and 71, = &;&2 for the 2 dimensional har-
monic oscillator we note the commutation relations in Eq. (3.4) are reproduced if one identifies

S, = ajm, (3.13)
S_ = da, (3.14)
$. = (ajar - ala) = LGy - ) . (3.15)

Using this harmonic oscillator realization the states |j, m) can be written as |ny, n,) with

§+ ny,ny) = @+ Dnylng +1,n-1), (3.16)
S_ln,nmy = Nnm(my+ Dy —1Lny+1), (3.17)
S.inim) = L —ny)in,m) . (3.18)

The ladder operators S. keep the total number n = n; + n, constant. From Eq. (3.18) it is clear
that m = % (ny — ny). On the other hand we know that, for the state |j, j) ( killed by the raising
operator S, ) we have j = m. In terms of harmonic oscillator kets, the state killed by S.is |n, 0)
with n = ny + n,. For this state S, |n,0) = 1n|n, 0) therefore j = 1(n; + ny).

For a spin % system, n; and n, specifies the number of particles with spin up or down,
respectively. S. destroys one unit of spin down(resp. up) and creates one unit of spin up(resp.
down).
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3.2 S U(2) or spin coherent states

S U(2) coherent states are constructed by the action of the rotation operator of Eq. (3.11) on the
extremal state |j, j) [45]. Ignoring the phase factor that results from the action of R.(y) on |j, j),
the S U(2) coherent states can be written as

|, 6)

R. (@) R, (O], ) (3.19)

J
D lim) GmIR (@) R, 0) 1), j)

m=—j

J
= ) limD), (#,6,0), (3.20)

m=—j

where DL J (¢, 0,v) is the S U(2) Wigner D function [46] which is defined by
D), (¢.0,y) = (j.m|R. (@) R, (O)R. (V). j)

- 2))! (0N . (0
. \/ 2)) Cosf+m(_)sinf-’"(§). (3.21)

(J+m!(j-m)! 2

The physical meaning of ¢ and 6 angles is made clear by writing the spin coherent state of
Eq. (3.19) as a product of 2 states |¢, 6); which are superposition of states of a two level system
like spin up and spin down for a spin % particle,

lp,0), = €? cos (%0) |+%>i +e %% gin (%9) |—%>L_. (3.23)

3.3 Phase space symbols

As mentioned in previous chapter the reference state |}, j) is invariant under the U(1) subgroup
generated by e"?%:. The resulting phase space for spin systems is the 2-dimensional sphere
§2 = SU(2)/U(1), also called Bloch sphere. In this section we obtain phase space symbols of
S U(2) operators.
Following the prescription given in Chapter 2, the phase space symbol, Wy of an operator X
is
Wy (¢.6) = Tr (X (.6)) . (3.24)

For S U(2), the quantization kernel can be written as
W (g, 0) = Ap,60) PA" (¢,6) (3.25)

where A (¢, 6) = R, (¢) R, (6) and [34]

27 R
pP= f dwe™: f (w), (3.26)
0

where f(w) is a scalar function and is constructed in such a way that the quantization kernel
satisfies all the requirements we mentioned in chapter 2.



3. SU(2) Semiclassical Dynamics 24

Notice how the general form of this kernel is similar to the kernel for the harmonic oscillator
in Eq. (1.17): it is a diagonal operator P that has been “displaced” by the rotation A(6, ¢).
The operator P commutes with S, so the displacement can be limited to element of the form

RAPR,(0).
Since ¢/°: is a diagonal operator, P can be expanded as

P=>" cimlimy(jiml, (3.27)

where cj,, s a factor that must be determined. An alternative, more convenient form to obtain
the result of the displacement of P is to write P in terms of tensor operators Ti v+ These
operators are defined as

J

Ty= > lm)Gm | Chr (1™, (3.28)
mm’ =—j
where Cij - is the Clebsch Gordan coefficient for S U(2),
ctM = (oms j=m' | L, M) . (3.29)

The tensors cleanly transform as

L
A, O) T A (0.0 = > T1,,Dly  (,6,0). (3.30)

M'=-L

Technical manipulations eventually give

2j

N 2L+1 .

P = E T/ . 3.31
i\ 2j+1 Lo (3.31)

The displacement of P yields a useful form of the quantization kernel as

g aL+1 Ny
Z 3T Z D, 6,017 ,,. (3.32)

To obtain the phase space symbol of su(2) generators one conveniently expresses the gener-
ators in terms of tensor operators:

S, = NTy, (3.33)
S, = —\2NT,,, (3.34)
S = V2NT,_,, (3.35)

where N = \/%] (j+ 1 (@2j+1). Using Egs. (3.24), (3.28), (3.32) and using the orthogonality
of tensors under trace:
Tr (TZMTL ) =0,0L0mm (3.36)

one obtains

Ws, (0,0) = j(j+Dm, k=xy,2, (3.37)
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where n; are components of the unit vector
il = (sin 6 cos ¢, sin Osin ¢, cos ) . (3.38)

A diagonal operator like S Z can be written as a sum of diagonal tensors:

S? = C()To,() + CQTz’() , (339)
where
I . V5 — . . —
co = 5](] +DV2j+1, = T VQj+1DQRj-1D)Q2j+3)j(i+1). (3.40)

From these and the quantization kernel we find:

JG+D

WS% (SO, 9) = 3

+%\/(2j—1)(2j+3)j(j+1)(00529—%). (3.41)

2
It is clear that Ws2 is not equal to (WSZ) .For later use, we note that similar manipulations
produce

JjG+1

+ % V2i-D@Qj+3)j(+1) (sinzecoszgo -~ %) , (3.42)

which again is not the square of Wy .

3.4 Semiclassical dynamics

In this section we discuss the dynamics of S U(2) systems in phase space in the semiclassical
approximation. We use Eq. (2.24) to expand the symbol of a commutator and express this to
leading order as a Poisson bracket, ignoring quantum correction terms that occur in expansion.
Thus we need to find the relation between the symbol of a commutator and the Poisson bracket
of the symbols.

The Poisson bracket on the two-dimensional sphere S 2 can be deduced from the parametriza-
tion of S U(2) coherent states. The final result for the bracket is [47]:

1 (8f8g éfag)

sin @

181 = 0090 00 dg

(3.43)

where f and g are two functions on S 2.
If f and g are the symbols of two generators, the Poisson bracket is proportional to the
symbol of the commutator. For instance

{Wsz, st} =iVj(j+ D Ws, =W 5, (3.44)

where the proportionality factor, € = i4/j(j + 1), is called the semiclassical parameter. Like-
wise, if f is a polynomial in the generators and g is a generator, the Poisson bracket of the
symbols is proportional to the symbol of the commutator. For instance:

{ng, WSX} = EW[SE,SX] , (3.45)
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where

W25, = \/(Zj -1)2j+3)j(j+1)cosfsinfsing. (3.46)

However for two polynomials of degree 2 or greater in the generators, correction terms ap-
pear. For instance:
{ng, WS%} = SW[S%SE] + 0(8_2) . (3.47)

Operators and observables in this thesis will be expanded in terms of tensors, introduced for
su(2) in Eq. (3.28). It is thus convenient to reformulate the results of Eqs. (3.45) and (3.47)
in terms of tensors. Constant terms are proportional to the tensor with L = 0. Generators
are always proportional to tensors with L = 1, as illustrated explicitly in Egs. (3.33)-(3.35).
Powers of generators will usually contain tensors with L > 1. Vice versa, tensors with L > 1
are proportional to linear combinations of powers of generators. Thus, Eq. (3.45) expresses the
general rule that the Poisson bracket of the symbols of a tensor with L = 1 and any other symbol
is exactly the symbol of the commutator of the tensors, while Eq. (3.47) expresses the general
rule that the Poisson bracket of the symbol of two tensors, both with L > 1, contains correction
terms.

Therefore if the Hamiltonian is linear in generators and so proportional to a combination of
L =1 tensors, the equations of motion for the Wigner function is given exactly by the Poisson
bracket (7 = 1):

oW,
i—2 = Wiy =& (Wi, W} . (3.48)

If, on the other hand, the Hamiltonian is non-linear in the generators, it will generally contain
terms with L > 1. As the density operator is expected to also contain terms with L > 1,
correction terms will appear in the evolution:

ow,

OWp i -3

it =e (W W} +0(s7) (3.49)
where the second term is a quantum correction to the classical dynamics and is of the order of
£73. In the semiclassical limit, &' — 0 or j > 1; we can ignore the corrections beyond the
Poisson bracket and obtain a truncated Liouville evolution.

3.4.1 Linear dynamics

Equipped with the necessary tools we first investigate the dynamics of the S U(2) system for the
simplest case: the evolution of the system under linear Hamiltonian.

As an initial state we consider the atomic coherent state located along the X direction,
lo = 0,0 =m/2 ). This choice of initial state will be justified on physical grounds when we
later consider the evolution under a quadratic Hamiltonian. Using Eq. (3.19) we can write

. 1< 2))! ,
0-37= EkZ \/(j+k)!(j—k)! A& - (30

=J

Using Eqs (3.24), (3.28) and (3.32) the Wigner function W, (¢, 6) of the initial density operator,
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W () Wy a1 Wolad))

Wy (00 W (017 Wy (5040

Fig. 3.1: Time evolved Wigner function in Eq. (3.51) under linear Hamiltonian A = $_ at r = 0,1 and
t=4for j=>5.

p =10,7/2)(0,7/2 |, is obtained as

. 2j L
@n! L
W,(p,0) = 77— 2L+ 1 D ,6,0
o (0, 0) 22](2j+1);( + )MZ_ZL 4 )
j cm

X it M . (3.51)
m,mZ_j VG+m)! (G —m)! (j+m)! (j—m')!

Now let us see how this Wigner function evolves under a general linear Hamiltonian
H=0S. +wS, +w0S,. (3.52)

This Hamiltonian can be reduced to a diagonal Hamiltonian by a transformation U,

H,=U'HU =S, w= ,/w§+w§+w§. (3.53)

Here we work with H,; and set w = 1.
Using Eq. (3.48) we obtain

i)
OW, (0. 0) = & (Wi, W,} = 55V .0 (3.54)

By the method of characteristics this partial differential equation is transformed into an ordinary
differential equation along the appropriate curve, i.e., something of the form

d
W (9 ().1() = F (W, 0(5).1(5)) . (3.55)
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where (¢ (s), 1 (s)) is the characteristic. By the chain rule we have
(3.56)

v, _W,de oW, a
ot ds’

ds  dp ds
Now if we set dt/ds = 1,dg/ds = 1 we obtain 0W, /0t + 0W,/d¢p which, according to Eq.
(3.54), equals to zero. Thus, along the characteristic the original partial differential equation
becomes the ordinary differential equation dW,/ds = F(W,, ¢ (s) ,t(s)) = (0. That is to say:
along the characteristics, the solution is constant. Therefore if we set #(0) = 0 we have f = s
and ¢ (1) = t + ¢ (0). This means that if W, (0) = f (¢ (0)) then W, (¢ (1), 1) = f (¢ — 1). In other
words the evolved Wigner function is obtained by replacing ¢ with ¢ — ¢. This corresponds to a

rotation of Wigner function around Z axis as illustrated in Fig. 3.1.
To check the validity of our solution one can compare, for example, the variance (as a func-
(3.57)

tion of time) of the observable S,
(AS)? = (53 —(S0)7,

calculated using the usual quantum mechanical evolution
(8. = (0.51e8 ™10, %), (3.58)

and calculated using the phase space formulation,
(3.59)

. 2i+1 (T 2
$y== f sin 6d6 f deWs (0,0) W, (¢ —1,6).
47T 0 0 .

This is done on the left of Fig. 3.2. Since the classical evolution in phase space is exact for linear
Hamiltonians, both semiclassical and quantum mechanical evolutions give the same result: the

two curves on the left of Fig. 3.2 cannot be distinguished.
A A \2 PN
(ASX) j=5H=S:

(a8.) j=5.H=5.
)’l‘ ) \‘\\ ’,'
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A A )2
Time evolution of the variance of S,, (AS x) , calculated semiclassically using Eq. (3.59)

Fig. 3.2:
(dashed line) and quantum mechanically using Eq. (3.58) (solid line) for j = 5. Left plot

is the time evolution under linear Hamiltonian A = S, and right plot is the time evolution under

nonlinear Hamiltonian H = S f
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3.4.2 Nonlinear dynamics

Now let us consider the simplest nonlinear Hamiltonian
H=S2, (3.60)

which, in spite of its simplicity, leads to a number of interesting features such as generation of
atomic squeezed states (see chapter 5) and atomic Schrodinger cats [48], [49]. This is also the
simplest Hamiltonian for which quantum dynamics differs from semiclassical dynamics.

The semiclassical approximation is expected to work well for localized states located near
the classical minimum (in phase space) of the Hamiltonian. The symbol for Wj: is given in Eq.
(3.41); its minimum is located at 6 = %n and ¢ = 0. One can show that for this choice of initial
states the influence of quantum corrections to the classical evolution is small [50].

For nonlinear Hamiltonians in the semiclassical limit, j > 1, we ignore quantum correction
terms in the equation of motion of the Wigner function, (3.49), and write

W, (¢.60)

ow,
- e Wi W,} = =2 +3) 2 — ) cos 6—2. (3.61)

Op

Using the method of characteristics the time-evolved Wigner function will be obtained as

W, (1) = W, (¢ — (2j+3)(2j - I)cos (6)1.6) , (3.62)

which basically means that the spherical angles evolve along classical trajectories.

The interpretation of this solution is that points located at different positions rotate about the
Z axis of the sphere at velocities which depend on cos 6. This leads to deformation of initial
distribution and eventually to spin squeezing as shown in Fig. 3.4. This will be discussed at
greater length in chapter 5. In Fig. 3.3 the exact quantum mechanical evolution of the Wigner
function has been plotted. The details of the calculations of the exact quantum mechanical
evolution of the Wigner function is given in appendix C.1. As can be seen from Figs. 3.4 and 3.3
at ¢ = 0.1 the agreement between semiclassical approximation and exact quantum mechanical
is good. For larger values of 7, the phase spread exceeds 27 and the front of the distribution
interferes with its tail [49]. This self-interference is a quantum effect and cannot be described
by the semiclassical approximation. As it can be seen from Fig. 3.3 at t = 0.3 several dips and
peaks appear which cannot be reproduced by the semiclassical approximation; the later dips
and peaks are due to self interference.

On the right of Fig. 3.2, the variance (AS X)Z computed using the semiclassical evolution and
using the exact quantum evolution are plotted. The semiclassical approximation describes the
evolution of the variance to a good proportion; for larger values of j the agreement between
the semiclassical and quantum evolution increases. The peak in the quantum mechanical curve
is the result of the appearance of Schrodinger’s cat states which cannot be obtained by the
semiclassical method. The semiclassical curve is able to catch the quantum mechanical curve
up to some time but after that it remains constant. It is remained constant because the evolution
of the Wigner function in the semiclassical approximation remains uniform.
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4. SU(3) SEMICLASSICAL DYNAMICS

In this chapter we investigate dynamics of S U(3) systems under the evolution of a linear and
a nonlinear Hamiltonian in the semiclassical regime. As examples of S U(3) systems one can
consider systems of three-level atoms or three-well Bose Einstein condensate systems. The ap-
proach is a generalization of the procedure given for S U(2) in the previous chapter. The possible
dynamics of S U(3) systems is considerably richer than the corresponding S U(2) dynamics: for
instance in three-level atoms transitions between levels 1-2, 2-3 and 1-3 are possible, may or
may not be simultaneously resonant, may be restricted to pairs of levels or occur simultaneously.
The mathematical structure of S U(3) is more complicated than S U(2): S U(3) transformations
need to model the richness of the underlying possible physical processes such as those given
above.

After giving some details about the su(3) algebra, the S U(3) group and S U(3) coherent states
we use the Liouville equation written in terms of Poisson bracket to investigate the dynamics of
the system.

4.1 SU(3) group and su(3) algebra

SU(3) like SU(2), is a group. Its elements can be represented as 3 X 3 unitary matrices with
determinant 1. The group elements are constructed by exponentiating a set of 8 generators of
su(3) algebra.

4.1.1 The algebra su(3) and its generators

In the defining form the generators of su(3) algebra are 3 X 3 traceless hermitian matrices

I 0 O 00 O
T,=(0 -1 of, T»=[0 1 o],
0 0 O 0 0 -1
010 0 - 0 0 01
T;=(1 0 Of, T4=|i O O, T5=|0 0 O},
000 0 0 O 1 00
0 0 —i 000 00 0
T6:00 O, T7:001, Tg—OO—i. (41)
i 00 010 0 ¢ O

To better understand the structure of the operators it is convenient to define, much like what
was done for the operators S . of su(2), complex linear combinations of su(3) generators that
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function as ladder operators:

1 ) 1 )
Eo_1)= 3 (T3 +iTy), Econ = 3 (T5 = iTy) ,

1 : 1 ,
Eqy = 3 (Ts+iTs), Ec_i-1= 5 (Ts —iTe) ,
1 . 1 _
Ecip = 5 (T7 +iTy), Eq-2 = ) (T7 = iTy) . 4.2)

Here, the indices a; and a; in E(,, ,,) are specified from the commutation relations of E(,, a,)
with 7'} and T, respectively:

(73, E(al,az)] = ®iE@ 0y, 1=1,2. (4.3)
The remaining commutation relations are
[T1.T21 =0, |Eq.Eg| = NopEaus. (4.4)

The pair (@, a,) = « is called the root vector; the constant N,z is zero if @ + £ is not a root
vector.

Using the creation and destruction operators of the three-dimensional harmonic oscillator, a;
and &j with i = 1, 2, 3, the abstract commutation relations of su(3) algebra can be implemented
by defining

it
s )
k

G = Lj=1,23, i#j,

T, = &* aﬁaz, Ty = ala, — alas. (4.5)

~Q >

Using the usual commutation relation for harmonic oscillator creation and destruction operators,
we find
|Cij» Cu| = Cudj — Cuyoa (4.6)

The root vectors of C; ; operators are then obtained by the commutation relation of these opera-
tors with the 7} and 7', operators.

From Eq. (4.5), we see that the abstract su(3) operators are closely related to the action
of creation and destruction operators acting on the states |n;,n,,n3) of a three dimensional
harmonic oscillator. We see that the operator C; ; transfers one quantum from level j to level i,
i.e. it generates transition between levels j and i. For example, with reference to Fig. 4.1, we
see that Ci,|110) is proportional to [200). It is obvious that the ladder operators ¢ ;i keep the
total number N = n; + n, + n3 constant.

The formal correspondence between the abstract E(,, o,) and Cl j operators is given in the
following table. For convenience, we call raising operators the set Co, C13, Cps. The state |2100)
cannot be raised any more (it is killed by all raising operators) and is thus called the highest
weight state.

root vector E(Z,—l) E(l,l) E(—I,Z) E(—2,1) E(—l,—l) E(l,—2)

A

Cij Ci Ci3 Co3 Ca Cs Cx

action raising | raising | raising | lowering | lowering | lowering




4. SU(3) Semiclassical Dynamics 33

The root diagram in terms of C; ; operators is shown on the left of Fig. 4.1. The operator
associated with a specific root vector is indicated next to the root vector. The circled dot at the
center indicates that two operators, T, and T, should be considered as lying at the center of the
root diagram. Anticipating future discussion, we note that the subset of operators Cy,Cs, and
h, = %Tz have the commutation relations of su(2) thus make an su(2) subalgebra of su(3). We
denote this subalgebra by su(2);3.

|2oo)

¢, |ro1) |110)

|002) [o11)  |020)

Fig. 4.1: The su(3) root diagram (left) and the weight diagram of (2, 0) irrep (right). The geometry of
(4,0) irreps is a triangular lattice.

4.1.2 Representations of su(3)

The realization of abstract su(3) operators in terms of creation and destruction operators acting
on states of a three dimensional harmonic oscillator is a direct generalization of a similar real-
ization of su(2), described in the previous chapter. Recall that the two-dimensional harmonic
oscillator states |n;,n,) is equivalent to |j, m) where j = %(nl + n,) specifies the representation
and m which is called the weight of the state is %(nl — ).

In su(3) things are more complicated. There are two diagonal operators 7' and 7>, so states
are labeled by the eigenvalues of these diagonal operators called weights. These weights are
related to the harmonic oscillator excitation numbers by wy = n; — ny, wy = n, — n3. In su(2),
the representation label j is the eigenvalue of the diagonal operator S . for the state killed by S .
In su(3), the representation labels are the eigenvalues of the diagonal operators 7', and 7’ acting
on the highest weight state, the state killed by all the raising operators. For the representation
with |4, 0, 0) as the highest weight state, the representation label is thus (4, 0).

Irreps of the type (4, 0)

As an example, we consider the irreducible representation (irrep) (1,0). The highest weight
state is |1, 0, 0). The other states are obtained by the action of lowering operators on the highest
weight state; they are |0, 1,0) = C’zl [1,0,0) and |0,0,1) = 632 |1,0,0). As another example
consider the (2,0) irrep. The highest weight state for this irrep is |2,0,0) and the other states
are shown on the right of Fig. 4.1.
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Irreps of the type (0, u)

Representations of su(3) are not limited to those of the (4, 0) type. The simplest illustration of
this comes from looking at the possible states obtained by considering two copies of the (1,0)
representation of su(3). The nine resulting states are of the form |ny,, 1oy, n3. ), |-, no—,n3_)_,
where the indices + and — are introduced to distinguish the copies and later convenience. Defin-
ing

Cij=Cij+Cy=ala;, +a_a;, 4.7)

9 99

with the ”+” operators commuting with the ”-”” operators, we see that the resulting commutation
relations for the total operators ¢, ; are still those of su(3). Moreover, the state [100),[100)_ has
weight (2,0) and is killed by all raising operators. It is therefore the highest weight for the
representation (2,0). Other states in (2,0) are obtained by acting on this highest weight with
the lowering operators. As an example consider

Cl1,0,0),11,0,0)_ = [0,1,0),]1,0,0)_ +1,0,0),]0,1,0)_. (4.8)

All the states in (2, 0) are symmetric under interchange of the + and - index and there are 6 such
states.

In addition to the six symmetric states, one also observes that the combination [100),]010)_—
|010),/100)_ has weight (0, 1) and is killed by all raising operators. It is thus the highest weight
for the irrep (0, 1). This state can be constructed by the creation operators &L and &j_ with
i =1,2 as follows:

a, 4,
a4

AT ATt AT At
0 = (al,a_-al aj,)0)

) =

0,1,0),]1,0,0)_ —11,0,0),10, 1,0)._. (4.9)

There are two other states that can be reached from the above state by acting the lowering
operators:

Cs ¥y = 10,0, 1),]1,0,0)_ —|1,0,0),]0,0,1)_, (4.10)
Cs1 ) =10, 1,0),10,0, 1)_ = 10,0, 1),]0, 1,0)_. (4.11)

The three states in (0, 1) are antisymmetric under interchange of the + and - index. Note that
although there are three states in (0, 1) irrep just like there are three states in (1, 0) irrep, the
(0, 1) is really a representation distinct from (1,0). The set of weights for the (0, 1) irrep are
(0,1),(—1,0) and (1, —1) while the weights of states in (1, 0) irrep are (1,0), (0, —1) and (-1, 1).
Since the weights are eigenvalues of the diagonal operators T and 75, and because eigenvalues
do not depend on the choice of basis, we see there cannot be a choice of basis that will transform
the states of (0, 1) into the states of (1, 0).

Irreps of (A, u) type

Finally, there is a third type of su(3) irreps. Consider the coupling of two irreps (1, 0) and (0, 1)
which is denoted by (1,0) ® (0, 1). The highest weight of the coupling can be written as

At At
a% . a% .
a, a;_

Wy =al,

1+ 2+ 71—

|(11),(10)2(00)3) = 1(20),(01),(00)3) (4.12)

0y = af,(a),a]_ -aj aj,)l0)
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where the states are denoted by |(n1,711-) , (n21n2-),, (n3,n3_)3). This state is killed by all raising
operators and its weight is (1, 1). Thus it is the highest weight of the irrep (1, 1). All the other
states can be obtained by using the lowering operators of Eq. (4.7).

Fig. 4.2: Weight diagram for (1, 1) irrep of su(3). The weights are labeled by the corresponding states.
There are two different states at the center with the same weight. These states are specified by
the I label. The one that is killed by C»3 has I = 0 and the other one that is obtained by the
action of C3, on the [120; 1) has 7 = 1. The geometry of (o, o) irreps is a hexagonal lattice.

For the irrep (1, 1) there is a feature that does not occur for (1, 0) and (0, 1). If we crank down
using Cs; from the highest weight state |4) in Eq. (4.12), and crank down from |i/) separately
using C1,C,, we find that Cy, ) is not proportional to C,Coy |y although both states have
identical weight (0, 0). The two states are not orthogonal either.

This is where we need another label to distinguish the states; we call it / (this label is called
the isospin in particle physics). This label is determined by the eigenvalue of /, of the highest
weight state of the su(2),3 subalgebra and is the same for all the states in that su(2),3 subalgebra.
The highest weight state of su(2),3 subalgebra is the state that is killed by Crs operator.

Thus we can label the states in (1, 1) irrep as |n, ny,n3; Iy in which n; = n;y + n,_. In this
notation the highest weight state of (1, 1) is |210; %) One can also verify that C, |21(); %) 1s
killed by C»3; and has h, = 1 thus it is proportional to a state with I = 1. We label this state
by [120; 1); the state C,1120; 1) must have the same value for /. Its normalized version is thus
[111;1).

On the other hand the state Cs, |210; %> is not orthogonal to [111; 1); it can be written as a
linear combination of [111; 1) and another state ,|111;0), which is killed by C»; has eigenvalue
h, = 0 and is orthogonal to |111; 1). In terms of two coupled harmonic oscillator states, we have

2 1 1

1 1) = \/;|(01)1(10)2(10)3> " 1(10),(10)(01)3) — B (10),(01),(10)3) (4.13)
1 1

I111;0) = Y 1(10),(10),(01)3) + % (10);(01),(10)5) . (4.14)

In general an su(3) representation is of the form of (4, i) in which A and u are determined by
the highest weight state. We denote su(3) states by |(4, u) nynyns, I) where ny +ny +n3 = 1+ 2pu.
Unless we have to, we will not indicate the representation labels A and y, as those will usually be
clear from the context. In irreps (4, 0) or (0, u) the I label is redundant because the eigenvalues
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are enough to identify the states; thus the label 7 is not indicated. In terms of coupled harmonic
oscillator states the general state |n n,n3, I) can be written as [51]

1 1

I,N 3434

Ininons, Iy = E Crvitvans Crnety o, (11201, (24112 )5, (M347153-)3) 5 (4.15)
MI’MZ’M3 2 k3 22 9 b L) b

where C}’lﬁi - is an S U(2) Clebsch Gordan coefficient, v; = n;, + n,_ and M; = % (niy —n;_)

and N = n; + ny + n3. For the highest weight state this turns out to be

a1
A 0.4y = 7 CU iy (s )y, (naams ). (4.16)

LMoz hvi My
M\.M,

4.1.3 The group S U(3) and the coherent states tor (4, 0) irreps
One can show that any S U(3) transformation R (€)") can be parameterized as [52]
R(Q) = Rz (o, B, —)') Rip (2, By, — ') Rz (03, B3 —as”) €V =22 4.17)

where ill = 2?1 + fz = 2@11 — ézz - 633 , ilz =
block S U(2) transformations i.e.

1T, = 1(Cy, - Cs;) and R;; transformations are
Rij(e/ ., —a') = RV (/) R (B) RY (=) . (4.18)
S U(3) coherent states are, as always, defined as the unitary transformation of the highest
weight state. For (4, 0) irrep, with highest weight |4, 0, 0), we therefore have
Q) = R(Q)]4,0,0) . (4.19)
In Eq. (4.19) we have
Ry (a3, By, =) e M2 |1 0,0y = ¢7271'412,0,0) . (4.20)

Ignoring the above phase factor, and using the completeness relation

A, A-m

D2 I,y eyl =1,y =A-ny—ny, (.21

n1=0, np=0

the S U(3) coherent states can be written as

Q) = Ry(ai.B,—a)")Riz (2,3, —")|4,0,0)
uhy %/l ’ ’ ’ %nz ’ , ,
= ZZ|/1—H2,”2—”3,”3>D1 1 (0/2,,32,—0/2)1)1 1 (0/1 ,,31,—01),
1220 1320 3d—n, 54 3Ny = N3, 51

(4.22)

where Dfnm functions are S U(2) Wigner D functions given in Eq. (3.21).
The S U(3) coherent states of Eq. (4.22) can be written as the product of A states |Q)"); which
are the superposition of states of a three level system;

&

Q')
Q')

1), Q) ®...0 Q) (4.23)
cos (48,') 1100); + € cos (381") sin (48,7) 1010); + ™"+ sin (18,) sin (15,') 1001),
(4.24)
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4.2 Phase space symbols

The highest weight state for (4, 0) irreps of SU(3) , |4, 0, 0), is invariant under transformation
of the subgroup $ = U,3(2). Following the discussion in chapter 2, the phase space of (4,0)
irreps is thus M = S U (3)/U»;3 (2) ~ S* which is a four dimensional sphere [39]. The location
of points on this sphere is specified by the angles «, 8, @, and £3,.

In this section we obtain the phase space symbol of su(3) generators and some other operators
needed to investigate the semiclassical dynamics later. As was done in chapter 2, the Wigner
symbol, Wy, of an su(3) operator X, is constructed as

Wy (Q) = Tr (Xw (Q)) : (4.25)

where w(Q) is the quantization kernel. The construction of this kernel starts with a diagonal
operator P, given by

2 R
P= f dwe ™M £ (w), (4.26)
0

where f’(w) is a scalar function which, like the function f(w) in the S U(2) kernel, is constructed
in such a way that the quantization kernel satisfies all the required conditions listed in chapter
2. Since h is diagonal and commutes with elements in Uy3(2), the full S U(3) transformation
can be reduced to A(Q) = Ry3 (1,1, —@1) Ri2 (2, B2, —a7) so the translation of the operator P
can be ultimately written as

WEQ) =AQPA(Q), QeSU®B)/UyQ) . (4.27)

A more practical expression is obtained by first expanding the operator P in terms of su(3)
tensor operators, as was done for su(2). These are defined in a manner analogous to the su(2)
tensors of Eq. (3.28). Explicitly, an su(3) tensor labeled by (n;, n,, n3); I in the irrep (o, o) can
be written in terms of kets and bras in (4, 0) irrep as

T, = D0 Inmans) myma, ms| Chlnn (4.28)

(0,0);(v1,v2,v3).1, R\ nan3mnyms
ny,n2,my,my

where Cﬁf‘,;‘,ﬂ(,v,}l,ﬁfzf,};] is a coefficient related to the su(3) Clebsch Gordan coefficient occurring
in the decomposition of (4, 0) ® (0, A) into (o, o) [53],

!
1,0)eO0,H=>000d,DHe..0 1) = Z (o,0). (4.29)

o=0

The operator Pis diagonal, and it commutes with ill and ilz. Thus, P as an operator has
weight (0,0) and also I = 0. The expansion of P in terms of weight (0,0), I = O tensors is
shown to be [34]:

A
dim (0, 0) 4
Z dim (1. 0) (1,0) I oyooo0 (4.30)

where dim(4,0) = %(/l + 1)(1 + 2) and dim(o, o) = (o + 1) are the dimension of the irreps
(4,0) and (o, o) respectively.
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After translations by A(Q), the kernel takes the more convenient form

A

N dlm(O' o) D)

w(Q) = Z d m(4, 0) Z (V|,V2,V3),1y;(0',0',0')O(Q) (0,0);(v1,v2,v3).1, (4.31)
=0

in which DE‘;‘Z voduiooo0(&) 18 S U(3) Wigner D-function defined as the overlap of the S U(3)
transformation A(Q) between the S U(3) states |(vy,Vv2,Vv3),1,) and |(o,0,0),0) of the irrep
(o, 0):

DI ot oo = ((V1.v2,v3) . LI Rz (@1, B1. —a1) Rz (@2, B, —a0) (07, 0, ), 0) . (4.32)

(v1.v2.v3).0y5(0,0,0),0

To obtain phase space symbols of su(3) generators we express the generators as tensor oper-
ators. One can find

A-ny
Cn = Z DN+ Dmalng + 1,m = 1) (g, ma, ms| = \f T} oy @33
n1=0 np=0
A-ny
Cis = Z Z V(i + Dnglng + 1,np,n3 — 1) (ny,no, ns| = \/_ (1 nedot s (434
n1=0ny=0
A A-n
Crs = > > N+ Dngln,n + 1ns = 1) (o, s = \f Tinaze, (439
n1=0 npy=0
A A-m N .
hy = Z Z (2ny = ny = n3) [ny, ny, n3) (ny, ny, n3| = T(”1 DAL 2 (4.36)
n1=0 ny=0
A A-m
o= ) Z = (2 = n3) g, moy )y oy s = ———=T4 1 (4.37)
n1=0ny= O 4\/_
with N = vA(1+ 1) (4 + 2) (1 + 3). Using the trace orthogonality of tensors,
T A
Tr ((T((TO') HUZRZRZIN S ) T(cr’,cr’);(vl’,vz’,V3’),Iv,) = 6/1,/1’50',0"51/1,V1’6V2,V2’6V3,V3’6IV,IV/ (438)
and Eqgs. (4.25) and (4.31) we obtain
1 , Bi
We, = 3 VA (A + 3)e™ cos( )sm B) , (4.39)
1
Wei = 3 — VA (A + 3)e @t gin (ﬁ )sm B2) , (4.40)
1
We,, = 2 — A (A +3)e™™ sin (B)) sin (’82) (4.41)
W, = 3 \//l (A+3)(1+3cos(B)), (4.42)
1
Wi = 5 VA+3)cos (B)sin’ ('8 2) (4.43)

Since C; = CA‘JTI. and for an operator X we have Wy: = (Wx)", the phase space symbol of other
su(3) generators can be obtained easily.
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For later purposes we give the phase space symbols of the operators fzf and it% In terms of
tensors they can be written as

A A-n

~n 2
o= Z Z (2ny — ny — n3)* |y, g, n3) (ny, ma, 3|
n1=0 np=0
_ A2 Sy} a
= @0l {00000 t O T 10000 T 2T 220220 (449
A A-m
72
o= ZZ —(ny — n3)* In1, o, n3) (ny, 1o, 13|
n1=0np= 0
= BT + BT} + BT + Bl (145
= P0L0.0:0000 TP @ ano TR0 @ore22.0 T P21 02)0222¢ '

Using the explicit forms of tensors T(2 220201

w = M\/(ﬂ+l)(ﬂ+2),

o = 2“3\/A(A+1)u+2)u+3)

for I =0, 1, 2 given in appendix B, we obtain

a = 1\/_\/3(/1—1)/1(/1+1)(/l+2)(/1+3)(/1+4) (4.46)

and

Po = L/l(/1+3) VA+1)(A+2),

62
B = _—1(2/1+3)\//1(/1+1)(/l+2)(/l+3),
B = " \/_\/(/1—1)/1(/l+1)(/1+2)(/1+3)(/1+4)
By = §\/;\/(ﬂt—1)4(“1)(ﬂt+2)u+3)(ﬂt+4). (4.47)

The symbols are then given by

Wi = %/l(/l+3)+ 1—10\//1(/1+3)(2/1+3)(1 + 3 cos (,))

+4% VA-DAA+3)(A+4)(3 +4cos(B) + 5c0s(282)) , (4.48)

We = %/l(/l+3)— 1;0 VA +3) 24+ 3)(1 + 3 cos (B))
+% JA-DAA+3) 1+ ) 21—0 (3 + 4.cos (B) + 5 cos (2B2)) + (1 + 3 cos (2B,)) sin’ (%2)] .
(4.49)

4.3 Semiclassical dynamics

In this section, we first find the relation between the Poisson bracket of the symbol of su(3)
observables and the symbol of the commutator of observables. We then investigate the dynamics
of su(3) systems in the semiclassical limit for a linear and a nonlinear Hamiltonian.
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Using the S U(3) coherent states of Eq. A.1, and the calculations given in appendix A, we
find the Poisson bracket for S U(3) systems of the type (4, 0) in terms of the coordinates on the
4-dimensional sphere to be

e e . S Y 2tan<‘%>(a_fag_afa_g)
&= s1n,6’151n( ) Oay 0B 0B, Oa, sinz(%) 0B 0as  Oay OBy

4 (6f dg of 6g) 450)

smﬁ2 8(12 6,82 6,82 (90’2

where f and g are two functions on S*.
Now let us first find the semiclassical parameter for S U(3) systems. For two su(3) generators
such as /; and Cy5 the Poisson bracket is

4 aWhl 6WCH .
‘/V M/ = — - = — \/ W/ . 4 1
{ o C13} Sinﬁz 8ﬁ2 8042 6i v (/l M 3) € ( > )

Since [le, 6'13] = 3C,5 we have

(Wi, Wen) = Wi 6y €= —2iA+3), (4.52)

where ¢ is the semiclassical parameter.

Similar to the S U(2) case, for a polynomial in the generators and an su(3) generator, the
Poisson bracket of the symbols is proportional to the symbol of the commutator. For instance,
we find that for 42 and C,3, we have [#2,C 3] = 3 (C’Bitl + leéw) and therefore W ¢, =

3 (WC13fz| + W,;1@]3). Since C’szl = [C’B,le] + leélg and [6‘13,@1] = —3C;3, we have Wei =
—3We,; + Wy, ¢,,. Thus we just need to find the symbol of € 13. In terms of tensors it can be
written as

poA 22 A0
mCs = an(l,l);(Z,l,O),% M nzT(z,z);@,z,l),% ’ (4.53)
with
m = ——=AVAA+DA+2)A1+3)(1+9),
10 \/_
n = o \/_\/3(/1—1)/1(/l+1)(/1+2)(/1+3)(/1+4) (4.54)
This gives
Wi, = \//1 (14 3) (1 +9) e @) sm( ) sin (3,)

\/(/1 DA+ 3) (L + Be @ (1 4 5.cos By) sin (/32 )sm By) . (4.55)
One can then verify, using Eq. (4.50), that
(Wio, We,,} = Wiz gy (4.56)

where ¢ is given in Eq. (4.52).
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Finally, we find once again that for two polynomials of degree 2 or greater in the generators
of su(3) like 7 and C3; we have correction terms:

Wiz W } = eWpizes ) + 0(67) 457)

Thus for a Hamiltonian linear in the generators of su(3) the equation of motion of the Wigner
function, (2.24), turns out to be (i = 1)

oW
i—L = Wigg =& Wi, Wy} . (4.58)

For a nonlinear Hamiltonian since the density matrix is written as an expansion of tensors of
the type (o, o) with o > 2, the evolution is thus
oW,

it = e Wi W} +0(e7), (4.59)

where the second term on the right is a quantum correction to the classical dynamics and is of
the order of £73. In the semiclassical limit, A > 1 thus ™! — 0, we will ignore the correction
terms to work with the truncated Liouville equation.

As we can now write the time evolution of Wigner function in terms of Poisson bracket we
investigate the dynamics of an S U(3) system under a linear and a simple nonlinear Hamiltonian.
Our initial state will be an S U(3) coherent state. We will obtain time-evolved Wigner function
and use it to calculate the evolution of the fluctuations of an observable. We then compare this
with the quantum mechanical calculation.

4.3.1 Linear dynamics

For the linear case we consider the Hamiltonian A = /;. As an initial state we choose an S U 3)
coherent state located on S* at the minimum of W, i.e.

|¢(0)> =A (Q,) |/l’ 0’ 0> = R23 (alll’ﬁll’ _alll)RIZ (alZ,’ﬁZ,, _QIZ,) |/l, 0’ 0> > (460)

where ;" = @’ =)' =0and B, = %7‘(. Now let us obtain the initial Wigner function for the
density operator p = A (€')]4,0,0)(2,0,0] AT (). We can write

W, ()

Tr (pA (Q) PAT(Q)
= (4,0,0] A' (Q')R23 (a1,B1,—a1) Ry (az, B, —a) P
X(Ra3 (a1, B1, —a1) Ria (@2, Ba, —a2)) A (Q) 1, 0,0)
= W00x100 (Q'_l 'Q) = W1.0,00(0.0,01 (Q) , (4.61)

where

AT (Q/)R23 (a/l’ﬁl’ _a/l)RIZ (Q/Z’ﬁ% _a,Z) =R (Q) =R (&I’Bl’ &Z’BZ’ 6/3,339 5/1, ;)72) . (462)

In fact to obtain the tilde angles in terms of the initial parameters «;’,3;', i = 1,2, and the
original coordinates on the sphere «;, 8; we multiply the corresponding 3 X 3 matrices, AT (Q")
and A (), and decompose the result following the algorithm in [52]. Since P commutes with
Ry; (6/3, Bs, —&3) eVheh2 Bq. (4.61) can then be written as

Wi1.0,050.0,01 (Q) = (4,0,0/ Ry (@1’/31, —5/1) Ri» (@2,52» —@2) P
X (Ros (@11, ) Riz (@2, B —32)) 14,0,0) . (4.63)
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Fig. 4.3: Time evolution of the slices of the Wigner function of the initial state, Eq. (4.66), under the
linear Hamiltonian H = le for A =20 att = 0, 0.35, 0.7. The slices are taken at @; = 0 and

B1=0.

Thus from Eqgs. (4.25),(4.28) and (4.31) we obtain

Wi,0,02,00] (Q) - Z

o=0

2(0' + 1) SAoo)(ooo)0 y(o,0) 0)
mcmo;mo D (0,0,0),03(0,0,0),0 (Q) ‘ (4.64)

The S U(3) Wigner D-function turns out to depend only on the angle, 3,. The explicit expression
given in [52] for this D-function collapses to a sum of Legendre polynomials as

1
(cospy = 1) (o +1)

Digirinsiaao (@ Frd2.52.0.0.0,0) = (P (cosBa) = P (cos o))

(4.65)
in which P;(x) is the kth Legendre polynomial. Therefore we have
W, (Q) _ i: Cw/l(O'(T)(O'O’O’)O 2 (0- + 1) P(H'l (COSB2) - Po’ (COSBz)
OO0 - g A00:400 A+ 1D@+2) cosfBr — 1
= Waoowoo (B2) » (4.66)
For our choice of initial state, we find ,éz as
cos B3, = sin B, cos @, cos (&) — sin’ (ﬁ—l) sin’ (&) . (4.67)
2 2 2
The time-evolved Wigner function is given exactly by
1 4 0w, oW, ow,
oW, =& (W, W,| = GRld AP Ml (4.68)

_2\//1(/l+3) sinB, 9B, Oy " Oy
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Fig. 4.4: The time evolution of the variance of C}, + C»; calculated using phase space method, Eq. (4.69)
(dashed line) and Hilbert space quantum mechanical method, (4.71) (solid line) for A = 4. Since
we haven’t used any approximation in the phase space calculations both methods give the same

result.

and is obtained by substituting @, with a, () = a, — 3¢ in Eq. (4.67).

In Fig 4.3 slices of the Wigner function are plotted for 4 =20 atf=0,¢=0.35and r = 0.7.
The figure shows the projection of the Wigner functions in the (a5, ;) plane, with slices taken
at (a; = 0,8, = 0). Itis clear from figure that Wigner function is just translated without any

deformation.
Knowing the time-evolution of the Wigner function, we can calculate the time evolution of

the expectation value of an operator X by

A+1D1+2)
812

2 27 T T
f 40 = f da, f das f dB, sin B, f dﬁgsinﬁz(#). 4.70)
0 0 0 0

This will be compared to the expectation value computed from the quantum mechanical evolu-
tion:

(X () = dQWx (W, (Q (1) , (4.69)

where

X (1)) = (1,0,0| AT ()™ Xe ™A ()]4,0,0) . 4.71)

Fig. 4.4 shows the variance of X, (A%) = (82) - ()% for & = Cp» + Cyy. The dashed
line has been plotted using Eq. (4.69) and the solid line has been plotted using Eq. (4.71); as
expected both methods give the same result. For calculating the variance by using Eq. (4.69)
we need the phase space symbol of €y, + C5; which is Eq. (4.39) plus its complex conjugate.

We also need the symbol of (C‘lz + C‘zl)z given in Egs. (B.8) to (B.11).

4.3.2 Nonlinear dynamics

Now let us consider the evolution generated by a simple non-linear Hamiltonian like }Aﬁ From
Eq. (4.44), we see that 7 decomposes into a sum of tensors, including a tensor in the (1, 1)
representation, and a constant term in the (0, 0) representation. The constant term can be safely
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Fig. 4.5: Time evolution of the variance of C12 + C»; under the Hamiltonian H = lAﬁ - %izl plotted
using semiclassical method using Eq. (4.69) (dashed line) and quantum mechanical method
using (4.71) (solid line) for 4 = 20.

ignored as it plays no role in the evolution (its bracket with any other function is zero). The
part proportional to (1,1) is in fact a multiple of the generator &,. As we have just seen, the
evolution generated by /; simply produces a rigid displacement of the Wigner function. The
new effects arise out of the (2,2) term in fzf We can highlight this by removing the linear terms
and look instead at the Hamitonian H = fzf - 2’1; 3J1,, which produces no rigid displacement of
the distribution but will generate the same deformation as ]:l%. The symbol for this Hamiltonian
is

Wy = %/l(/l+ 3) + % VA=DAA+3)(A+4) (3 +4cos(Br) +5c0s(2By) . (4.72)

Using Eq. (4.59) and ignoring the quantum correction term we obtain

9 oW,
oW, (Wi, w,} = S VA=DA+4) (1 +5c0s(5,)) 375 : (4.73)

1
C2VAA+3)
with solution 9
a (1) = ay — g\/(/l— D(@A+4)(1+5cos(By))t. (4.74)

Here again we choose our initial state to be a coherent state located above the minimum of the
symbol of the Hamiltonian. Wy is minimized by " = ap” = 8;" = 0 and 3," = arccos (—1/5).
This set of angles leads to an expression for cos (,82) given by

cos (BZ) = —1+2cos’ (%,32/) cos’ (%ﬂz) + 2cos? (%51) sin’ (%,82) sin’ (%ﬁz’)
+ cos () cos (%ﬁl) sin (B,) sin (B,) . (4.75)

By substituting this into Eq. (4.66) we get the initial Wigner function and by replacing a, with
a,(t) given in Eq. (4.74), we obtain the time-evolved Wigner function.

We can now compare the quantum mechanical evolution and the truncated semiclassical
evolution of the variance of an observable as a function of time. The variance of C;, + Cy;
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has been plotted in Fig. 4.5 calculated both semiclassically, using Eq. (4.69) and the required
symbols, and quantum mechanically, using Eq. (4.71).

As it can be seen from the Fig. 4.5 the semiclassical calculation predicts the evolution of the
system for a good proportion. Similar to the S U(2) case peaks and dips are not reproducible
by the semiclassical method. It must be noted that by increasing A the difference between the
quantum and semiclassical calculation decreases but the time over which the two calculations
remain close does not change very much. The explanation of the behavior of the curves is
similar to the S U(2) case given in section 3.4.2.

Fig. 4.6 shows 3D plots and contour plots of the Wigner function for the initial state (4.66),
time-evolved using the full quantum mechanical evolution equation. The details of the calcu-
lations is given in appendix C.2. The slices are taken at @; = $; = 0 and at specific values of
t =0, 0.01 and 7 = 0.03. One observes that the initial coherent state is rapidly deformed from
its nearly Gaussian shape in S*. In particular, small negative regions are generated rapidly in
the vicinity of the main peak.

Fig. 4.7 illustrates the 3D and contour plots of slices of the Wigner function time-evolved
using this time, semiclassical evolution of the initial state. Although we cannot observe negative
regions in Fig. 4.7 at t = 0.01, the agreement between semiclassical evolution and full quantum
mechanical evolution is good. For longer times, for instance ¢ = 0.03, as can be seen from
Fig. 4.6, several other dips and peaks appear in the exact quantum mechanical evolution of the
Wigner function which is the result of self-interference effect. Fig. 4.7 shows that this cannot
be predicted by the semiclassical method.



5. SQUEEZING VIA SEMICLASSICAL EVOLUTION

We talked about squeezed states of harmonic oscillator in chapter 1. The notion of squeezing
has propagated to other systems and has attracted significant attention in atomic systems with
spin % and higher.

Squeezing in atomic systems would allow standard quantum noise limits in atomic clocks
and magnetometers to be overcome, and could also have their uses for the teleportation of
atomic systems and for memory stores in quantum communication and quantum computing
[54].

Moreover squeezing intrinsically reflects the existence of some particular correlations be-
tween basis states in the Hilbert space of a quantum system. This entails successful application
of squeezing criteria to detect quantum entanglement [55].

In this chapter we investigate squeezing in S U(2) and S U(3) systems using phase space
method in the semiclassical approximation and compare the generation and time evolution of
squeezing predicted by this approximation with the exact quantum calculation.

5.1 SUQ) squeezing

In spin-like systems several approaches have been used to define the squeezing parameter [8].
Squeezing parameters can be defined as fluctuations of a suitably chosen observable compared
to a threshold given by fluctuations in the coherent states of the corresponding quantum sys-
tem. Following the approach of [35] we define the S U(2) squeezing parameter similar to the
squeezing parameter & for harmonic oscillator systems defined in Eq. (1.39).

We first define the observable S (6):

S©) =T ©6)S,T7'(5)=S8,cosd+8,sind, (5.1)
where T (§) = ¢™%: is an element of the subgroup of transformations that leaves the highest
weight state invariant. Geometrically the operator S (¢) is located on a plane tangent to the
sphere, perpendicular to the Z axis; this plane is shown on the left of Fig. 5.2.

The variance of S (6) for the highest weight state |j, j) is

(AS @) = G AAS @R 1y~ i 1S @)1 = %j, (5.2)
and is independent of the angle 6. This feature is also clear from Fig. 5.2: the Wigner function of
the density operator p = |J, j) (j, jl has a Gaussian shape so the projection of W, on the tangent
plane is invariant under rotation about 2 axis. As a result the variance of § () is independent of
the angle .

As we mentioned in chapter 3, the S U(2) coherent states |¢’,6’), are defined by rotating
the reference state |j, j), i.e. A(¢',0)1j,j) = R (¢')R,(8)]], j). If we similarly rotate the
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Fig. 5.1: Wigner function of the highest weight state, |j, j) and the tangent plane to the sphere. The
operator S () is located on the tangent plane.

observable S () of (5.1) we obtain
S, (¢,0.6) A(¢,0)S (O) A (¢, 0)
AT ©)S TGN (¢.0), (5.3)

located on the tangent plane to the sphere, perpendicular to the direction 77 = (nx, ny, nz) defined
by the coherent state |¢’, 8") via

n, = sin@ cos¢ =(¢, 08 |¢.0/j,
n, = sin@sing’ ={(¢,08,1¢,0)/j,
n, = cost = (¢, 018.1¢',60)/] . (5:4)

By construction, the fluctuations of S (¢’,0,06), when evaluated in the coherent state |¢’, 6'),
are again independent of the angles ¢’, 8" and §. Explicitly, one can verify that for the coherent
state |¢’, 0")

(A3, (9. 0.0)) = % j. (5.5)

We will use the condition (5.5) to define spin squeezing. A state of angular momentum j is
squeezed if there is an operator S (¢’,0,06%) in the tangent plane, for which

(AS.(p.0.57) < % J. (5.6)

5.1.1 Semiclassical squeezing

Spin-squeezed states, like position-squeezed or momentum-squeezed states for the harmonic
oscillator, can be obtained from the evolution generated by a nonlinear Hamiltonian. The uni-
tary transformation U (f) = exp (—iFI t) generated by the nonlinear Hamiltonian A deforms the
initial coherent state to a squeezed state. A simple non-linear Hamiltonian, inspired by the Kerr
Hamiltonian in Eq. (1.48), is H = $2.
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Fig. 5.2: Wigner function of the coherent state |¢’, 8’) (left), Wigner function of a squeezed state (right)
and the tangent plane to the sphere perpendicular to the direction 7. The operator S | (¢, ¢, 8)
is located on the tangent plane

The semiclassical squeezing of S U(2) systems has been investigated in [56]. We discussed
the semiclassical evolution generated by H = Sf in chapter 3. As initial state we consider the
coherent state |¢" = 0,6’ = /2 ). The Wigner function for this state at time ¢ is given by Eqgs.
(3.51) and (3.62). This Wigner function can be approximated by

W, (¢,6) ~ (sinfcos p())* " (1 + sin@cos p(?)) , (5.7)

where

@) =@ — (2j—1)(2j+3)cos(6) . (5.8)

This approximation is very useful in calculations especially for large values of j when numerical
calculations take a very long time. Using this approximate form of the Wigner function one can
calculate the variance of § | (¢, 0, 0) analytically.

For angles ¢’ = 0 and & = 7/2 the operator S | (¢’,#,6) in Eq. (5.3) turns out to be

S”L(go',e',&)=§ysin6—§Zcosé. (5.9)

The resulting variance depends on the angle 6. We calculated the minimization of this variance
with respect to the angle ¢ semiclassically using the approximate Wigner function in Eq. (5.7)
and the phase space symbols of the required su(2) operators from chapter 3.

In Fig. 5.3 we present plots of the minimum of (AS, (¢, ¢, 5))2 with respect to ¢ as a func-
tion of time, calculated quantum mechanically and semiclassically for j = 30. The agreement
between semiclassical (dashed line) and quantum mechanical calculations (solid line) is very
good for the values of ¢ of order 1. This agreement gets better for larger values of j. How-
ever for longer times there are other dips in the quantum mechanical graph which cannot be
reproduced by the semiclassical method. In fact the semiclassical approximation is just able to
reproduce the first dip and after that it remains constant. This can also be seen from the Wigner
function graphs in Figs. 3.4 and 3.3. For longer times the Wigner function in the semiclassical
approximation is no longer reliable. Moreover for longer times, the very oscillatory behavior of
the integrals that appear in the semiclassical calculations, leads to numerical issues; as a result
we have decided to plot the graphs in a region where quantum mechanical and semiclassical
methods are in agreement.
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Fig. 5.3: The time evolution of the minimum of (AS | (¢, 0, 5))2 at¢’ =0and ¢ = /2 for j = 30. The
solid line is plotted using quantum mechanical calculations and the dashed line is plotted using
the approximate form of the Wigner function in Eq. (5.7).

The log-log graph on the left side of Fig. (5.4) shows that the time location of the minimum
of (AS, (¢’ = 0,8 =n/2,6))* scales as f,,;, ~ j % and the log-log graph on the right side of
the Fig. (5.4) shows that the minimum of (AS, (¢’ = 0,8 = /2 ,6))? scales like j**3. This
scaling behavior will be compared with the similar behaviors in S U(3) case.
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Fig. 5.4: log-log plots of the time location of the minimum of the S U(2) squeezing versus j (left) and
the minimum versus j

5.1.2 Experimental implementation

An example of a spin squeezing experiment using condensates of 3’Rb atoms has been reported
in [57]. The hyperfine states |[+) = |f = 2,m; = 1) and |-) = |f = 1,m; = —1) of ¥Rb form a
two level system. The Hamiltonian of the interaction of these levels with a microwave radiation
can be expressed in terms of spin operators as

H=wS,+QS©0) +xS? (5.10)

legls)
log(10]
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where $ . = (N, —N_)/2 is half the atom number difference between the states and directly mea-
surable. The first term in the above equation describes spin precession around z at the detuning
wo. The second term describes spin rotations around an axis S ) = S.cosé + S ysiné with
frequency Q. The third, nonlinear term of strength y arises from elastic collisional interactions
in the Bose Einstein Condensate. It deforms the state on the Bloch sphere which results in spin
squeezing.

The initial state of this experiment is all individual atoms in |—). This is just the highest
weight state |j, j) with j = N/2, N = N, + N_. A /2 pulse rotates this state and prepares a spin
coherent state along x axis and isotropic quantum noise in the y — z plane, (AS W= (AS.)? =
N/4. Subsequent nonlinear evolution with xS 2 for the time of best squeezing deforms the noise
circle into an ellipse, creating a spin squeezed state with reduced noise at an angle 6,,;,. The
observable §, (6) = § ySind — S.cosé is measured by rotating the state around x axis by a
variable angle ¢, before detecting S .. The normalized variance (A,S L) = 4(A§ L)%/ (N)
has been measured. For the squeezed state the spin noise falls significantly below the standard
quantum limit, (A,S L (6))* = 0dB, reaching a minimum of (A,S L (6))* = =3.7 + 0.4dB at
Omin = 6°. For more details see [57].

5.2 SUQ) squeezing

There is renewed interest in squeezing in systems of higher symmetry, spin-1 [58]-[60] and also
arbitrary spin particles [61].

In this section we define a new criterion for squeezing in S U(3) systems [33]. We define the
squeezing criterion in a manner similar to S U(2) criterion of Eq. (5.6). The main idea consists
in defining the family of collective operators K (which in practice are some linear combinations
of generators of the su(3) algebra) for which the fluctuations evaluated using S U(3) coherent
states are invariant under the same group transformation

T (@3.83, 71, v2) = Ra (03, B3, —a3) e 1 gm0l (5.11)

that leaves invariant the reference state used to construct the set of coherent states.
We define the family of operators K (a3, 83, y) as

R (3.85.0) = T (@3,85.71.72) (Ci3 + Ca1) T™" (@3, 83, v1.72) - (5.12)

where v = 6y, + y,. The explicit expansion of K (a3, 83, x) in terms of generators is obtained
by multiplying the 3 X 3 matrices for 7" and (C’ 13+ 6‘31), and expanding the results in terms
of the 3 x 3 matrices for the generators. Because the transformation is linear, the expansion
coeflicients do not depend on the size of the matrices. The final result can therefore be written
for any representation as:

K (a3,B3.0) =
— (612 + ézl) sin (%,83) COS ((1’3 - %)() - i(é[z - 621) sin (%ﬁg) sin ((}'3 - %/\/)
+ (613 + 631) cos (%ﬁ3) cos (%X) — i(élg — C’gl) cos (%ﬁ3) sin (%)() : (5.13)

N 2
It is easy to verify that the variance (AK (a3, B3, )()) when evaluated using the highest weight
state |4, 0, 0) is A and independent of the angles a3, 83, y. Hence, the variance of

K. (w';03,B3,x) = D(') K (a3.83,0) D7 (o) , (5.14)
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when evaluated using the coherent state |w’),
|(L)’> = D ((L),) |/l’ Oa 0> = R23 (alllaﬁlla _alll)RIZ (Q/ZIaﬁZ,, _a/2’) |/1’ Oa 0> 5 (515)

is also independent of the direction (a3, 83, x) in the tangent hyperplane perpendicular to 72, and
equals to A. Here 77 is the mean vector with complex components

it = ((C23), (Ca2), (C12), (1), (C13), (Can), K, (o)) (5.16)

Thus, we will use (AK, («'; a3, B3,x))* = A as our squeezing threshold and define an S U(3)
state |y) as squeezed if there is an observable of the form K, (a)’; s, 5, )(*) for which

% ’ * ¢ * 2
(AR, (w's05.85.x0") <A, (5.17)

when evaluated in |i).

In a very recent experiment [62] squeezing in an S U(3) system which consists of spin-1
atomic Bose-FEinstein condensates have been realized using the f = 1 hyperfine manifold of
87Rb. This system can be described in terms of creation and destruction operators of three Zee-
man states my = —1,0,1, @, and &,T,, " in the single-mode approximation. These destruction
and creation operators correspond to the ones that we used in chapter 4 to construct ladder
operators C; ;. In the experiment they prepared condensate of N = 45,000, ’Rb atoms in the
|f = 1,ms = 0) hyperfine state in a 2G magnetic field. The Hamiltonian describing the colli-
sionally induced spin dynamics of the condensate and the effects of an applied magnetic field
B along 7 axis is a nonlinear Hamiltonian contains terms ﬁsq =24 (&32&121_1 + &I&f 1&(2)) which
generates squeezing. A characterize the inter-spin energy. They used a squeezing parameter
which is different from what we defined here and they observed squeezing of —8.3*0-9dB. For
more details see [62].

5.2.1 Semiclassical squeezing

Squeezing reflects correlations between components of a basis. As mentioned before, group
transformations generated by exponentiating linear combinations of elements of the su(3) alge-
bra, produce rigid displacements of the basis states. Correlations between basis states cannot
as a matter of definition be induced by such group transformations. Rather, correlations are
obtained as a result of non-linear (in terms of the algebra of observables) transformations, usu-
ally from non-linear Hamiltonian evolution. Here we consider the following simple non-linear
Hamiltonians that lead to squeezing,

20+3.
MR (5.18)

]’ll, [:\Izzl,’\l%+

We remind the reader that the decomposition of fzf and iz% in terms of tensor operators contains
terms that transform by representations (2,2), (1, 1) and (0, 0). The (1, 1) terms are proportional
to generators and so produce rigid displacements. We remove displacements by adding a term
proportional to /; which transform by (1, 1).

Squeezing generated by H,

We discussed the semiclassical evolution of S U(3) systems under H, Hamiltonian in chapter 4.
For semiclassical squeezing we have to find the phase space symbol of the observables K, and
.
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We write the explicit expansion of K, in terms of generators by multiplying the 3x3 matrices
for D(w’") and K and expanding the result in terms of the 3 X 3 matrices for the generators. The
final result, which is true for any representation, is:

K. (w;a3,B3.x) =

+ ((:“13 + C’gl) cos (%X) cos ( B3) cos (%le) +i (6’31 -~ 6‘13) cos (%,83) cos (%,82’) sin (%X)
(632 + 6’23) cos (%X) cos ( B3) sin (%,82’) +i (C’gz - 6‘23) sin (%)() cos (%ﬁ3) sin (%,82’)

(

1

2

21—

21—

+
- é]g + éz]) COS (61’3 - %X) COS (,82,) sin (%ﬁg) + i(ézl - é]g) sin (CU3 - %X) sin (%ﬂ3)

(izl - ilz) cos (a3 - %/\/) sin (8,”) sin (%&) , (5.19)
Using the phase space symbol of su(3) generators from chapter 4, Wx, can be written easily.

We also need the symbol for (C13+ C5)? to obtain the variance of K, («'; a3, B3, x) using the
semiclassical evolution. The expression is complicated but can be written as:

+

A2 A2 A A A A
C + C3] + C31C13 + C13C31

Z Z g'“’ﬂ (U'U)(Mlllzm)l > (5.20)

=0 p1,u2,1,

(ém + é31)2

where coefficients gglﬂ are given in Egs.(B.1) and (B.7). Transforming Eq. (5.20) gives

. , A A N2 L,
K? = D()T(a3B571,72) (C13 + C31) T~ (@3,B5,71,72)D™" (o)
— (o,0) ’ ’ ’ ’
= Z Z Z gﬂl ((m) (1 t2gi3). 1y D(m,VQ,V3)IV,(;11,/12,/13)I;1 (011 Bi, ', B ,03,,33,)’1,72),
=0 py,u2,l, vi,va,1y
(5.21)
where
D) s, (@) = (1 v2,v3) LIR Q) (a1, o, 13) I, (5.22)

with R (Q) given in Eq. (4.17). The symbol for K> of Eq. (5.21) is found to be

_ (@)
Wi = Z 81, D oot i, (@1 5B @2 Bl @3, B3 v1.72) WT“"” @, 5.23)

(uyp13)1
o vival,

where W, reo , the phase space symbol of T((Z i) e €aN be obtained from Eq. (4.25):
K1 42-43 .’

2(0 + 1)3 (00)
Wio Q \/—D Q) . 5.24
Téﬂuzzm)'( )= A+ 1A +2) Wl ((m(,)o( ) ( )

We choose once again the initial state as a coherent state that sits above the minimum of Wy,.
This minimum is located at @;" = By = @’ = 0 ,3," = arccos(—1/5). The time-evolved
Wigner function, neglecting correction terms of order £72, is given by Egs. (4.66), (4.74) and
(4.75).
For 4 > 1 we have found, with much similarity to the S U(2) case, that W), 00y1.00 (B2) 18
well approximated by
42*

W, ~ AN A — — 5.25
1,0,0%200] (B2) € A+ 1)(A+2) ( )
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min(A]ei(w';as,ﬂS,l))z 2=20, i, :ilf_zlsﬂﬁ

0.00 0.02 0.04 0.06 0.08 0.10 t

Fig. 5.5: The time evolution of the minimum of (AK, ('; a3, B3, )())2 under the Hamiltonian A, for
ay’ = B’ = &’ =0 ,By = arccos(—1/5) and A = 20. The dotted line is plotted using
approximate Wigner function in Eq. (5.25), the dashed line is obtained using the exact Wigner
functions of Eqs. (4.66), (4.74) and (4.75) and the solid line shows the quantum mechanical
calculations.

where A is the normalization factor. This approximation is useful in calculating the variance of
K, specially for large values of A.

Fluctuations of K 1 (W5 a3, B3, x), when evaluated using the initial coherent state evolved un-
der Hamiltonian H;, depend on the parameters a3, 83, ¥ = 6y, +7- in such a way that there exist
directions, parameterized by 3,5, ¥ in the tangent hyperplane, where the fluctuations are
smaller than the fluctuations in the corresponding coherent state |w”). It remains to select from
those directions the one along which the fluctuations are smallest to complete our definition of
squeezing.

We analytically calculated the fluctuations (AK' 1 (w'; as, B3, X))z using the standard phase
space techniques, i.e. integrating the symbols of K, (w’; a3, 83, x) and its square using the time-
evolved Wigner function. A sample of the analytical calculations is given in appendix D.

Fig. 5.5 shows the time evolution of the smallest fluctuations of K (v;as, B3, x) with respect
to a3, B3 and y for the initial Wigner function of Eq. (4.66) and its approximation in Eq.
(5.25) for A = 20. The best squeezing direction (a3, 83, x*) has been found through numerical
minimization. The results are illustrative of a number of calculations performed for irreps of
the type (4, 0) with A ranging between 10 and 30. It is clear from the figure that semiclassical
calculations using both the exact Wigner function and its approximate form are able to describe
the squeezing up to the first minimum with a good approximation; for longer times the quantum
mechanical plot has other dips that are not reproducible with the semiclassical method. This is
because for longer times the Wigner function in the semiclassical approximation is not reliable
as can be seen in Figs. 4.6 and 4.7. Again similar to the S U(2) case, because of the numerical
issues for longer times in the semiclassical approximation we have plotted the graphs in the
region that both methods are in agreement.

From Fig. 5.6 we see that the time location of the minimum of (AR, (w; as,p5, )(*)(t))2 scales

like fipin & 273! (right) and the minimum of (AK , (w; @3, B, )(*)(t))2 scales like 17997 (left). The
values are different from the S U(2) case, indicating that the squeezing is different in nature.
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Fig. 5.6: log-log plots of the time location of the minimum of the squeezing versus A (left) and the
minimum versus A for squeezing generated by the Hamiltonian H,

Squeezing generated by H,

Now we investigate squeezing under H, Hamiltonian in Eq. (5.18). The symbol for H, is
obtained using Wiz and W, from chapter 4,

Wu, = %/l(/l+3)+ ﬁ\/(/l— DA@A+3)(A+4)(3+4cosfr + 5cos(26,))

I
452 VA= DA+ 3) A+ A (1 + 3 cos () sin' (%2) . (5.26)

The equation of motion of the Wigner function under this Hamiltonian is

W, 1

0r 2 +3) (W o)
= JUd=-11+4) (% (2+5cospBy(cosfr,— 1)) 662/’)
2

B 2) %) , (5.27)

+ cos B;sin’ (? aa,

which results in

0 (1) = ay— A= 1) (A + ) cosfisin’ (%)t (5.28)
a () = ap-— 21—0 VA=1)(1+4)(2+5cosB;(cosB, —1))t. (5.29)

In comparison with the A, Hamiltonian, two angles @; and a, are time dependent but the evo-
lution still remains solvable.

As before we choose the initial state to sit above the minimum of Wy, which occurs at
@’ =’ =0,8/ = in,By = x. Thus the initial state is:

jw') = D () 14,0,0) = Ry3 (0, 37,0) Ri2 (0, 7,0)14,0,0) (5.30)
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Fig. 5.7: The time evolution of the minimum of (Ak 1 (W' a3, B3, )())2 under the Hamiltonian H, for
a’ =a’ =0,8/ = %ﬂ', B2 = mand A = 20. The dotted line is plotted using approximate
Wigner function in Eq. (5.25), the dashed line is obtained using the exact Wigner functions of
Egs. (4.66), (4.74) and (4.75) and the solid line shows the quantum mechanical calculations.

from which we obtain

cosBz = sin? (ﬁz_z) + cos ¢ sin,Blsin2 (%) —-1. (5.31)

Thus for this choice of initial state there is no @, dependence in the Wigner function. The
evolved Wigner function is then obtained by substituting Eq. (5.31) in Eq. (4.66) where in Eq.
(5.31) one must use «,(t) from Eq. (5.28) instead of .

For the observable in the tangent plane, K, we have

IA(.L (w,;a3’ﬁ37/\/)
=D ()T (3,55, Y1, 72) (én + CA’31) T (@3, 71, 72) D' (o)

= % (612 + égl) COS ((1’3 - %/\/) sin (%ﬁg) + % (621 - 6‘12) sin ((1’3 - %X) Sil’l(%ﬁ3)

+% (éls + ésl) cos <6¥3 - %X) sin (%:33) + i(é31 - élg) sin (%,83) sin (a3 _ %X)
+i (6'32 - 6'23) sin (%)() cos (%ﬁ3) — 2h, cos (%)() cos (%ﬁ3) ) (5.32)

Thus Wk, can be written easily using the symbols of su(3) generators. The Wigner symbol of
K2 is given in Eq. (5.23) wherein one must use ;" = a,’ = 0,3, = %ﬂ,ﬁz/ =.

Fig. 5.7 shows the time evolution of the smallest fluctuations of K (v as, B3, x) for the
initial coherent state of Eq. (5.30) for 4 = 20. The solid line is the quantum mechanical calcu-
lations, the dashed line is truncated semiclassical calculation using the exact Wigner function in
Eq. (4.66) and the dotted line is plotted using the approximate Wigner function in Eq. (5.25).
In comparison to Fig. 5.5 we see that the minimum is lower than the A, case. This means we
get more squeezing with the A, Hamiltonian. Moreover the minimum occurs at a later time
than the H, case. Here again for the first dip in the squeezing graph the agreement between the
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Fig. 5.8: log-log plots of the time location of the minimum of the squeezing versus A (left) and the
minimum versus A for squeezing generated by the Hamiltonian H»

semiclassical method and the quantum mechanical is good but other dips are not reproducible
in the semiclassical plots.

We have also found the time location and the minimum of (AK | (w; as, 5, X*)(z))2 for 4 =20
to A = 70 which is plotted in Fig. 5.8. The time location of the minimum scales as ,,;, ~ A7
and the minimum of the variance of K, (w’; a3, 83, x) scales as 1%, This is almost the same
as the scalings for the S U(2) squeezing, Fig 5.4. This is because , is the diagonal operator of
su(3) that corresponds to S . and also the initial state we chose here is an S U(2) coherent state.



6. CONCLUSION

The objective of this thesis was to investigate squeezing in S U(3) systems in phase space using
semiclassical methods. We obtained the corresponding phase space functions of the quantum
mechanical observables and also the Poisson bracket on the phase space of the system. These
are our main tools to investigate the dynamics in the phase space.

We showed that for S U(3) systems, similar to the previously discussed position-momentum
and S U(2) systems, the quantum Liouville equation of the Wigner function for Hamiltonians
linear in the generators of the algebra is exactly the classical Liouville equation; for nonlinear
Hamiltonians it can be written as Poisson bracket plus other terms which are in fact quantum
correction terms.

The quantum correction terms in the case of position-momentum are proportional to 7 and in
the case of S U(2) and S U(3) are inversely proportional to j and A respectively. For large values
of j and A the quantum correction terms are small and we were able to truncate the Liouville
equation to the Poisson bracket and therefore using the classical Liouville equation to discuss
the quantum system.

We checked the validity of this approximation by calculating the time evolution of the vari-
ance of an observable and comparing the semiclassical plots with the quantum mechanical plots.
We showed that the semiclassical plot agrees with the quantum mechanical one for almost half
of the full cycle of the evolution.

In the last chapter we showed that squeezing, which is a quantum mechanical effect, can
be described in the semiclassical approximation. Squeezed states can be obtained by evolving
coherent states of the system under non-linear Hamiltonians. We generalized the squeezing
criterion for S U(2) systems to S U(3) systems. We called a state squeezed if the variance of an
observable which is a combination of su(3) generators and geometrically lies on the hyperplane
tangent to the phase space of the system, perpendicular to the direction of the initial coherent
state, be less than the variance of this operator for the coherent state; for the coherent state this
variance is A.

We chose as initial state a su(3) coherent state which sits above the minimum of the phase
space symbol of the Hamiltonian. The semiclassical approximation gives better result for this
choice of initial state. We then investigated the evolution of the initial state under two nonlinear
Hamiltonians: H, = /2 - e 3hy and H, = 2 + 2?)83?11. We showed that although the shape
of squeezing for each of these cases is qualitatively similar, the two types of squeezing are
different, as can be quantitatively determined by the scaling properties of the time of maximum
squeezing and of the actual maximum squeezing as a function of the representation A. By the
evolution under H, Hamiltonian we get more squeezing than what is generated using H;, and
the time of best squeezing occurs later than the corresponding time in 4.

The scaling properties also shows that the squeezing obtained by A, Hamiltonian is almost
the same as the S U(2) squeezing. This was not unexpected because /1, is the diagonal operator
of the su(2),3 subalgebra of su(3) and also the initial state that sits above the minimum of Wy,
is a S U(2) coherent state.




6. Conclusion 59

We have also worked out the generation of squeezing under the Hamiltonian H = H, + H,.
These result have not presented in this thesis but the quantum mechanical investigation shows
that, although our initial state for this case is a true S U(3) coherent state (in contrast with the
H, and A, Hamiltonians that we had S U(2) coherent states as initial states) we can’t get better
squeezing than the H, case. The semiclassical approximation is again able to produce only
the first dip in the quantum mechanical curve but it also grasps the main trend of the quantum
mechanical curve [63]. The results presented in this thesis could be generalized to other systems
of the S U(n) type but the technical challenge of evaluating some integrals will not be easy to
manage. Nevertheless, because the qualitative features of squeezing are expected to be well
reproduced using a semiclassical evolution, the phase space approach will remain useful in
investigating squeezing in S U(n) systems.

At the end we can say that the semiclassical approximation give the qualitative behavior of
the system in terms of classical physics. Moreover by comparing semiclassical and quantum
mechanical calculations we can identify what part of the problem is really quantum and cannot
be understood as a classical effect.
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A. SU(3) POISSON BRACKET

In this appendix we obtain the Poisson bracket on the phase space for (4,0) irrep of SU(3)

which is a four dimensional sphere.

One can show that coherent states for irreps of the type (4, 0), defined in Eq. (4.19), can be

written as A A
|Q) = Ne "G ™2C21 1) 0, 0)

(A.1)

where N, 7, and 7, can be obtained by expanding the exponentials ¢ and ¢ and com-

paring the result with Eq. (4.22). We have

7 = U gin (%)tan ('%) ,

T, = €®cos (%) tan (’%) ,
cos (5—2) .

N
2

Using Eq. (A.1) we can write the so-called symplectic 2-form as[37]

w= ingldi AdTy,
%l

where
_ O°F
B (')ch')T 7 ’

Defining the following variables:

g F=In(1+f+nf).

sk *
m=7T, Mm=T, MN3=T2, N4=T,,

Si=a, &L=a, & =P, &=p,

the 2-form can be written as
w = iZ Gopdna N dng,
aB

where
0 gu 0 gn
Gop = 1l —gn 0 -gu 0
P21 0 gu 0 gn
g2 0 -g» O

(A.2)

(A.3)

(A4)

(A.S)

(A.6)

(A.7)
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The matrix G is antisymmetric. One can easily work out

1 2
e ) ).
(1+ P + 2l
812 =8y =~ niv = —¢ " sin (&)cos (ﬁ—l) sin (ﬁ—z)cosz (@)
(1 + 1P + ol 2/ 22 2
1 2
gn = *Inl = COs ('8 )(1 + sin (’le)tan2 ('%)) . (A.8)
(1+101P + [eal)’
The Poisson bracket given in [37] as
of og  dg df
, A9
Z (67’, ot; - on ot (A-9)

LJ

can be written in the new variables as
06 s O ] g

: o 0 08
T s S e i

ONe 3’75
Z of U
aft 0 ]'.

Introducing U;, = f’ L we have GY = U;,G*PU = (UGU T) Note that G is the inverse of
a”" . Thus we have

{f. g
(A.10)

Gp and Uy, is the inverse of U i —

Lellar+ar) cgc AL cot 22 et sec & cot 2

—Lemilmra) cscﬁ cotﬁ2 —ia secﬂ cotﬁ2 Se
z’e"f’2 secﬂ Cotﬁ2 ; el secﬂ cotﬁ2

0

. 0
Ula’ —
e iar+a) oog PL ’8 cot ﬁz el@+@) cog PL ﬂ cot ﬁz —e~io2 gjp &L ﬁ cot ﬁ2 € sin & ﬁ cot ﬁz
e l@+a) gip %cosz% eilar+a) gip Bt cosw 2 priazgjn BL cosm 2 el gip ﬁ21 cos?2
(A11)
and
0 0 4i csc Bcsc? ('%) 0
) 0 0 —2itan & 5csc (%2) 4icsc By
G- . (AI2)
—4icsc Bicsc? (%) 2itan 2 2Lese ('%) 0 0
0 —4icsc B, 0 0
from which we obtain Poisson bracket
e = — (ﬁa_g_ﬁag)fm(‘%)(af % of o
4 0 (9 af o
of 0g  of dg (A.13)
s1n,82 (9(1’2 (9,82 6ﬁ2 (9cx2



B. SOME USEFUL SYMBOLS OF § U(3) OBSERVABLES

A A \2

In this appendix we obtain the phase space symbol of (C 12+ C21) which is needed in chapter
A A \2

4 and we also obtain the symbol of (C 13+ C31) needed in chapter 5.

. A2 A . A A
We have (Clz + C21) = C}, + (3, + C12Cyy + €11 Cyy. Tt is easier to obtain the symbols of

each of the terms in the expansion. We start by writing each term in terms of tensors. For C 2
and C3, we have

A2 ™A
C12 - NT(2,2),(4,0,2);1’
A2 A
C21 - NT(Z,Z),(O,4,2);1’

N:%x/(/l—1)/1(/l+1)(/1+2)(/l+3)(/l+4), (B.1)

and the other two terms can be written as

A A aa ) . . <)
C12Ca1 = YT (5010000 T Y10L (1100 T YL T Y201 G0y 0020 Y211 (00)022)1 0

ACA A A2 A2 A1 A2
C21Cr2 = 10T, 0).0.0000 T ML (1 in0 T T T (a1 1207500020 121100000001 -
(B.2)

To obtain the factors we need to know how tensors T(2 222,20

terms of states. We have the following expressions for them,

I = 0,1,2 can be written in

A-ny
9
T 000 = \/_ Z D (3nt + (2 + n3) (my +m3 = 1) = 3ny 2y + 2n5 + 1)
n1=0 np=0
X |ny, ny, n3) (ny, ny, n3| (B.3)
A-ny
9
TG0y = \/— Z Z (4ny —ny —n3 + 1) (n3 —mo) [ny, no, n3) (ny,np,n3| - (B.4)
n1=0 np=0
A A-m
A0
T(z,z);(z’z’z),z = Z Z nz —4nzny —ny + n3 - I’l3) Ini, ny, n3) (ny, ny, n3 (B.5)
\/_nl =0n,=0

180
e = \/(/1—1)/1(/1+1)(/1+2)(/l+3)(/l+4) (B9
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64

where

Yo

Y10

o

Y11

nu

Y20

Y21

no = 2—\25/1(/1+3) VAA+ 1D (1 +2),

S+ TAT DU+ DA+ 3),

%(/1—6) VIA+DA+2)A+3),

V3
60
V3
60

A=D1 AVAA+ DA +2)(1+3),

A+4) JAA+ DA +2)(1+3),

7720:—1—\5)\/(/1— DAA+1D)(A+2)(1+3)(1+4),

V2
60

M = \/(/l—l)/l(/l+1)(/1+2)(/1+3)(/1+4).

The symbols are then obtained as:

We,én

% VA DA+ 3) A+ B e 2icos? (%) sin’ (8,) ,

1 |
VA= DAAT3) A+ A e cos? (%) sin? (8,) ,

%/l(/l+ 3+ %(m 9) VACL+3) (1 + 3 cos (B))
+11_o (A= 1) AL+ 3)cos (B,) sin’ (%2)

_% VA-DAA+3)(A+4) (3 +4cos (By) + 5 cos (2))

+21—0 VA= DA +3) L+ 2 cos By (3 + 5cos Ba) sin’ (@) ,

2
%/l(/l+ 3+ 61—0(1— 6) VA1 +3) (1 +3cos ()
+% (A +4) AL+ 3) cos () sin’ (ﬁ—;)

—% \/(/l —1DAA+3)(1+4)(B +4cos(By) +5cos(26))

+% VA DA +3) L+ B cospr 3+ 5cos o) sin’ (@) .

2

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

R .2 N A2 A A A A
To obtain the phase space symbol of (C13 + C31) we write (C13 + C31) = C1,+C5,+C13C3 +
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(5 Cy; and find the symbol of each term. These terms can be written in terms of tensors as
A2 arfid
Cis = NT (0400015
A2 arfid
C31 = NT (500415

AA & 9 2 9 2
Ci3Ca1 = VOT(O,O);(O,O,O),O + 7’10T(1,1);(1,1,1),o - 711T(1,1);(1,1,1),1 + 720T(2,2);(2,2,2),o - 721T(2,2);(2,2,2),1 ’

A A <) 1 1 1
C31C13 = 10T (,0y.00000 T 10T (10 — T TGy 1201500220 ~ 1211000001 5
(B.12)

where the factors vy, n and N are given in Egs.(B.1) and (B.7). The symbols are then as follows:

We = % VA= DA +3) (A + &) e 2iragip? (%) sin? (B,) , (B.13)
Wer = % VA D AR +3) (A1 4) ierragin? (%) sin (8,) , (B.14)

Wepes = 1_12/1(/1 +3)+ % (A4+9) VA +3)(1 +3cos(B))
—11—0 (A= 1) A (A + 3)cos (B)) sin’ (’%)

_$ VA= DA +3) (A +4) (3 +4cos (B) + 54cos (265))

1
~55 VA= DA+ 3) (A + 4 cospi (3 + 5 cos o) sin’ (ﬁ—;) . (B.15)

Wenes = %/1 (A+3)+ 61_0 (1=6) VA +3)(1 +3cos(By))
—% (1 +4) AL+ 3)cos (B)) sin’ (%)

_% VA=A +3) (A +4)(3 +4cos () + 5c0s (28,))

_21_0 VA= DA +3) (A +4)cosfi (3 + 5 cosBy) sin’ (%) . (B.16)



C. QUANTUM MECHANICAL TIME EVOLUTION OF THE WIGNER
FUNCTION

In this appendix we obtain the quantum mechanical evolution of the S U(2) and S U(3) Wigner
function.

C.1 SUQ2)

Our initial state is the S U(2) coherent state |¢’, 8”) which we write as
j .
', 0y = D, (¢.6,0)j,m). (C.1)
m=—j
The time evolution of the initial density operator p = |¢’,60") (¢’, 6| under the Hamiltonian
A=s2
pn)y=e",0) (.0, (C.2)
thus can be written as
A Y *i(m?=m . .y
p(0) = D!, (¢.6.0) (DL, (¢.6,0)) &) |jimy (o] (C3)
m,m’' =—j

The Wigner function of the evolved density operator p (f) can be written using Eqgs. (3.24),
(3.25) and (C.3):

W, (p.0,1) = Tr(p®)w(e,0))

J
> D (¢.0.0)(D, (¢.0,0)) € o | A, 0) PAT (0,0) |jom),
m,m’'=—j
(C4)
where we write
A j A
G,m'| A (p,0) PA™" (@,0)]j,m) = Z G| A (@, 0) 1), n) Gonl Plj,n'y G’ | A (@, 0) |y m) .

nn'=—j
(C.5)
Using Egs. (3.28) and (3.31) we have

2L+1 2L+ 1
j-m" " .
_Z 2]+1 LO Z 2j+1 Z}C]m s m( 1) |j,m"”) (j,m"]|. (C.6)
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Thus
J ' 2
”p(QD,G,t) = D],j( /,9/,0)(DJ (9 o O)) 1m 2 m )z

m,m’' =—j

J 2j
<) Dl .0.0)(D), @ 0.0) D[ ek,
m’ m’’ s Uy mym’’ s Uy v 2]. + 1 jm ] —m’

" —

m'’'=—j
(C.7)
where for the case of the initial state of chapter 3, ¢’ = 0,6’ = /2 , we can use
; T 1 2!
D ( ’:0,9':—,0):—. . C38
mi\# 2% % \/(j+m)!(j—m)! (©8)
C2 SU®)

Now let us calculate the time evolution of the S U(3) Wigner function under the Hamiltonian
H = 1? — 22}, Our initial state is the S U(3) coherent state Ry» (0, 8'5,0)|4,0, 0),

() = Ri2(0,850)14,0,0) (C.9)
A
= > =p,p,0)(d=p,p,0|Ri2(0,5,0)14,0,0)
p=0
A
= ZDE rapya (0:52,0) 1= p. p.0), (C.10)
p=0

where we can use

, ~ 2J)! BY™M BT vy
D!, (@.p.y) = \/(J+M)!(J_M)!(cos§) (sm E) gmiMarIy), (C.11)

The time-evolved state, i (1)) = ¢ [y (0)), is

A
/ B\ - "
Z (- p)‘ Smp( 2 e =520l — pp,0)
p=0
>
p=0

W (0))

Cp®) A= p,p,0). (C.12)

Thus the Wigner function of the time-evolved density operator,

A
= Z C,()C:()|A—p,p,0){A—r,1,0], (C.13)
p,r=0
is .
W, (@.0= . CpCHD A= r.r.0l A ) PA™ (@) |1 - p. p.0) (C.14)

p,r=0
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with A (w) = Ras (wy) R1» (w»). The operator P is

dim (O- O-) ~A(o,0)(o,0,0)0
Z dlm (/1 O) Zv M THHTY V> </1 THHZY VlC(/l—/J/,t V(A= p—v,y) * (C15)

Inserting Eq. (C.15) into Eq. (C.14) we obtain (1 —r,r,0| A (w) |4 — u, u — v, v), which can be
written as

D=1 0 Rs @) A= 1 r = A= rr =l R @) A= o =v,v) . (C.16)

In terms of S U(2) D-functions we have

</l—r,r,O|R23((L)])|/l—r,r 77,7]>_ l 1( 2)(al,ﬁ1’_a1) (C17)
and
La-v)
A=rr=nnlRe @) =pu=vn) =Dy (o (@sfu-a) . (C8)
Thus

* (0- O-) /1(0' o)(o,0,0)0 ir b4 *
W (w,1) = Z CP(I)C’(I)Z dim (1,0) Z (A~ vv)(A—uu—v,v)Dlr Lr—2v )(w‘)(D L(p-2v) (w‘))

D,r
Ja-v) Ja-v) ’
2 2
XD%(A—2r+v),%(/l—2,u+v) (w2) D%(A—2p+v),%(/l—2,u+v) (@)] - (C.19)
Finally, one can additionally use the closed form expression

, ~ 2J)! B BT e
Doy (@p.y) = \/(J+M)!(J—M)!(C°S§) (_ - 5) e (€.20)

to produce a slightly more explicit form of the final Wigner function.



D. ANALYTICAL CALCULATIONS OF SEMICLASSICAL VARIANCE
OF K,

In this appendix we show a sample calculation of one of the integrals that appears in calculating
the variance of K, in chapter 5. Specifically here we show how we analytically calculated the
following integral

. . dim /1,0 27 27 7T ‘
<C12+C21> = #f daflf dazf dp, sin B3,
0

f dp, L= P =P iy Wers W, (©Q0) (D.1)
where
Weié,, = VYA(A+ 3)cos as cos ('82 ) sin B, (D.2)

and W, (Q (7)) is the time evolved Wigner function given in Eq. (4.64)

A .
~ dlm(0-70-) o,0)(0,0,0 g,0°
W Q1) = Winooaoo (Q(0) = 3 4|5 0y Cioon " Do (Qw). @3
O b

o=

The S U(3) D-function, DEZ:Z,)U)O;(WM)O (Q), can be written in terms of Legendre polynomials as
(0,0) A _
D((rrrrr)O J(o,0,0)0 (Q) - (O' Z (2p + 1) P (COSﬁg)
1

= (COSBZ — 1) o+ 1) (Po'+l (COSB2) - P, (Cosﬁz)) (D.4)

and the Legendre polynomial P,(x) is given explicitly by

- -p-1 1—x\f
Pp<x>=;(—1>k(’,§)( P )( : ) (D.5)

Thus we can write the Wigner function as

h!
dim (0, 0) ~ieo)ooo 1
Q(t) Z CAaoX )0

£\ dim (4, dim (2, 0) Clooa00 (o + 1)

L2z o) ()70 (0 Jevreonr

n1=0 npy=0 n3=0
(D.6)
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or, more compactly, as

L (Q0) = ZA” cosf)’. (D.7)

As discussed in chapter 4, for H, = hf - 2”5—+3h1 we have
cosB, = —sin® (%,82’) sin’ (%,81) + cos 3> (0052 (%,82’) — cos? (%,81) sin’ (%Bz’))
+ (cos (%,81) sinf3,’ sinﬁz) cos (a (1))

= C+ Bcos(ar (1)), (D.8)
where
9
ar(t) = ar— = \/(/1— D@+4)(1+5cosB)t
:(1’2+AI+AICOS,82—G’2+R. (D.9)
Writing
q
(cos ﬁz)" = Z( ;14 )Cq"”B”“cos”“ (s +R), (D.10)
n4=0
we get
A N dim (4, 0)
<C12+C21> = % 71+ 3)

X Z A; fdﬁl fdﬁZ cos (%ﬁl) Sin,Bz sin,Bl CcoS (%,82) sjn3 (%ﬁz)
q=0

(g-1)/2 2
X Z ( 1 )C‘f"(z"“Jrl)BZ"4+1 f daycos®™*! (ay + R) cos as
0

2n4 + 1
ng=0
(D.11)
where the integration over @, yields 2r since there is no @; dependence in the integrand.
Writing cos a; = cos (@, + R — R) the integral on a, turns out to be
27
(2ns + D127
cosR | dascos”™*? (@, + R) = —————cosR. D.12
S j; @yc08™ " (a2 + R) (a1 D1zt <% (D.12)

Using trigonometric identities we can write

C = isin’ (%ﬁz’) +cos B> (cos2 (%,82’) — Lsin® (%,82’)) + (%sin2 (%,82’) (1- cosﬁz)) cos B

= X+YcosB. (D.13)
Thus
T (g-2ns-1
CaCra+D) _ Z ( 4 n54 )Y"SCOS"5 (By) X7 2mm1ns (D.14)
}15:0

and the B, integral in fact is

" natl ns+n,
2n4+2 :31 n 1 na+1 n4+1 (_1)5 |
fo 4preos (5 )eos' Bsin(gy) = (3) Z( e )ﬁ

ne=0

, (D.15)
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Hence

. A dim (2,0
(Co+Ca) = \//1(/1+3)%27T

4 v
X ZO A; fo dp; sin (B3;) cos (%,82) sin’ (%ﬁz) cos (R)
p

X(q_zli/z 9 gin2u ! (B,) 1 ! (2ny + D!127 q_i_l q—2ns—1
2n4 + 1 27\2 (ng + 1)1274+1 ns

ny=0 ns=0
Xyn5Xq—2n4—1—n5(%)n5 Gin2"s (%ﬁ’z) %mi( n4n: 1 )% (D.16)
e
The S, integral is then
411 I 11 de(1 - gz)”“”(l — &Y (F + G&T " cos (At + At), (D.17)

where we have used ¢ = cos 8,. We now expand,

q—2n4—ns—1
(F + Gég)q—2n4—n5—1 _ ( q—2n4—ns—1

) Gn7 Fq—2n4—n5—1—n7é_-n7 , (Dlg)

0 7
ny=
) ng+1 _ natd l’l4+1 Ong ng
(=€) = | e, (D.19)
ng=0
ns 1
ns+l  _ = ns + 1 19 ng
-9 = Y [T |erene, (D20)
ng=0 ?
The integral on £ is then
1 1
cos (Af) f dé cos (Atg) €77 — sin (A1) f dé sin (Arg) €m0+ (D.21)
-1 -1

where

2ng+ng+ny sin (A_Z + %nloﬂ) + (_1)2n3+n9+n7—n10 sin (A_t - %nloﬂ) (D 22)

k. = (2ng + ng + ny)! —
n1p=0 (2ng + ng + ny — I’ll())!(AZ)

and

2ng+ng+ny sin (Al + %nloﬂ') _ (_1)2n8+n9+n7—n10 cos (At _ %nloﬂ')

Ky = —(2ng + ng + ny)! (D.23)

nyp+1
n10=0 (2ng + ng + ny — I’llo)!(At)
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Finally we obtain

N N dim (4,0
<C12+C21> = \//1(/1+3)%27T

1 (q-D)/2
1 q ongrl g y (1VH (Zng + D27
XZ(;Aq Z;) ( et 1 )sm ®>)(3) Gt D12t
q= ng=
q=2n4-1 na+1 ns+ng+1
q—2n4—1 1\5 205 (10 l ng + 1 (=1)ys™memt — 1
* ,,SZ:“O ( s )(2) o (2ﬂ 2) 4 %Z:;) ng ns+ne + 1
g—2n4—ns-1 ng+1
y 5 ( q - 2ny —ns — 1 )Gn7Fq—2n4—n5—1—n7 42:( ng + 1 )(_1)1’18
ny ng
n7=0 ng=0
}’l5+1 +1
x> ( " )(—1)"9 (cos (A1) k. — sin (AN ;) . (D.24)
N

ng=0
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where (¢ (s),f(s)) is the characteristic. By the chain rule we have

W, _ oW, de oW,
ds  O0¢ ds Ot ds’

(3.56)

Now if we set dt/ds = 1,d¢/ds = 1 we obtain 0W, /0t + 0W,/d¢p which, according to Eq.
(3.54), equals to zero. Thus, along the characteristic the original partial differential equation
becomes the ordinary differential equation dW,/ds = F (Wp, v (s) ,t(s)) = 0. That is to say:
along the characteristics, the solution is constant. Therefore if we set #(0) = 0 we have f = s
and ¢ (1) = t + ¢ (0). This means that if W, (0) = f (¢ (0)) then W, (¢ (1) ,1) = f (¢ — 1). In other
words the evolved Wigner function is obtained by replacing ¢ with ¢ — ¢. This corresponds to a
rotation of Wigner function around Z axis as illustrated in Fig. 3.1.

To check the validity of our solution one can compare, for example, the variance (as a func-
tion of time) of the observable S ,,

(AS )’ =(SDH —(S.)°, (3.57)
calculated using the usual quantum mechanical evolution
(8. = (0, 518 ™10, %) (3.58)
2 2
and calculated using the phase space formulation,

2j

. . 1 Ve 27
Sy = 4;: f sin 6d6 f doWs (0,0) W, (¢ —1,6). (3.59)
0 0

This is done on the left of Fig. 3.2. Since the classical evolution in phase space is exact for linear
Hamiltonians, both semiclassical and quantum mechanical evolutions give the same result: the
two curves on the left of Fig. 3.2 cannot be distinguished.

z

(a5.) j=5.01=8 (a3.) j=s=8:

25} -~ P . 25 f
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20k / \ / \ { wr
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Fig. 3.2: Time evolution of the variance of S, (AS x)z’ calculated semiclassically using Eq. (3.59)
(dashed line) and quantum mechanically using Eq. (3.58) (solid line) for j = 5. Left plot
is the time evolution under linear Hamiltonian A = S, and right plot is the time evolution under
nonlinear Hamiltonian A = § ?
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Fig. 4.4: The time evolution of the variance of C}, + C»; calculated using phase space method, Eq. (4.69)
(dashed line) and Hilbert space quantum mechanical method, (4.71) (solid line) for 4 = 4. Since
we haven’t used any approximation in the phase space calculations both methods give the same
result.

and is obtained by substituting @, with a, () = a, — 3¢ in Eq. (4.67).

In Fig 4.3 slices of the Wigner function are plotted for 4 = 20at¢=0,¢=0.35and r = 0.7.
The figure shows the projection of the Wigner functions in the (a5, ;) plane, with slices taken
at (o = 0,8, = 0). Itis clear from figure that Wigner function is just translated without any
deformation.

Knowing the time-evolution of the Wigner function, we can calculate the time evolution of
the expectation value of an operator X by

A+1DH1+2)
812

2 27 T T
f 40 = f da, f das f dB, sin B, f dﬁgsinﬁz(#). 4.70)
0 0 0 0

This will be compared to the expectation value computed from the quantum mechanical evolu-
tion:

(X () = dQWx (QW, (Q (1) , (4.69)

where

(X () = (1,0,0| AT (Q)e ' Xe A () ]1,0,0) . 4.71)

Fig. 4.4 shows the variance of X, (A%) = (82) = ()% for & = Cp> + Cyy. The dashed
line has been plotted using Eq. (4.69) and the solid line has been plotted using Eq. (4.71); as
expected both methods give the same result. For calculating the variance by using Eq. (4.69)
we need the phase space symbol of Cy, + C5; which is Eq. (4.39) plus its complex conjugate.

A A 2
We also need the symbol of (Clz + Czl) given in Egs. (B.8) to (B.11).

4.3.2 Nonlinear dynamics

Now let us consider the evolution generated by a simple non-linear Hamiltonian like }Aﬁ From
Eq. (4.44), we see that 7 decomposes into a sum of tensors, including a tensor in the (1, 1)
representation, and a constant term in the (0, 0) representation. The constant term can be safely
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Fig. 4.5: Time evolution of the variance of C12 + C»; under the Hamiltonian H = lAﬁ - %izl plotted
using semiclassical method using Eq. (4.69) (dashed line) and quantum mechanical method
using (4.71) (solid line) for 4 = 20.

ignored as it plays no role in the evolution (its bracket with any other function is zero). The
part proportional to (1,1) is in fact a multiple of the generator 7;. As we have just seen, the
evolution generated by /; simply produces a rigid displacement of the Wigner function. The
new effects arise out of the (2,2) term in izf We can highlight this by removing the linear terms
and look instead at the Hamitonian H = fzf - 2’1; 31, which produces no rigid displacement of
the distribution but will generate the same deformation as iz%. The symbol for this Hamiltonian
is

Wy = %/1(/1+ 3) + % VA=DAA+3)(A+4) (3 +4cos(Br) +5c0s(2By) . (4.72)

Using Eq. (4.59) and ignoring the quantum correction term we obtain

9 oW,
oW, (Wi, w,} = S VA-DA+4) (1 +5c0s(5,)) 375 : (4.73)

1
2V +3)
with solution 9
a (1) = ay — g\/(/l— D@A+4)(1+5cos(By))t. (4.74)

Here again we choose our initial state to be a coherent state located above the minimum of the
symbol of the Hamiltonian. Wy is minimized by " = a;” = 8;" = 0 and 8," = arccos (—1/5).
This set of angles leads to an expression for cos (,82) given by

cos (BZ) = —1+ 2cos’ (%,32/) cos’ (%ﬂz) + 2cos? (%ﬁ1) sin’ (%,82) sin’ (%ﬂz’)
+ cos (a) cos (%ﬁl) sin (B,) sin (B,) . (4.75)

By substituting this into Eq. (4.66) we get the initial Wigner function and by replacing a, with
a,(t) given in Eq. (4.74), we obtain the time-evolved Wigner function.

We can now compare the quantum mechanical evolution and the truncated semiclassical
evolution of the variance of an observable as a function of time. The variance of C;, + Cy;
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min A5, ((p',ﬂ',5))2 j=30
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Fig. 5.3: The time evolution of the minimum of (AS | (¢, 0, 5))2 at¢’ =0and & = x/2 for j = 30. The
solid line is plotted using quantum mechanical calculations and the dashed line is plotted using
the approximate form of the Wigner function in Eq. (5.7).

The log-log graph on the left side of Fig. (5.4) shows that the time location of the minimum
of (AS, (¢’ = 0,8 =nr/2,6))* scales as f,,;, ~ j % and the log-log graph on the right side of
the Fig. (5.4) shows that the minimum of (AS, (¢’ = 0,6 = 7/2,6))? scales like j**35. This
scaling behavior will be compared with the similar behaviors in S U(3) case.
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Fig. 5.4: log-log plots of the time location of the minimum of the S U(2) squeezing versus j (left) and
the minimum versus j

5.1.2 Experimental implementation

An example of a spin squeezing experiment using condensates of 8’Rb atoms has been reported
in [57]. The hyperfine states |[+) = |f = 2,my = 1) and |-) = |f = 1,m; = —1) of ¥ Rb form a
two level system. The Hamiltonian of the interaction of these levels with a microwave radiation
can be expressed in terms of spin operators as

H=wS,+QS©0) +xS? (5.10)

logl7)
log(10)
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Fig. 5.5: The time evolution of the minimum of (AK | ('; a3, B3, )())2 under the Hamiltonian A, for
ay’ = B’ = &’ =0 ,By = arccos(—1/5) and A = 20. The dotted line is plotted using
approximate Wigner function in Eq. (5.25), the dashed line is obtained using the exact Wigner
functions of Eqs. (4.66), (4.74) and (4.75) and the solid line shows the quantum mechanical
calculations.

where A is the normalization factor. This approximation is useful in calculating the variance of
K, specially for large values of A.

Fluctuations of K 1 (w5 a3, B3, x), when evaluated using the initial coherent state evolved un-
der Hamiltonian H;, depend on the parameters a3, 83, ¥ = 6y, +7- in such a way that there exist
directions, parameterized by «3,[;, ¥ in the tangent hyperplane, where the fluctuations are
smaller than the fluctuations in the corresponding coherent state |w"). It remains to select from
those directions the one along which the fluctuations are smallest to complete our definition of
squeezing.

We analytically calculated the fluctuations (AIE' 1 (w'; as, B3, X))z using the standard phase
space techniques, i.e. integrating the symbols of K, (w'; a3, 83, x) and its square using the time-
evolved Wigner function. A sample of the analytical calculations is given in appendix D.

Fig. 5.5 shows the time evolution of the smallest fluctuations of K (v;as, B3, x) with respect
to a3, B3 and y for the initial Wigner function of Eq. (4.66) and its approximation in Eq.
(5.25) for A = 20. The best squeezing direction (a3, 83, x*) has been found through numerical
minimization. The results are illustrative of a number of calculations performed for irreps of
the type (4, 0) with A ranging between 10 and 30. It is clear from the figure that semiclassical
calculations using both the exact Wigner function and its approximate form are able to describe
the squeezing up to the first minimum with a good approximation; for longer times the quantum
mechanical plot has other dips that are not reproducible with the semiclassical method. This is
because for longer times the Wigner function in the semiclassical approximation is not reliable
as can be seen in Figs. 4.6 and 4.7. Again similar to the S U(2) case, because of the numerical
issues for longer times in the semiclassical approximation we have plotted the graphs in the
region that both methods are in agreement.

From Fig. 5.6 we see that the time location of the minimum of (AR, (w; as,p5, )(*)(t))2 scales
like fimin & 273! (right) and the minimum of (AK , (w; @3, 5, )(*)(t))2 scales like 17997 (left). The
values are different from the S U(2) case, indicating that the squeezing is different in nature.



5. Squeezing via Semiclassical Evolution 56

2

, 2/1+3/;1

min(AKL(co’;og,,[%,){))~ a=20. =R+

0.0 02 04 0.6 08 10 t
Fig. 5.7: The time evolution of the minimum of (Ak 1 (W' a3, B3, )())2 under the Hamiltonian H, for
a’ =a’ =0,8/ = %ﬂ', B2’ = mand A = 20. The dotted line is plotted using approximate
Wigner function in Eq. (5.25), the dashed line is obtained using the exact Wigner functions of
Egs. (4.66), (4.74) and (4.75) and the solid line shows the quantum mechanical calculations.

from which we obtain

cosBz = sin? (ﬁz_z) + cos ¢ sin,Blsin2 (%) -1. (5.31)

Thus for this choice of initial state there is no @, dependence in the Wigner function. The
evolved Wigner function is then obtained by substituting Eq. (5.31) in Eq. (4.66) where in Eq.
(5.31) one must use @, (t) from Eq. (5.28) instead of ;.

For the observable in the tangent plane, K, we have

IA(_L (w,;a3’ﬁ37/\/)
=D ()T (a3,65, Y1, 72) (én + CA’31) T (a3, 71, 72) D™ (o)

= % (612 + égl) COS ((1’3 - %/\/) sin (%ﬂg) + % (621 - é]z) sin (a3 - %X) Sil’l(%ﬁ3)

+% (éls + 631) coS (03 - %X) sin (%:33) + i(é31 - élg) sin (%,83) sin (a3 _ %X)
+i (6'32 - 623) sin (%)() cos (%ﬁ3) — 2h, cos (%)() cos (%ﬁ3) ) (5.32)

Thus Wk, can be written easily using the symbols of su(3) generators. The Wigner symbol of
K2 is given in Eq. (5.23) wherein one must use o’ = a,’ = 0,3, = %ﬂ,ﬁz/ =.

Fig. 5.7 shows the time evolution of the smallest fluctuations of K (s, B3, x) for the
initial coherent state of Eq. (5.30) for 4 = 20. The solid line is the quantum mechanical calcu-
lations, the dashed line is truncated semiclassical calculation using the exact Wigner function in
Eq. (4.66) and the dotted line is plotted using the approximate Wigner function in Eq. (5.25).
In comparison to Fig. 5.5 we see that the minimum is lower than the A, case. This means we
get more squeezing with the A, Hamiltonian. Moreover the minimum occurs at a later time
than the H, case. Here again for the first dip in the squeezing graph the agreement between the
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