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Abstract

An efficient method for calculation of the exciton states in type-I superlattices is developed and
demonstrated. The model, based on the work of Dignam & Sipe [Phys. Rev. B 43, 4097 (1991)],
includes bound and quasi-continuous two-well exciton eigenstates as a basis in which to expand
the superlattice exciton eigenstates. This basis is used to calculate the excitonic absorption spectra
for two different type-I superlattices as a function of the applied static field. The results are found
to be in very good agreement with the experimental results of Holfeld et. a/ [Phys. Rev. Lett. 81,
874 (1998)] for the 67A/17A superlattice and with those of Agullé-Rueda ez. a/ [Phys. Rev. B 41,
1676 (1990)] for the 40A/40 A superlattice. On the basis of these results, this method should be
ideal for use in the calculation of nonlinear and coherent effects in optically excited
semiconductor superlattices.
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Chapter 1

Introduction

The importance of semiconducting devices in current technology cannot be overstated. The
widespread use of devices ranging from transistors to semiconductor lasers has lead to the word
“semiconductor” becoming a part of the household vernacular. In this thesis we consider a
very specific type of periodic quantum well semiconductor structure commonly referred to as
a superlattice. Quantum well and superlattice devices have been the subject of ever increas-
ing interest for over 20 years. In addition to their potential technological applications, these
structures have great deal of interesting physics to reveal.

Superlattices are structures that are made up of two types of semiconducting material, one

type that acts as a quantum well and the other acting as a quantum barrier.

l:‘w I‘b d

Figure 1-1: Two-dimensional schematic of a semiconductor superlattice. Superlattices can

have equal or different well (L) and barrier (L) widths. The superlattice period is defined
d= Lw + Lb -

The structures are grown by alternating the well and barrier material such that the layers

3
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of well material are all of width L,, and the barrier layers are all of width L,. The superlattice
is thus a periodic structure with period d = L, + Ly (see Figure 1-1).

Superlattices come predominately in two types. In the so-called ”type-I” superlattice, where
electrons and holes are confined to the same layers, is exemplified by the GaAs/Al,Ga;_zAs
lattice for < 0.4. In "type-II” superlattices, the electrons and holes are confined to different
layers. One example of a type-II superlattice’s composition is GaAs/AlAs. This combination of
semiconducting compounds exhibits type-II behaviour for narrow GaAs well widths. However,
when the well widths are wide, a GaAs/AlAs superlattice exhibits type-I behaviour.

The initial work that provided much of the stimulus towards the eventual creation of a super-
lattice occurred nearly 80 years ago. At that time Bloch predicted that electronic wavepackets
in a periodic structure subjected to an external electric field would undergo oscillations [1] .
It would take many years before the first experimental evidence [2] , of what has come to be
known as ”Bloch Oscillations” {(BO), proved Bloch’s prediction to be true. Nearly two decades
after the publication of this pioneering work, James’[4] investigations of the effect of a uniform
electric field on electrons in a crystal predicted the possible quantization of the electronic energy
spectrum in the direction of the field. Then, some 32 years after Bloch’s ground-breaking paper,
Wannier theorized that the energy spectrum of a so-called ”Bloch electron”, when subjected to
an electric field, should consist of equally spaced energy levels. He further suggested that the
energy spacing, eF'd should depend only on the field F' and the periodicity of the crystal d. The
energy splitting predicted by Wannier is analogous to the Stark effect, so-named for the electric
field induced splitting of the hydrogen Balmer series observed by Stark in 1913. This gives rise
to the name ”"Wannier-Stark Ladder” (WSL) which is used to signify the energy spectrum of a
particle in a periodic structure that is subjected to an electric field.

The WSL can be viewed as the frequency-space analogue to BO. Both are general properties
that can be applied to any periodic structure in the presence of an external field. Initially
predicted for natural crystals, it was not until the proposal of Esaki and Tsu in 1970 that any
hope of observing these phenomena existed [5] . This is because, in natural crystals, the period
of the Bloch oscillations is much longer than the lifetime of the Wannier-Stark states. What
Esaki & T'su proposed was to study the properties of artificial periodic superlattice structures,
whose period could be tailor-made to allow for the observation of the WSL and of BO. The first
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experiments however, conducted on multiple-quantum-well structures (6] , showed no evidence
of either the WSL or BO. Moreover, the results of these experiments were well described in terms
of single isolated quantum wells [10] . It was not until 1988 that experiments performed using
photoluminescence, photocurrent, and photoluminescence excitation spectroscopy provided the
first real evidence of the WSL [11] . Experimental evidence of BO followed a few years later
using four-wave mixing techniques [2],[12] .

The experimental picture has benefited from increasing sample quality stemming from the
inevitable improvement in epitaxial growth methods and from increasing experimental sophis-
tication. These improvements have allowed a more detailed analysis of the absorption spectra,
leading to, for example, the observation [47] of theoretically predicted [13],[15] Fano resonances
[16] . The theoretical successes, however, have come amidst debate and some controversy.

The physical system presented by a superlattice structure is a complex one. To the best of
the author’s knowledge, there has been no exact theoretical description of the electronic and
optical properties of superlattices. There have, however, been a number of useful approximate
models presented. These have had some successes at either predicting or reproducing experi-
mental results. But, accompanying the very important theoretical research, there has occurred
no small measure of controversy.

Wannier, in his 1960 paper (3] , along with predicting the WSL, suggested that the eigenfunc-
tions for a Bloch electron in the presence of an external electric field would not be normalizable
thus leading to the conclusion that they would not be localized states. A few years later, in
1968, Zak contested the very existence of the ladder. As noted above, it would take 20 years
until experimental evidence supported Wannier’s prediction. Controversy, however, did not end
with merely questioning the existence of the WSL.

Most of the early theoretical work concentrated on the single-particle problem. The most
common single-particle model of the opto-electronic properties of a superlattice is essentially
a nearest-neighbour tight-binding modelling of electron envelope functions. Most descriptions
that use this model consider a single miniband and neglect the coupling between superlattice
minibands [18] , or assume a finite number of minibands [19] . In tight-binding, the former
leads to a zero field, discrete energy spectrum. This is the crux of the so-called “ Wannier-Stark

Controversy”. The controversy questions the validity of describing the physics using localized
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wavefunctions.
In the single-miniband single-particle tight-binding model, neglecting wavefunction overlap,
all but nearest-neighbour potential-overlap, and quantum confined Stark effects, the superlattice

energy levels are given by

E, = Eg+eFnd (1.1)
1§

where Fjp is approximately the energy of a particle in the potential of a single site, e is the
modulus of the electronic charge, F is the field, d is the superlattice period, and n is an integer
[20] . This relationship leads to a single-particle version of the familiar fan shape of the WSL
as shown in Figure 1-2.

Single Particle WSL
n=2
=1
P
o
2 n=0
w
n=-1
ns-
Field

Figure 1-2: Schematic plot of a single-particle Wannier-Stark Ladder.

The WSL eigenstates determined using this model are stationary states that are localized

about the lattice sites 2z = nd. The localization length for these eigenstates is of order I, =

6
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A/ (2eF), where A is the miniband width. In Figure 1-3 we show a schematic of two superlattice
energy bands under the influence of an applied static field and include the localization length
parameters. The electric field shifts the bands such that they gain a slope given by eF.

Higher
Energy
Band

Energy
Band

U=eFz

Figure 1-3: Schematic showing localization length parameters.

Localization can then be understood as arising from a decoupling of the energy levels of
the separate wells that make up the superlattice. This decoupling is due to the field imposed
interwell energy shift of eF'd. Consequently, the probability of interwell tunnelling is drastically
reduced thus leading to eigenstates, given by

%o () = Yy () £ = 10) (1.2

where J,_, (%) is a Bessel function of integer order n — p and f(z — pd) is the eigenstate
of a particle in the potential of a single site [20] . Figure 4 shows a typical single-particle
wavefunction. Localization occurs over a few adjacent wells. We have also shown the field

induced energy splitting, eF'd, between the wells and have provided a schematic of f (2 — pd).
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I.(z)'Z,JN(LIJ).f(Z'PJ)

Figure 1-4: Single-particle states are localized over a few adjacent wells. Here the curve in
black is the wavefunction of a particle in the potential of a single site. The curve in red is the

single-particle wavefunction.

Nearly every model to date, including the one to be presented here, begins with the assump-
tion of an infinite superlattice. It speaks to the complexity of the problem that one considers
an infinite system to be a simplification. Under this assumption, the reason for the contro-
versy can be understood in a simple intuitive way. A superlattice can be viewed as a series of
discrete quantum wells. When the barrier widths are narrow enough, as is the case for most
superlattices of interest, the discrete single well states couple with those in neighbouring wells
by tunnelling. Thus the discrete single well energies broaden into the so-called ”superlattice
minibands”. When a static electric field is applied, we obtain the localized states of the WSL as
described above if coupling between minibands is neglected (as shown in Figures 1-3 and 1-4).
However Zener tunnelling can occur when inter-miniband coupling is accounted for [21] . Zener
tunnelling between the minibands gives rise to completely delocalized states. The probability

of tunnelling across the miniband gap is given approximately by [22]

mdE?2
P =exp [— (-ﬁ)jl , (1.3)

where Fyqp is the energy separation between the minibands and m is the particle mass. Thus,
when the miniband separation is greater than eFd, where d is the superlattice period, the
minibands are essentially decoupled and the effect of the inter-miniband tunnelling can be
neglected [13][15] . This is the case for most of the superlattice structures that have been
investigated to date. For the structures being considered here, the probability of tunnelling out

8
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of the first miniband is less than 10~%°, These structures can be well described using one-band
models.

All experiments that have observed the WSL are optical experiments. One of the most
accurate and versatile experimental methods used is photocurrent spectroscopy where the sam-
ple is illuminated by a monochromatic source, thereby photo-exciting carriers with an energy
given by the photon energy. Changes in the photo-induced current are then measured as a
function of photon energy, providing a picture of the structure’s absorption spectrum. Two
other commonly used experimental methods, photoluminescence and photoluminescence exci-
tation spectroscopy are also performed by exciting the sample using monochromatic sources at
a specific frequency. Once the source is extinguished, the sample is scanned and the intensity of
the emitted light is measured. Direct absorption measurements, where a sampie is illuminated
with light of a known spectral composition which is then compared to the spectral composition
of the transmitted light, are also used. Clearly all of these methods share a common thread.
They are all based on photo-exciting the samples. Photo-exciting semiconductors leads to the
creation of electron-hole pairs.

Single-particle models, as applied to optically excited electron-hole pairs, for the most part,
suffer from the same failing. They ignore the Coulomb interaction between electrons and holes.
It i1s a widely accepted tenet of condensed matter physics that an optically excited semiconductor
electron will couple with the hole left behind in the valence band. The Coulomb-coupled
electron-hole pair form a hydrogenic quasi-particle commonly referred to as an exciton. Thus it
is the absorption spectrum of the ezciton Wannier-Stark ladder that is measured experimentally.
This leads to the conclusion that, in order to adequately describe the experimental evidence,
the excitonic energy levels must be calculated. There are effectively two approaches to the
calculation of excitonic states in a superlattice. The first, and most common, employs a basis
of free electron-hole states. The second approach is to employ a basis of correlated electron-hole
pair states, that is, an excitonic basis.

Recently, Glutsch and Bechstedt presented a model where they, in their own words,“...
perform a highly accurate calculation of the single-particle eigenstates, which gives important
insight in the nature of the localized states and is a key result towards resolving the Wannier-

Stark controversy...” {25] . Though these authors present a number of results based on separate
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single particle eigenfunctions for the electron and hole, their calculated absorption spectra are
determined using an excitonic Hamiltonian operating on two-particle eigenstates constructed
from non-interacting electron and hole wavefunctions [25],[26] . The numerical method used by
Glutsch and Bechstedt involves a finite difference discretization in both time and space of the
time-dependent Schrédinger equation. The Schrodinger equation is then solved simultaneously
with a discretized version of the equation for the optical susceptibility in order to determine the
susceptibility. This provides the superlattice absorption spectrum for a given applied static field
since the absorption varies as the imaginary part of the susceptibility. Reference [24] contains
an extensive description of this method. Though this method lends itself well to a variety of
structures (single well to superlattices), under a number of different conditions (electric and
magnetic fields, rough interfaces), it only provides optical spectra.

In similar manner to the approach used by Glutsch and Bechstedt, there are a number of
authors who use non-interacting electron and hole wavefunctions as a basis for the excitonic
states in a superlattice [27]-[31] . Though some of these are very accurate when valence band
mixing is taken into account [27]-[29] , these models require numerous and involved matrix
element calculations. It has been suggested that the number (“10¢) of basis functions required
in these calculations can lead to matrices that cannot be solved using standard eigenroutines
[32] .

A model, presented by Linder [15] , using single-particle localized Kane functions as a basis
in which to expand the excitonic Hamiltonian, has successfully predicted Fano resonances and
has provided absorption spectra that reproduced the experimental results of Agullé-Rueda et.
al [48] . Linder’s method, however, suffers from a low-field limit. His model requires increasing
numbers of basis states with decreasing field strength effectively imposing a lower bound on the
fields for which accurate results are returned. For example, in reference [15] , Linder states that
the lowest field accessible to his method for a 11/1 ML (11 monolayer wells and 1 monolayer
barriers: 1 monolayer =~ 12.2 A for GaAs) is 33 kV/cm. His method requires 5000 basis states
at this field. For zero-field, the Linder model fails, and the Kane states need to be replaced
by Wannier states in order to provide results that are in agreement with experiment. It is
important to note that Linder covers a broader photon energy range in his calculations than

is considered here. In order to cover such a range using the model to be presented, we would
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be required to increase the number basis states used. However, this increase would amount
to a need to include about 100 basis states for calculations at all field strengths. It is also
important to note that the theoretical spectra shown by Linder have been broadened using a
field-dependent FWHM ranging from 20 meV to 80 meV. The significance of these widths will
become clear further in this document. As a final note, Linder’s method, like that of Glutsch
et. al [24] , provides only linear optical absorption.

A theoretical model, presented by Whittaker, that also successfully predicted Fano reso-
nances and provided accurate absorption spectra, uses single-particle Wannier functions as a
basis [13] . This model is similar to those of Glutsch et. al and Linder in the sense that
the optical absorption is determined by solving a set of coupled differential equations. The
solutions return good estimates for the optical spectra, however, the method provides no infor-
mation about the states themselves. Although all of the models we have discussed successfully
calculate the optical spectra, they are either too time-consuming or otherwise unsuited to the
calculation of coherent and nonlinear optical effects. Such effects are best treated in an excitonic
basis [14] .

To the best knowledge of the author, the only theoretical models to use a purely excitonic
basis for the superlattice were provided by Whittaker [33] and Dignam & Sipe [39], [40] .
The later workers used a tight-binding of excitonic two-well ground (1S) states to form the
superlattice exciton wave function. Though the results of this model provided insight into the
physics of the superlattice excitons, the model fails to include states of higher in-plane energy.
Although much of the physics can be understood without the higher continuum states, these
states have been shown to be important in describing the full absorption spectrum including
the Fano resonances.

This thesis presents an excitonic model for the superlattice that is based on the work of
Dignam & Sipe (DS). The model presented includes states of higher in-plane energy. In a
manner similar to DS we expand the superlattice Hamiltonian into a tight-binding of excitonic
Two-Well states. A major difference in our method compared to that of DS is that we include in
our two-well states, both bound and quasi-continuum in-plane states. The method is sufficiently
simple and efficient that it can be used as a first step in the calculation of coherent and nonlinear

optical effects in superlattices excited by ultra-short (100 fs) optical pulses.
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The structure of this thesis is as follows: In Chapter II, we present the theory. In Chapter

IIT we present our results and analysis. Finally in Chapter IV we summarize our findings.

12
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Chapter 2

Theory

This thesis considers optically excited excitonic states in GaAs/Ga;_yAl,As superlattices.
These structures are type I superlattices where both electrons and holes are largely confined to
the GaAs layers. When such superlattices are optically excited by photons with energies near
that of the bandgap, electron-hole pairs are created. These pairs may be bound, that is, have
energy lower than the non-interacting electron-hole pair ground-state, or may be unbound. We
refer to all of these pairs as excitons.

In bulk GaAs, the heavy-hole and light-hole bands are degenerate at the I" point. However,
in quantum wells and multiple quantum well structures, such as superlattices, the degeneracy
disappears and sets of heavy- and light-hole levels are created[37]. In this work we will consider
heavy-hole excitons, although the formalism is equally valid for light-hole excitons.

In principle, the calculation of the excitonic states in superlattices should include the mixing
that arises between the light- and heavy-hole sub-bands [38]. The non-parabolicity of the
conduction band should also be included in such a treatment. However, near the band edge,
dispersion is nearly parabolic [36]. Therefore, since we are interested only in optically accessible
states, for which the centre of mass wavevector is zero, band non-parabolicity is ignored. It has
been shown that ignoring both non-parabolicity and valence band mixing can lead to errors
of £ 0.7 meV (roughly 10%) in the binding energy of the heavy-hole excitons [37]. Thus, in
what follows, we work in the ”axial model” of the envelope function approximation [35] and for

simplicity, ignore valence band mixing and band non-parabolicity.
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We begin with a general description of the model in Section 2.1. A detailed description
requires knowledge of the two-well states; thus in Section 2.2 we provide a the details of the two-

well states. Finally, in Section 2.3, we provide a detailed look at the superlattice Hamiltonian.
2.1 Superlattice States I: General Description

The Hamiltonian for the exciton envelope function in a type I semiconductor superlattice (SL)

with an applied electric field may be written as [39] [40]:
Hgy, (T)e, T)h) =H (?)e, —T—‘)h) + U, (Ze) + Uy (Zh) +eF (Ze — zh) , (21)

where H' (7., T1) contains the kinetic energy and Coulomb interaction terms, 7. (7}) is
the electron (hole) coordinate, U (z.) (Un (2n)) is the superlattice potential for the electron
(hole), e is the modulus of the charge on an electron and F is the strength of the applied static
field. The expression for H' is

Pzze + Pyze Pzze + Pgh + PyZh I)zzh 2

€
e 2my) 2mi, /P +22]

where P _, &, € {Z5,Y6,%5}, 0 € {€,h} is the momentum operator in the {-direction for the

HI (?)e, T)hn P) = (22)

*

el 2m

2m

particle identified by ¢. In Eq. (2.2) the variables z. and z, are the z-coordinates (along
the superlattice growth axis) of the electron and hole, respectively, z = 2. — 25, p is the in-
plane (transverse to the growth axis) electron-hole separation and z,,y, 0 € {e,h} are the

in-plane position variables. The along-axis and in-plane effective masses of the electron (hole)

*

are denoted mg, (my,) and mg,

(m;”) respectively. The layer dependence of the effective
masses is taken into consideration implicitly in Eq. (2.2). To complete the description, € is the
average dielectric constant of the heterostructure.

Defining the in-plane centre of mass coordinate ﬁ” as

7= DA Pt M P

m* m?
el T

: (2.3)
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vields the relationships

Te = Bj-—2_p 2.4
De 1~z mr P (2.4)
Py = B+ —"e 7. 2.5
Pa It oz s P (2.5)

With this change of variables, H' (7., T5) becomes

2

2 2
__]_)l!___+g|.l_+ pge +p‘2'h _ €
2(mgy bmyy) W Eme Be e/

H (P, T3) = (2.6)
where p,, (p,) is the momentum operator in the z-direction for the electron (hole), P, is the
momentum operator for the in-plane centre-of-mass motion and p is the momentum operator
for the in-plane relative motion. The in-plane electron-hole reduced mass p is described in
terms of the in-plane electron (my, ) and hole (m2||) effective masses through the relation p=! =
-1 -1
* *
()~ + (mi)
It is clear that Eq. (2.1) is independent of the in-plane centre of mass coordinate ﬁ||, hence

the wavefunction defined by the equation Hgy, |¥) = E |¥) is factorizable such that
¥ (7 F) = Ne®R19 (oo, 2n,p) (2.7)

where N is a normalization constant. As we shall see, the factor NeBoRy i unimportant for
optically excited states. Thus, from here on we assume that the kinetic energy of the in-plane
centre-of-mass is implicitly understood and write H' (7., 73) = H' (2, 21, p) where

H(oomp)= =210 (LON_RT_& & < (28)
er 2hy P) = o1 pOp pap 2 |82em,0ze  Ozpm;, Oz e/ +22’ )

and take Hgy |[¢) = E |¢) .
Returning to the full Hamiltonian of Eq. (2.1), the superlattice potential Uy (2,) ,0 € {e, h}
is described by

Us (20) = Vo |13 R(Lw: 20 — jd)| , (2.9)

15
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where d is the superlattice period, V, is the well depth, and j is an integer. The function
R (Ly : 2) is a rectangle function of height 1 and width L,, , the width of the quantum wells.
The exciton Hamiltonian is invariant under a translation of the exciton centre of mass
by a distance md, where m is an integer [39][40] . This is because the electric field term in
the Hamiltonian depends only on the separation between the electron and the hole and this
separation is preserved under such a translation. Translation invariance allows the exciton

envelope function to be written in the form

Vi (2es 21, p) = _—2\/Nl—:f zm: W, (2 —md, zp, —md, p) , (2.10)
where p is the superlattice exciton quantum number of internal motion, g is the exciton centre-
of-mass wavenumber in the z-direction, 2N +1 is the number of periods in the superlattice and
W, (2e, 21, p) is an exciton Wannier function.

In much the same way as Dignam & Sipe [39][40], we expand the Wannier functions in a
tight-binding calculation over the eigenstates, |¢f > , of the electric field independent two-well

Hamiltonians
H]TW (Ze,zh,P) = FITW (ze, Zh,P) +V:3(1 —Re(Lw;Ze _Jd)) +Va (1 - R(Lw;zh)) ’ (2‘11)

where Hrw (2e, 2n, p) are the kinetic energy and Coulomb contributions, and V; (1 — Ry (Ly; 25 — jd))
{o = e, h} are the well potentials seen by the electron and hole. Explicitly, H;T W is the Hamil-
tonian for an exciton where the electron (hole) potential consists of a quantum well centered at
z = jd (z = 0). In this work we consider both bound and continuum eigenstates of the two-well
Hamiltonians as a basis for the Wannier functions. The model presented therefore goes well
beyond the work by Dignam & Sipe which only considered 1S states. The two-well problem is
discussed in detail in the next subsection.

The eigenstates of the superlattice Hamiltonian Eq. (2.1), as a tight binding of the two-

well states of all possible electron-hole separations, j, centered on all possible sites, m, can be
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written

1 ad AL igmd pp B
I¢Z>=J_2N__—__+_l > > > dm™BY, }(I)j (m)>, (212)

=—N j=—N =1

where 3 is the two-well eigenstate quantum number and
(20020, (m)) = & (22,20, ) - (2.13)

Comparing Eq. (2.12) with Eq. (2.10) and using Eq. (2.13) we see that the Wannier functions

can be written

N M
W (2, 2n,0) = 3 > Bl @ (20— jd, 2n,p) - (2.14)
j=—N pg=1
A complete discussion of the determination of the two-well eigenstates follows in the section
titled Two-Well States.
The form of the superlattice wavefunction given in Eq. (2.12) allows the field-dependent

excitonic absorptidn per unit volume, a (w), to be written as [40]

~ 2
4me? |€ P

aw)= wmdn (w) e

aud (Ey(q) — hw) , (2.15)

u
where E is the electric field polarization vector, P, is the momentum matrix element between
the bulk conduction band and valence band Bloch states at the band edges, my is the free elec-
tron mass, 77 (w) is the frequency dependent refractive index of the medium, and the absorption
strength, o, is given by

2

a, = 6,1,()% /de” (p=0,2,2)| . (2.16)

The form for the frequency dependent absorption given in Eq.(2.15) cannot be used in a compu-
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tation because of the delta function. It can however be well approximated using a Lorentzian.

-~ 2
47(62 .E . ?cv

aw) = wmin (w) e

aub (B, (q) — hw) (2.17a)
=AY 0,6(E,(q) — hw) (2.17b)
I

(5)

(E - hw)? + (—L;—E)z

(2.17¢)

2AZQM
u

where A is a constant and AFE is the FWHM of each line. This linewidth is associated with the
scattering times of the excitonic states and is typically < 2 meV for a temperature of T = 10
K. In moving from Eq. (2.17a) to Eq. (2.17b) we have assumed that the refractive index is
constant for the frequency range of interest. Also, since we will be looking at the absorption
spectrum over a range of roughly 0.05 eV where hw = 1.5¢V, the fractional change in w is
about 3%. This is on the order of other approximations made in arriving at Eq. (2.15) thus
we neglect this variation. The absorption spectra graphs in the following chapter are based on
Eq. (2.17¢), and show 'Cyf4_w) .

It is clear from Eq. (2.16) that the absorption differs from zero only if the exciton wave
number, g, in the z-direction is zero . Thus in what follows the superscript ¢ is dropped and
the exciton wavenumber in the z-direction is assumed to be zero. Also the dependence of

the wavefunction on the superlattice quantum number p will be indicated using a superscript

instead of the previously used subscript. That is we write

[¥n) = ¥ (2.18a)

1 N N M
= —=—— Y Y ¥ B ’@‘? (m)> . (2.18b)

v/ B3
2N+1 m=—N j=—N =1 7
Using this wavefunction, the time-independent Schrédinger equation for the superlattice can
be stated
Hgy [4*) = E* [y#) . (2.19)
18
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Thus we obtain
(¥"| Hsp [y#) = E* (¥ [yp#) . (2.20)

Then, inserting Eq. (2.18b) into Eq. (2.20) we have

S S S BBl (98 () [Hsel®) (m) = B* 0 S5 BLLBL, (0 () [0 (m)) -

mm' i,j op mm' 4,j o8

(2.21)

Minimizing this with respect to B;.f g » We obtain

¥ <<1>;-* (m') |HsL|®} (m)> Bly=E* Y <<I>f‘ (m') |27 (m)> BY, . (2.22)
m,m’ m,m’
Thus the problem of determining the eigenvalues of the superlattice Hamiltonian reduces to the

solution of the generalized eigenvalue equation
Bph _ pprOeBpgH
Hi“j Bj 5= E*O;; Bj,ﬁ , (2.23)

where Of‘jﬁ =D mm <<I>f‘ (m') |<I>f (m)> is an “overlap matrix” element. The “overlap matrix”
arises because we are using a non-orthogonal basis in our expansion. We now turn to the
problem of determining the electric field independent two-well eigenstates before continuing

with the details of the SL Hamiltonian.

2.2 Two-Well States

As noted above, the Wannier functions used in the expansion for the eigenstates of the super-
lattice Hamiltonian Eq. (2.1) are created by a tight-binding of the eigenstates of the two-well
(TW) Hamiltonians given in Eq. (2.11). Each of these Hamiltonians is characterized by an
integer index ;7 that gives the separation of the electron and hole, i.e. the distance between the

wells is jd where d is the period of the superlattice of interest.

19
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In the two mini-band approximation, a two-well Hamiltonian, H;pw (ze,2n, P’) may be

written as
H (26,20, ) =T +V (|7e — 7a|) + Ve [1 -~ R(L; ze — jd)] + Vi [1 — R (Lu; 2n)] . (2.24)

Here the well depths V., and the rectangle functions R(L;2.) are the same as those in
the description of Eq. (2.8) and Eq. (2.9) above. In Figure 2-1 we sketch a schematic of the

potential profiles for the electron and hole in a two-well state.

electron

hole

0 jd z

Figure 2-1: Potential profile for a two-well state where the electron and hole are separated by
a distance jd.

In order to simplify the discussion in the following treatment, we consider, for the moment,
only the kinetic and Coulomb energy part of the two-well Hamiltonian. To this effect, we define
the kinetic energy and Coulomb interaction portion of a two-well Hamiltonian for a fixed well

separation jd

Hrw HI™ (2e, 2, P) — (Ve [l = R(L; ze — jd)} + V4 [1 — R(L; 21)])  (2.25a)

= T+V(Pe— 74l (2.25b)

20
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Only excitons with s-syminetry can be optically created [46]. Thus we choose for our basis
only radially symmetric two-well states. The s-like eigenstates of Hyy are radially symmet-
ric. Under the assumptions stated above and using a cylindrical coordinate system where z
represents the growth axis, the kinetic energy and Coulomb interaction portions of the TW

Hamiltonian can be written

~ . —hf10 [ o 1 82 e 1 8 K8 1 8 e b
Hrw (2e, 20, P) =5 |-l )t =3 55 ors ~ 55 > 7~ 77— -
2u \pdp \/ 8p P2 06 2 0zemy, Bze 2 Bzpnmy, Bzp  ey/p? + 22
(2.26)

Finally, since states with s-symmetry have no explicit angular dependence, Eq.(2.26) reduces

to

~ —h%1 0 8 /(o 1 8 8 1 8 e?
Hrw (26,20, ) = -5 tom ) -
€

2u pdp péTo 2 \ 8z, m3, 8z, Oz, m}, Ozp, NI/
(2.27)
Returning to the full TW Hamiltonian, we consider solutions to the equation
HY ly) = Ej|9) (2.28)

for a fixed electron/hole separation jd . In order to simplify the notation in what follows we
assume that the fixed separation identifier j is understood and define HTW = H;frw . To solve
equation (2.28) we expand the TW eigenstates in terms of a set of orthonormal basis states,

|¢r) . We write the basis functions ¢y (ze, 21, p) :
27 0)) =341 o) -
k
We write the basis functions ¢y (2, 24, p) as

S (2es 21, p) = Jfe(ze) fu(2n) 9k (p) (2.29)

where f, (25), 0 € {e, h} are envelope functions in the z-direction, and g (p) is the k** in-plane

basis function (as yet to be specified). We note that factorizing ¢, into a product of z,, z;, and
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p dependent functions is an approximation. In general, the exciton is 3-dimensional. However,
it has been shown [40] that this is a good approximation as long as the well width is not too
large (Lw S 100 A). Because our full superlattice wavefunction consists of a sum of ¢ , it
does contain the z-dependence of the electron-hole correlations, which is essential to a proper
description of a superlattice exciton.

The envelope functions along the growth axis are the single particle eigenstates of a finite

quantum well and are defined as

AyeTo?e if 2o < _—,L,L-
fo(25) =4 Bycos(kigzs) if |2o] <% (2.30)

Coe™ ™% if 2z, > L

where the coefficients A, B, and C are determined by requiring that ¢y, (2., 21, p) is normalized
and continuous at the layer interfaces. The parameters v, and 7, are determined via the
continuity of the derivative of f, (2,) at the layer interfaces and k, is determined using the
quantization condition in the usual way [43] .

With the additional assumption that gx (p) also varies slowly over a unit cell, the Coulomb

contribution, Vi z to a two-well Hamiltonian matrix element can be written

Vi = (S| V &) (2.31)

= /oodz f2(z)/oodz f2( A/R ———_62
= | G fl(z) [ dafa 1) A dppgx. (p) g (p) Y7 ; (2.32)

where R corresponds to the maximum in-plane electron-hole separation that we wish to consider.

Strictly speaking, R should be infinite, however, as we discuss shortly, we choose a finite R to
allow the calculation of a discrete (as opposed to continuous) basis set. In practice we work in
units of the exciton Bohr radius ap = % (for GaAs is ap =~ 157A ) and find that a choice of
R = 30ap provides an in-plane radius large enough to cover the band yet small enough to yield
higher energy quasi-continuum states.

The key problem now is to determine the in-plane basis states gi (p) . One possible choice
for an in-plane basis would be the exact wavefunctions for a 2D bulk exciton which are given

in terms of the associated Laguerre polynomials[42]. These however lead to computational
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difficulties when evaluating the Coulombic contribution to the matrix elements of the two-well

Hamiltonian. We opt instead to use Bessel functions of the first kind of order 0, that is

gx (p) = NpJo (kp) , (2.33)

where Nj is a normalization constant given by

V2

Ne =4 |71 (kR)|

The wavenumber k is determined from the solution of

W21 0 ( o )
——— | p=—)g(p) —Eg(p)=0 2.34
2 p9p \"3p (p) (p) (2.34)
0, and k2 = Z4E he ei f the fini
where p € (0, R), g(R) =0, and k* = o Thus the g (p) , are the eigenstates of the finite

system (R # 00) in the absence of the Coulomb interaction.

One key advantage of this basis is that both the kinetic energy and the Coulomb matrix
elements are relatively easy to evaluate when compared to a plane-wave basis. Comparing a
2D bulk calculation using a Bessel function basis with the exact results given in reference (42
we find good agreement in both the energies and wavefunctions at R = 30ag for first 3 bound
states using a 300 k-state basis.

In Figure 2-2 through Figure 2-4 we show a comparison of the exact 2D bulk wavefunctions
from reference [42] with wavefunctions determined by our model for an in-plane radius of
R = 30ag calculated using 300 k-states. The material parameters listed in Table 2.1 below
were used for these and all other calculations presented in this thesis. We note that though the

barrier masses are included in that table, they are not used in the pure 2D calculation.
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Parameter | GaAs/Gag7Alg3As |
m;, (well) 0.0665
my (well) 0.0665
m3, (well) 0.34
my (well) 0.115
m}, (barrier) 0.08
m; (barrier) 0.08
m},, (barrier) 0.45
my, (barrier) 0.165
€ 12.5
Ve 318 meV
Vi 164 meV
Egap (GaAs) 1510.7 meV

Table 2.1: The material parameters used for all calculations presented in this thesis are those

used by Dignam & Sipe (Ref. [39] ). The particle effective masses are all given in terms of the
free electron mass.

1S Wavefunction
4 -
— Bessel
1 - Exad
S—
a 24
-
[72]
-
B
04
x Ll L) L ¥ 1
0 2 4 6 8 10
p(a)

Figure 2-2: Bessel function expansion 1S wavefunction determined using R = 30ag and 300

k-states vs. the exact wavefunction.
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] 2S Wavefunction
0.8 - -
0.6 4
~——— Bassel
J - - - Exact
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— ]
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5 00-
0.2
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Figure 2-3: Comparison of the exact 25 wavefunction with the wavefunction determined from

the Bessel function expansion.

25

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.4 4 3S Wavefunction

0.3 4 —— Bessel

- - - Exact

02

¥ v i v L] v L]

15 20 25
p(a)

o
O3 -~
-
(=]

Figure 2-4: 35S Wavefunction.

We can resolve 5 bound states using 300 k-states at R = 30ag. Though we get very good
agreement with the analytical wavefunctions up to the 3S state, our model does not provide
accurate results for the 4S and 5S wavefunctions. Figure 2-5 shows the match between our 4S5
wavefunction and the exact. We see that though our wavefunction preserves the general trend
of the exact wavefunction, it is not very accurate. This is not of critical importance because

the oscillator strengths associated with these high-lying bound states is very small.
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Figure 2-5: The Bessel expansion wavefunction for the 4S state preserves the general trend of

the exact wavefunction but the agreement is not very accurate.

The value of R and the number of k-states to use in our TW model has been carefully
selected. For example, for R = 10a,, even with the computationally intensive inclusion of
1000 k-states, the results do not provide an accurate match to the exact excitonic bound
states for a purely 2D system. After extensive testing at a variety of R values, we found, as
stated in the previous paragraph, that a radial extent of R = 30a, with the inclusion of 300
k-states provided the necessary accuracy while remaining computationally tractable. These
parameters generate TW states that, when used in the SL model, provide SL absorption spectra
in excellent agreement with experimental results at lower photon energies over a wide range of
static field strengths using a Lorentzian FWHM comparable to the FWHM of the experimental

determinations. However, at higher photon energies, the calculated absorption spectra suffer

from oscillations in the absorption lineshape. The oscillations can be eliminated by increasing

the Lorentzian bandwidth (see Eq. (2.17a)), though doing so degrades the overall match to
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experimental results. The source of these oscillations can be attributed to the increasing energy
separations between TW states as their energies increase. Thus we are presented with the
further requirement of having an energy spacing between the basis states, over the range of
interest, with separations comparable to, or less than, the peak FWHM from experimental
results (71.5-2.0 meV [49] ). We found that TW states generated using 500 k-states at R =
40a¢ should provide the necessary fineness in the energy grid along with satisfying our other
requirements. A comparison, in table form, between the energies of the bound TW states
determined for the electron and hole in the same well (0 separation in z), for R = 30ao (300
k-states) and R = 40a¢ (400 k=states), is shown in Appendix A. Also included in Appendix A
are graphs and further discussion in support of the arguments presented here concerning the
choice of radial extent and the number of included k-states. The price one pays for increasing
R is an increase in the computation time. Thus for the superlattice calculation we use the TW
states determined using R = 30ag and 300 k-states.

We further test our TW model by calculating the absorption spectrum for a single well in
the absence of Coulomb interaction and without an applied field. Inserting the explicit form
for the Wannier functions into Eq. (2.16) we get the following expression for the absorption

strengths.

2

ay = ;—11 Z‘;Bx,ﬁ ;Nk A:'ﬂ/dzfe (z=nd) fn(2)| . (2.35)

This simple form for the absorption strength arises because Jp (0) = 1.

The TW zero-field, single-well spectrum for non-interacting electrons and holes is well known
to be a step function rising at the band edge. We find that our model provides excellent
agreement with this result as shown in Figure 2-6. The absorption spectrum shown in Figure
2-6 was calculated using Eq. (2.17a) and using 50, R = 30ag, TW eigenfunctions with an
initial Lorentzian FWHM of 0.1 meV at a photon energy of 1550 meV to a maximum FWHM
of 3.5 meV at a photon energy of 1800 meV. The adaptive (linear) bandwidth was used to
smooth out oscillations in the lineshape that arose due to increasing separations between TW
eigen-energies. The oscillations can still be seen between approximately 1640 meV and 1650

meV and again between 1675 meV and 1700 meV. Spectra without the variable FWHM AFE
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are shown in Appendix A.

Absorption Spectrum
12- 2D System Without Coulomb
1.0 -
2 08
| =
oD .
£ o064
<
= ]
-%_ 0.4 -
5 ]
§ 0.2 -
0.0
1850 1600 1650 1700 1750 1800
Photon Energy (meV)

Figure 2-6: Absorption spectrum for a purely 2D system in the absence of Coulomb
interaction and no applied field.

Having demonstrated the accuracy of our basis, we return to the problem of implementing

it for the full TW exciton problem.
The main source of the computational efficiency provided by this basis stems from ease with

which the Coulomb matrix elements can be evaluated. From Eq. (2.31) we see that

R
1
V,:o</ dppJo (kp) Jo (K p) ———e . 2.36
k,k A ppJo (kp) (P) ,————p2+z2 ( )

Using the following integral representation [45]

-\/-—;;—?5 = % /ooo dacos(az) Ko (ap) - (2.37)
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gives

0 R
Vi = NN /0 do / / dzedenf,? () T2 (2n) cos (@ [z — za)) /0 dppJo (kp) Jo (K'p) Ko (ap) -

(2.38)

The integrals over 2, are analytic and thus pose no difficulty to a computational solution.
There is, however, no closed-form solution to the integral over p . This proves to be a limiting
factor affecting computational efficiency. A large improvement to computational speed can be

achieved using the approximation

R co
[ deodo ) Jo (¥6) Ko(ap) = [ dopdo (o) Jo (¥p) Ko (ap) (2:30)

1
= (k' +a' + K" - 26%K% + 2k%0® + 227K%) 7 .

If we index the in-plane wavenumbers, k, against integers ¢ with the ground state corresponding
to ¢ = 0 and excited states following incrementally, we find that for wavenumbers k; and k;
where |i — j| > 30, the approximation Eq. (2.39) provides results with acceptable accuracy.
However, for |¢ — j| < 30, the approximation does not provide accurate results and the integral
in Eq. (2.38) must be solved numerically.

Now that we have determined the explicit form for the TW states, we are in a position to

discuss the details of the SL. Hamiltonian.

2.3 Superlattice States II: Details of the Hamiltonian

The eigenstates of our TW Hamiltonian are not exact. However, in order to proceed with the
solution for the SL problem we make the assumption that the TW wavefunctions and energies
determined above are exact. This has been shown to be a good approximation by Dignam &

Sipe [39][40] .
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The SL wavefunctions can now be written

N N M

Y (2e) 2, p) = '\/ﬁ—‘;j > YD B, felze—(G+m)d) fa(zn—md) Zk:NkAi’ﬂJo (kp) .

m=—N j=—N f=1
(2.40)

In arriving at this explicit form of the SL wavefunctions we have chosen an expansion of the
Wannier functions in terms of the TW eigenstates with the hole centered at z;, = 0. As has
been shown by Dignam & Sipe [40] , the results are independent of the choice of origin.

Comparing Eq.(2.23) and Eq.(2.22) we see that a typical Hamiltonian matrix element is
given by

A=Y <<1>;.’ (m') | HsL)9” (m)> . (2.41)

m,m’

Inserting closure we can write

Hf‘jﬂ = Z /dze dzp, pdp ®,% (2, — md, z, — md, p) Hsy, (e, 21, p) @f (2e —m'd, 2n — m/d, p) .
m,m’

(2.42)

Taking advantage of the translational invariance of the SL. Hamiltonian, we make a change of

variables and set z,, = 2, —m/d ; 0 = e, h to get
HY =" / dze dzy, pdp ®;* (ze — md, 2, — md, p) Hsr, (ze,2n,p) P (2er2n,0) ,  (243)
m

which gives

HP =Y (@g (m) | HsL|®° (0)> . (2.44)
Similarly,
off =3~ (8¢ (m) | ¥ (0)) - (2.45)
31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



These forms for the necessary matrix elements prove to be computationally convenient.
To simplify the calculation of the SL Hamiltonian matrix, we write the SL. Hamiltonian in

terms of the TW Hamiltonian as follows

HSL (Ze, Zh; P) - wa (287 Zhy P) + A] (zea Zh) + el (ze - Zh) ’ (246)

where the lattice potential is given by

Aj(ze,2n) = —Ve ) R(L;ze—nd) — Vi ¥ R(L;2zn —nd) . (2.47)
ln;éj 'n.9£0

Clearly, this form for the lattice potential includes the potentials due to the lattice except for
those included in the TW Hamiltonian, namely the electron potential due to the j* well and

the hole potential in the 0% well. Using Eq. (2.46) in Eq. (2.44) yields

HY = ; [(®¢(m) | 9 () BIY + (2% (m) 18 (20, )] @7(0))  (248)

+eF { (9 (m) | 2] @7 (0)) — (97 (m) | ] 25 (0))}]

where Efgv is the TW energy eigenvalue corresponding to the 3S state for an exciton where
the electron and hole are separated by j periods of the lattice. Here 3S can either represent a

bound or a continuum state. We insert closure and consider a termwise analysis of Eq. (2.48).
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The first term arises due to the TW Hamiltonian.
HY (1)=ELY Y (28 (m) | 2 (0)) (2.49)

= B8 Y. [ / dzefo (7o — (i +m) d) fo (ze — (j + m) d) / dzifn (2n — md) fr (z1)

closure

(2490)

x 3 A% ADI NNy / pdpdo (kp) Jo (K'p )]
k.k'

= Ejg" [/_: dzefe (2e — (i +m) d) fe (2e — jd) /_: dzp fr (zn — md) fu (21)

m

(2.49¢)

i 4B
x Y ARt AL
k

The final form given in Eq. (2.49a) arises because
Nka/ /pdp]o (kp) Jo (k’p) = 6k,k’-

A similar analysis gives the explicit forms for the final two terms that make up given matrix

element:
HY @)=Y (9F (m) 185 (2, 20)| 25 (0)) (2.502)
o S dref (20 — (i d) f. (2o — jd
_ "‘ZZA?ZAQJVeZ{ f'nd——z- T ( ( +m) )f (z J ) }
closure m k n¥Ej X ffooo dzhfh (zh ——md) fh (zh)

(2.50b)

0 nd+%
+Vh2{/ dZefe(Ze_(i+m)d)fe(2e_jd)/ L thfh (zh—-md)fh (zh)} R
n#0 —%© nd—L

2
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2 (3)= FY {(27m) | 2] @ (0)) - (8¢ (m) | =] 25 (0))} (2512)

= XA [ daefe (oo — (i m) D)2 e =) [ o (on = ) f o)
m k [e o] — 00

closure

(2.51b)

_/°° dzefe (ze — (i +m) d) fo (76 — jd) [,o dznfn (on —md) znfn (2n) -

Though somewhat daunting in appearance, the matrix elements are easily accessible to a com-
putational solution since all of the integrals over the along-growth-axis variables, z, and zp,
are analytic. Of prime importance is that each of the terms contains a common factor of
Cif =3, Apt A

We see from the expression for Ca’ﬂ that in-plane states of different energy levels and
different electron-hole along-axis separations are explicitly coupled in each matrix element of
the SL. Hamiltonian. Moreover we see that the coupling arises between in-plane basis states
of like k and that all of the basis states contribute to some degree to this coupling. Simply
put, the coupling between an in-plane state having energy index o calculated for an electron-
hole separation id and an in-plane state having energy index 3 calculated for an electron-hole
separation jd arises in a natural way as the inner product of their respective eigenvectors. We
now discuss the construction of the Hamiltonian matrix, ﬁs L.

As can be seen from the notation used for a matrix element, Hfjﬁ , the SL Hamiltonian
depends on two sets of indices. The indices 7 and j are used to index the TW well locations
with respect to the central period. We assign the index 0 to the central period of the superlattice.
The indices a and 8 are used to index the different eigenstates of a give TW Hamiltonian. It
is important to note that only a small subset of the available TW states need be included in
the SL calculation. The number of TW states that are available equals the number of k-states
used in the TW calculation. For the R = 30ao case we have a total of 300 TW states (for a
given j) that can be used in the SL model. However, we only include 40 of these states in the
SL (.:a,lculation. The TW states that are not included are eigenstates that have energies that

would place them well above the top of the SL miniband.
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Assuming that we are including M TW states in the calculation, the matrix element cor-
responding to each pair of well indices, (z,7) , is a M x M submatrix, ?i,j , that is indexed
against the TW quantum numbers. When ¢ = j , the orthonormality of the states being used
in the model allows us to set ?i,i =T. Moreover, because of the symmetry of a type I lattice,

=

we have that ?_i,i = 8i-i= “T". Thus we see that the submatrices that lie on both the

diagonal and anti-diagonal of the Hamiltonian are unit matrices. In the case of the off-diagonal

submatrices we have that TS'-)i,j = ?_i,]‘ = ‘_g),;,_ i » again due to the symmetry of the lattice.

Finally it is straightforward to show that 5’;; = ?f,

Thus constructing the Hamiltonian
requires the calculation of a few submatrices. The others can be assigned using the relations
that we have shown here.

We now turn to our results.
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Chapter 3

Results and Analysis

In this chapter we present calculated absorption spectra for two GaAs/Alg 3Gag.7As superlat-
tices having different periods, well widths and barrier widths. The parameters used for the
calculations are given in Table I in Section 2.2. Unless otherwise specified, these parameters
were used without any adjustments. Thus, for example, the exact absorption spectrum peak
positions do not agree exactly with the locations of the experimental peaks. In light of the
fact that experiments are subject to uncertainties in the applied electric field strengths and
in the layer widths and compositions, it is often difficult to obtain precise agreement between
experiment and theory in all aspects of the results. Thus, we have not attempted to adjust
parameters to obtain better agreement with experiments. Rather, we have taken the author’s
numbers along with generally accepted material parameters and done no adjustments. Better
agreement is likely possible if one is willing to adjust slightly many of the parameters, while
still keeping them within acceptable bounds. However, as precise agreement with experiment
was not, the central aim of this work, this was not done here.

Prior to presenting our absorption results, we present, in Section 3.1, Table II, in which we
compare the TW 1S exciton energies determined from our model with those determined using
the Dignam & Sipe version. In Section 3.2 we present results for a superlattice having well
widths of 67 A and barrier widths of 17 A (67/17). This superlattice was studied experimentally
by Holdfel et. al [47] . We present separate graphs for each field strength presented in Figure
1 of Reference {47] . We also present graphs showing the absorption spectra for a wide range
of applied static fields. In Section 3.3 we present results for a 40/40 superlattice and compare
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Separation | DS 1S Exciton | TW 1S Exciton | Difference
Energy (meV) | Energy (meV) (meV)
0 65.85433917 65.77135114 0.082988034
1 70.36305097 70.21021822 0.152832754
2 71.97452371 71.85650343 0.118020277
3 72.69063302 72.59868233 0.091950689
4 73.10874285 73.03410027 0.074642581
5 73.38660983 73.32409026 0.062519566
6 73.58616212 73.53256254 0.053599582
7 73.7371333 73.69035499 0.046778317
8 73.85572156 73.81431564 0.041405925
9 73.95155952 73.91449387 0.03706565
10 74.03075875 73.99726272 0.033496037

Table 3.1: Comparison of the two-well 1S exciton energies. The separations are in units of
superlattice period. The DS column gives the Dignam & Sipe results. The TW column gives
the results from the model being presented.

these to the experimental results of Agull6-Rueda et. al [48] . Finally, in Section 3.4, we

compare our model with other theoretical models from the literature.

3.1 Two-Well 1S Energies

Table 3.1 shows a comparison between calculated 1S exciton energies. The first column gives the
along-the-growth-axis (z) separation between the electron and hole in units of the superlattice
period for TW Hamiltonians of different electron-hole well separations, j . The second column
contains the 1S exciton energy calculated using the Dignam & Sipe (DS) model [41] . We
present our calculated energies in the third column. Finally, in the fourth column we show the
differences in energy where we have subtracted our values from those from the DS model.

We see, from Table 3.1, that our results are slightly lower than those of DS. This indicates
that the simple exponential function, used in references [39] and [40] , is a good variational
wavefunction. Our energy results are slightly lower indicating a slight variational improvement.
However, the point of the basis used here was not to get better 1S energy values, rather, it was
to determine the higher in-plane states. In cases where the higher energy states can be ignored,
considering the computational overhead included in calculating our TW states, using the DS

model would be more efficient and would not significantly reduce accuracy.
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3.2 The 67/17 Superlattice

Unless otherwise specified, the FWHM used in the calculation of the absorption spectra pre-
sented in the following figures was 2.5 meV. This was chosen to approximately match the
experimentally measured FWHM of the 1S exciton peak in the absence of an applied field.
The graphs show the absorption in arbitrary units as a function of photon energy in meV. The
calculations were performed using 40 TW states. The TW states used were calculated at a
radial extent of 30ag, using 300 basis states.

In Figure 3-1 we show a plot of the zero field absorption. This spectrum shows a 1S exciton
peak rising at the lower edge of the combined electron-hole miniband and a broad, linearly
rising plateau, attributable to the continuum states, that dips down to an essentially constant
value near the upper combined-miniband edge. The broad absorption peak near 1595 meV and
the dip immediately following it have been attributed to the lowest bound state resonance of
the M1 saddle-point exciton [15][13] . The M1 saddle-point is a critical point that occurs near
the top of the miniband. These critical points are characterized by masses having different signs
along different directions of the band structure. The axial dispersion has a negative effective
mass whereas the in-plane mass is positive at the M1 critical point [13] . Though the lineshape
suffers from the energy-separation-induced oscillations at higher photon energies, as previously
discussed in Section 2.2, we find that our calculated spectrum is in good agreement with the
experimental absorption spectrum shown in Figure 1 of Reference [47] . We remind the reader
that our work considers only heavy-hole excitons. The second peak, occurring at about 1569
meV in the experimental absorption, is attributable to a light-hole exciton. Thus, the small
peak that can be seen at about 1571 meV in our absorption does not correspond to the one
in the experimental graph. We note that the slope of the absorption between 1571 meV and
1595 meV agrees well with the experimental results, as does the relative absorption density in
this range relative to the area under the 1S excitonic peak. The quick drop beyond 1595 meV,
however, is clearly sharper in our calculated results than in the experimental one. This is likely

due to the fact that we have not included light holes in our calculation.
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Figure 3-1: Zero-field absorption spectrum for the 67/17 superlattice calculated using 40 TW
states having an in-plane radius of 30ag . This spectrum agrees very well with the

experimental results of Holfeld et. al.

We are able to clearly identify the sharp absorption peak in the spectrum of Figure 3-1
as the 1S absorption peak. However, once an electric field is applied, all of the 1S states are
coupled to the continuum states of lower energy WSL states. However, as these states are
predominately 1S in character, for the purposes of discussion we shall refer to these peaks as
“1S peaks” in what follows.

In Figure 3-2 through Figure 3-4 we show our calculated absorption for applied static fields
of 9.1 kV/cm, 13.3 kV/cm and 15.5 kV/cm respectively. We find that these predicted spectra
have a reasonable agreement with the experimental results of Figure 1 in Reference [47] . Clearly
evident are the WSL peaks in each of these plots. Where possible, the 1S-like excitonic peaks
are labelled by the appropriate WSL index. However, for the field of 9.1 kV/cm, the Coulomb

effects result in such strong mixing that such a designation is not possible. We also see the
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typical signature of Fano coupling in the shape of most of the 1S-like WSL peaks. The dips
below the continuum absorption occurring at energies just above the 1S-like WSL peaks are
easily recognized in each of the absorption lineshapes presented in these three figures. Also
evident is the asymmetry in the peak shapes due to their extension to lower energies. These
features were discussed extensively in Holfeld et. al [47] . Finally we note that these plots all

preserve the rise of the background absorption due to the continuum states.
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Figure 3-2: Absorption spectrum for the 67/17 superlattice subject to an applied field of 9.1
kV/cm.
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Figure 3-3: Absorption spectrum for the 67/17 superlattice subjected to a 13.3 kV/cm static
field.
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Figure 3-4: Absorption spectrum for the 67/17 superlattice subject to an applied field of 15.5
kV/cm.

Before returning to our comparisons with the experimental results presented in Figure 1 of
Reference [47] we turn to a comparison of the spectrum presented in Figure 3(a) of the same
paper. The differences in scale between the aforementioned Figure 1 and our calculated results
can make a direct comparison somewhat difficult. Figure 3(a) on the other hand would seem to
be on a similar scale to that which we have used. Figure 3-5 shows our calculated absorption
spectrum for an applied field of 16.7 kV/cm. Though a comparison with Figure 3(a) of reference
[48] suggests that the model has overestimated the magnitude of the peak at 1584 meV, we
find that our theoretical spectrum otherwise makes an excellent match with the one in Figure
3(a). Our model correctly predicts the magnitude and effect of the Fano resonance induced
asymmetry towards lower energy. It also provides comparable values for the depth and widths
of the Fano dips on the high energy side of the WSL peaks. We note that direct comparison is
further complicated by the fact that the composition, electric field and lattice period used in
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the experiments are never exactly known and the relative peak heights are sensitive to these

factors.

Absorption Spectrum
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Figure 3-5: Absorption spectrum for the 67/17 superlattice with an applied field of 16.7
kV/cm. Other than an over-estimation of the Iﬁagnitude of the central peak, this spectrum is

in excellent agreement with the experimental spectrum given in Figure 2 of reference [47] .

Figure 3-6 is our final plot for comparison to the results in Figure 1 of reference [47] . We
see that our spectrum again compares reasonably well to the experimental results. Our clearly
defined WS, peaks exhibit the typical Fano resonance behaviour and the background due to the
continuum states is evident in the plot. Though the peaks in our calculated results do not fall
exactly on the same lines as the experimental ones, we find that the field-induced separations
of the peaks are essentially the same. Again, we see a fairly strong discrepancy in the relative

magnitudes of the absorption peaks. We are not certain of the cause of this.
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Figure 3-6: Absorption spectrum for the 67/17 superlattice subject to an applied field of 19.1
kV/cm.

Figure 1 in Holfeld ef. al shows theoretically determined spectra along with the experimental
ones. According to the authors, these theoretical spectra were calculated using the model in
Whittaker [13] . It would appear that , in the zero field case, the Whittaker model only predicts
the 1S-like excitonic peak whereas, as seen in Figure 3-1, our model provides the full spectrum.
For the remaining spectra however, the Whittaker model does a better job in predicting the
relative magnitudes of the 1S-like excitonic peaks whereas our model provides a more accurate
picture of the rise due to the continuum states. We are not certain of the source of these
discrepancies.

In Figure 3-7 we show a waterfall plot of absorption spectra for applied fields ranging from 0
kV/cm to 40 kV/cm. For field strengths 2 10 kV/cm, the WSL transitions are easily resolved.
The dip and asymmetry of peak shape can clearly be seen in the dominant peak. We also see

the rise of a background plateau due to the quasi-continuum states. Inset is an image plot of
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the same data. The familiar fan shape of the WSL can be seen in the image. The colour scheme
used combines orange for the weakest absorption shading to black at the maximum calculated
value. The dark black line in the centre of the image corresponds to the dominant peak. We
can also see a bright orange stripe to its immediate right indicating the Fano resonance dip.
Looking to the right of the other black lines that indicate the WSL transitions, we see a similar
orange stripe due to Fano resonances at these transitions. We note that the oscillations that
are evident in the continuum plateau are an artifact caused by the energy separations between

the quasi-continuum states in our basis.

Absorption (arb. units)

%‘\-‘s—»‘-s—_»-_-_--s —

20

Static Field (kV/iem)

- d . . [ 0
1540 1550 1560 1570 1580 1590 1600 1610 1620
Photon Energy (meV)

Figure 3-7: Absorption spectra for the 67/17 superlattice for fields from 0 kV/cm to
40kV/cm. Inset is an image map of the data where the vertical axis is the field strength and

the horizontal axis is the photon energy. The familiar fan-shape of the WSL is clearly evident.

Our next series of spectra cover a reduced range of applied fields. Figure 3-8 shows a
waterfall plot for applied fields from 0 kV/cm to 12 kV/cm. Figure 3-9 is an image map of the
data from Figure 3-8.
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Figure 3-8: Absorption spectra for the 67/17 superlattice for applied fields ranging from 0
kV/em to 12 kV/em. The plot shows spectra calculated at 1 kV/cm increments.

46

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 3-9: Image map for Figure 3-8. The horizontal axis is the photon energy in units of

meV and the vertical axis is the field strength in units of kV/cm.

Figures 3-8 and 3-9 clearly show the crossings of the negative WSL states with the 0% state
and the oscillations in the absorption of the individual WSL states. The series of diagonal
lines between 1555 meV and 1575 meV are evidence of the anti-crossing behaviour between the
WSL states of negative index and the zeroeth state. The oscillation in the absorption of the
zeroeth state (near 1580 meV) can be seen most clearly in the image map, Figure 3-9. The first
indication of this state’s absorption can be seen at an energy of about 1584 meV for a 3 kV/cm
field. A succession of peaks and troughs occur with increasing field. Troughs occur between
“3.5 to 4.5 kV/cm and again between “8 to 10.5 kV/cm. Both of these effects are extensively
discussed in Dignam & Sipe [39] . The triangular structure of evenly spaced (for a given field
strength) peaks that occurs between 1565 meV and 1595 meV for fields form "2 kV/cm to "8
kV/cm result form a combination of the level anti-crossings and the oscillatory absorption of a
given WSL state. Similar structure can be seen in Figure 6 of Linder [15] .

We complete this section with Figure 3-10, which shows a plot of absorption spectra for
fields from 1 kV/em to 8 kV/cm, where the spectra have been calculated for field increments
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of 0.05kV/cm and Figure 3-11, which is the image map for Figure 3-10. These plots provide
higher resolution images of the structures described above in conjunction with Figures 3-8 and

3-9.
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Absorption Spectrum 1.0 E
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Figure 3-10: Absorption spectra for fields from 1 kV/cm to 8 kV/cm in increments of 50
V/em. Anti-crossings of WSL states of negative index with the zeroeth state is clearly
identifiable. Also seen is the absorption oscillation of the zeroeth state and the interaction

between this oscillation and the anticrossings.
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Figure 3-11: Image map of the data from Figure 3-10.

3.3 The 40/40 Superlattice

In Figure 3-12 to Figure 3-14 we present calculated absorption spectra for a superlattice having
equal well and barrier widths of 40 A. We compare these results to the experimental results
presented in reference [48] . The TW basis used here consisted of 50 states calculated at an
in-plane radial extent of 30ag using 300 in-plane basis states.

Figure 3-12 shows our calculated spectrum for an applied field of 10 kV/cm. Despite an
exaggerated separation between the peaks at 1640 meV and 1650 meV that can be attributed
to the FWHM used in our calculation we find an excellent match between our results and the
experimental results presented in Figure 1 of reference [48] . Again, since are only considering

heavy-hole excitons, our spectrum does not show the experimental light-hole peaks.
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Figure 3-12: Absorption spectrum for the 40/40 superlattice subject to an applied field of 10
kV/cm.

Figure 3-13 shows our calculated absorption spectrum at 40 kV/em. This result an excellent
match to the result present in Figure 1 of reference {48] for the same field strength (omitting
the light-hole peaks). We see here a spectrum that resembles the zero-field result of the 67/17
lattice. This can be understood in a relatively straightforward way by considering the effect
of a strong field on the inter-well coupling in this superlattice. When the field is strong, this
coupling is very weak and the wavefunctions will be essentially completely localized within the
given wells. This arises because the barrier widths along with the field induced energy shift
effectively negate any probability of inter-well tunneling. Hence, for fairly wide barriers that

have the same widths as the wells we get an absorption profile similar to that of a single well.
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Figure 3-13: Absorption spectrum for the 40/40 superlattice subject to an applied field of 40
kV/cm. We find excellent agreement with the results of Agull5-Rueda et. al. [Phys. Rev. B
41,1676 (1990) Figure 1].

Figure 3-14 shows the evolution of the absorption spectra for the 40/40 lattice as the applied
field is increased from 0 kV/cm to 40 kV/cm. We can see a weak WSL that is strongest at
medium field strengths and that all but disappears as the field approaches 40 kV/cm. The
weakness of the WSL can be attributed to a reduction in inter-well tunnelling arising due to
the width of the barriers. The non-linear shift towards lower energies for 7 < F' < 14 kV/cm
is due to the Coulomb mixing of the 0 and -1 1S-like states, as has been discussed by Dignam
& Sipe [39] . The inset image map clearly shows the weakness of the WSL transitions in this

structure.

51

Reproduced with permission of the copyright owner. Further reproduétion prohibited without permission.



1620 1630 1640 1650 1660 1670 1680  16W0

Absorption Spectra

Absorption (arb. units)

&;3' 1620 1630 1640 1650 1660 1670 1680 1690 1700
Photon Energy (meV)

Figure 3-14: Absorption spectra for the 40/40 superlattice at field strengths ranging from 0
kV/cm to 40 kV/cm. A weak WSL is clearly evident.
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Chapter 4

Conclusion

In summary, we have presented an excitonic model for type-I superlattices that is based on the
work of Dignam & Sipe. The model determines the superlattice wavefunctions by expanding
the excitonic Hamiltonian in an excitonic Two-Well basis that includes both bound and quasi-
continuum states. The optical absorption spectra calculated using this theoretical model are in
very good agreement with experimental results over a wide range of field strengths. In practice,
the model requires two sets of computational calculations. The first determines the two-well
states that are used in the second, the superlattice calculation. We conclude with a discussion
of the advantages and disadvantages of the method.

The two-well calculation uses a single in-plane basis index & as opposed to the oft used &, k&,
component indexing, simplifying the calculations. This provides the additional advantage of
giving the correct rotational symmetry without requiring extra work. The description used for
the two-well states leads to a relatively simple calculation of the Coulomb interaction between
the electron and the hole. In terms of computation however, this calculation is a limiting factor
with respect to the time required to generate the two-well states for a given along-axis electron-
hole separation. A major disadvantage to the two-well in-plane basis is that the higher energy
continuum states become further apart with increasing k , leading to incorrect oscillations at
higher photon energies in the calculated superlattice absorption lineshapes. This will be a
problem in any calculation using a basis of eigenstates of a finite system. A lesser disadvantage
is the number of basis states required to accurately represent the two-well states. These can be

as few as 300 to as many as 600 or more. This is a small number when compared to what was
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reported above in the case of the single-particle model ([24],[28]) . The required calculation can
take a up to a day to generate eigenvectors and eigenenergies for a single electron-hole along-axis
separation using a dual-processor (500 MHz) alpha workstation containing 2 Gb of RAM. This
means that for a superlattice consisting of 2N + 1 periods, it can take as long as about N + 1
days to generate the necessary two-well states. However, once a given set of two-well states are
generated, they can be used in the superlattice calculation at all field strengths. Since we use
the two-well states as a basis for the superlattice problem we can choose to use a small subset
of the available states. The SL calculations themselves however take little time to compute. A
given spectrum at a single field, as shown in the plots above, takes about 2 hours to complete
on a basic Pentium 4, 1.6 Ghz clone containing 256 Mb RAM.

Other than the aforementioned oscillations in the absorption spectra at high energies, we
find excellent agreement with experimental results at all field strengths. Moreover, the orthonor-
mality of the two-well eigenstates for a given separation leads to expressions for the superlattice
Hamiltonian matrix elements that are quickly determined. This also leads to fairly simple ex-
pressions for the absorption coeflicients. The relative ease of calculation of the superlattice
Hamiltonian and of the quantities of interest leads to a computation that can provide complete
superlattice information on a relatively short time scale (“hours) . This efficiency is critical
when the results provided by the model are to be subsequently used in further calculations. For
example, when calculating the excitonic dynamics of a superlattice, it is necessary to calculate
intraband dipole matrix elements G, = (¢* |—e(re — rs)| ¥#) where ¥° is the ¢** superlattice
excitonic eigenstate [14] . Efficient and accurate representations of the superlattice wavefunc-
tions are imperative to such a calculation. Moreover, it can be seen in reference [14] , that

accurate estimates for the energy of each of these states are also required.

4.1 Suggestions for Further Study

The model discussed here includes only the lowest electron and hole minibands imposing a
minimum width constraint on the wells of the superlattice. Extending the model to include
higher energy minibands would expand the capabilities of the model to a wider variety of

superlattices and allow us to examine the effects on interband coupling.
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Secondly, the inclusion of the light-hole sub-band would provide an opportunity to explore
the mixing effects between light- and heavy-hole excitons. This would also provide the ability

to make more direct comparisons with experimental spectra.
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Chapter 5

Appendices

5.1 Appendix A: Determination of R (in-plane radial extent)
and Np (# of included k-states)

We have as yet to determine an analytical expression that would provide an estimate for the
optimal finite radial extent that should be used in the determination of the TW states. The
same can be said about the number of k-states to include for a given radius. However, as
a “rule of thumb”, a good starting point for the number of k-states is to include a number
equal to 10 times the radial extent in units of ag. To date, all determinations have been made
by running the calculation for a given set of parameters and then checking against the criteria
stated in the Two Well section of the chapter on theory. Our experimentation with the program
has shown that estimates for the bound state energies improve with increasing R and that the
separation between the energies of the quasi-continuous states decrease simultaneously. Tied
to the decrease in energy separations is an increase in the number of quasi-continuous states
that are generated over a given energy range.

In Table A-1, we compare the energies of the bound two-well eigenstates determined using
R = 40a¢ and Nr = 400 with those determined using R = 30ag and Ngr = 300. All energies

are given in meV.
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R = 30a9, Np = 300 R = 40ag, Np = 400
Total Energy | Binding Energy | Total Energy | Binding Energy

(meV) (meV) (meV) (meV)

18 65.79 -9.15 65.79 -9.15
25 73.56 -1.38 73.56 -1.38
35 74.41 -0.53 74.41 -0.53
45 74.68 -0.26 74.66 -0.28
58 74.93 -0.02 74.80 -0.14

We see here that both sets of parameters return eigenstates with the same energy values
for the 1S through 3S states. However, in analogy to a variational calculation, we find that
the R = 40ag results provide both more accurate estimates for the 4S and 5S energies, and a
smaller separation between the energies of these two states. Our testing to date has returned
at most 5 bound states. This is because we are referencing to an unbound (R = o0) free pair
and for n > 4 the kinetic energy associated with the confinement to a finite disk is larger than
the Coulomb energy.

In the following figure we plot the energy differences as a function of state number for the
quasi-continuous states of both the R = 40ag, Ngp = 400 and R = 30ag, Ng = 300 runs. The
legend in the figure identifies these as R=40 and R=30 respectively. Included in the figure are
plots of the energy differences as determined by using an asymptotic expansion. In the limit of

large k, we can write

Jo (kR) = cos (kR — m/4)

7kR

and

Ji (kR) = ,/”—zﬁcos(kfz—:an/z;).

Using these expansions, it is straightforward to show that eigenvalues for the Bessel functions
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become
knR = (n+3/4)=.

Thus we find that the energies for these states become

K2K2
2u
k2 (n + 3/4)* 72
2uR? )

B, =

Thus the energy differences in the asymptotic limit of large k are

AEn = Ek,._Ekﬂ_l

= ___h27r2 2n+-1-
T 2uR? 2/
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Figure A-1: Energy differences between the quasi-continuous states as a function of state
number are plotted for in-plane radii of 30ag and 40ag. These are compared to energy
difference lines determined by asymptotic expansions at the same radii. The 30ag calculation
was performed using 300 k-states. 400 k-states were used in the 40ag calculation. Only state

numbers up to 300 are shown.

We see that both the R = 30ap energy difference line and the line for R = 40ag have
essentially converged to the difference lines determined from the asymptotic expansion for
these radii respectively. Thus the asymptotic expansion provides us with a method by which
we can predict the energy difference between eigenstates. This allows the prediction of the
radius required to minimize oscillations at a given Lorentzian FWHM.

The final figure in this appendix shows the purely 2D absorption spectrum in the absence
of Coulomb interaction for a single well. The absorption calculations were performed using a

Lorentzian FWHM of 2.0 meV for the two cases that we have been discussing in this appendix.
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Figure A-2: Comparison of the strictly 2D absorption lines, in the absence of Coulomb
interaction, for radii of R = 40ag and R = 30a¢ . A significant improvement can be seen in

the R=40 lineshape.

The oscillations in the lineshapes are due to energy separations between the continuum
states that are greater than the Lorentzian FWHM. A significant reduction in the number of

oscillations and their magnitude can be seen in the R = 40 plot.
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