INFORMATION TO USERS

This manuscript has been reproduced from the microfim master. UMI films
the text directly from the original or copy submitted. Thus, some thesis and
dissertation copies are in typewriter face, while others may be from any type of
computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

in the unlikely event that the author did not send UMI a compiete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (6.g., maps, drawings, charts) are reproducad by
sectioning the original, beginning at the upper left-hand comer and continuing
from left to right in equal sections with small overiaps.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 8° black and white
photographic prints are available for any photographs or illustrations appearing
in this copy for an additional charge. Contact UM! directly to order.

Bell & Howell Information and Leaming
300 North Zeeb Road, Ann Arbor, Ml 48108-1348 USA
800-521-0800

UMI

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



On the Spectrum G of a Locally Compact Group G

by

John Brian Whitfield

A thesis
presented to Lakehead University
in fulfilment of the
thesis requirement for the degree of
Master of Arts
in

Mathematics

Thunder Bay, Ontario, Canada, 1999

©John Brian Whitfield 1999

i
!

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

P



i+l

Your file Volre rélérence

Our fle Notre rélérence

L’auteur a accordé une licence non
exclusive permettant a la

National Library Bibliothéque nationale
of Canada du Canada
uisitions and Acquisitions et i

Bibliographic Services  services bibliographiques
395 Wellington Street 395, rue Wellington
Ottawa ON K1A ON4 Ottawa ON K1A ON4
Canada Canada

The author has granted a non-

exclusive licence allowing the

National Library of Canada to

reproduce, loan, distribute or sell
copies of this thesis in microform,
paper or electronic formats.

The author retains ownership of the

. copyright in this thesis. Neither the

thesis nor substantial extracts from it
may be printed or otherwise
reproduced without the author’s
permission.

Bibliothéque nationale du Canada de
reproduire, préter, distribuer ou
vendre des copies de cette thése sous
la forme de microfiche/film, de
reproduction sur papier ou sur format
électronique.

L’auteur conserve la propriété du
droit d’auteur qui protége cette theése.
Ni la thése ni des extraits substantiels
de celle-ci ne doivent étre imprimés
ou autrement reproduits sans son
autorisation.

0-612-52086-2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



I hereby declare that I am the sole author of this thesis.
I authorize Lakehead University to lend this thesis to other institutions or individuals for

the purpose of scholarly research.

[ further authorize Lakehead University to reproduce this thesis by photocopying or by

other means, in total or in part, at the request of other institutions or individuals for the

purpose of scholarly research.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Abstract

Separation properties of the Fell topology, on the spectrum G of a locally compact group
G, characterize important properties of G. We will develop three equivalent ways to
describe the Fell topology on the spectrum A of any C*-algebra A. Specifically, we
show that both the relative weak*-topology on P(A), the set of pure states of A, and
the Jacobson topology on Prim(A), the set of all primative ideals on A, can be mapped
onto A so that both topologies agree with the Fell topology. We will also study the
correspondences, both between the set of strongly continuous unitary representations
of G and the irreducible representations of the group C*-algebra C*(G), and between
the continuous functions of positive type on G and the set of pure states of C*(G). As
well, we give a survey of results outlining the characterization of G by simple separation

properties of the Fell topology on G.
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Chapter 1

Introduction

1.1 Organization

This thesis has three main objectives. We first present a skeletal introduction to the Fell
topology on the spectrum [or the dual space] of a general C*-algebra A. Next, we strive
to extend this topology to the spectrum G of a locally compact group G. Then, finally,
we give a survey of results displaying the relationship between topological properties
. of G and G. It has been an age old technique of mathematicians, that when studying
an object having little structure [such as G] and therefore affording few tools to unlock
the mysteries within, to instead study a "related” object [in our case G’] which has more
structure and as such is easier to work with. Indeed, this thesis outlines a living example
of this tried and true technique. The following summarizes chapter 2 through to the
appendix.
Chapter 2 is for the most part a technical chapter. It begins with a brief introduction
to C*-algebras together with some examples and selective attributes of such algebras.
Our main objective in this chapter is to introduce one of the most important concepts in

harmonic analysis, namely representations. Following the lead of Dixmier [5] we first

|
|
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1.1. ORGANIZATION 2

present the notion of positive linear forms and show how such forms are automatically
continuous on involutive Banach algebras. This then leads to the Gelfand-Naimark-Segal
construction of representations from positve forms. Our definition of representations
is then formally given. An equivalence relation on representations is presented along
with the definitions of cyclic vectors and nondegenerate representations. The strong
inter-relationship between positive forms and representations is then developed. More
importantly, in subsection 2.3, we go on to show the inter-relationship between pure
positive forms, or equivalently the extreme points of the closed unit ball of positive forms,
and topologically irreducible representations. In fact, it is here that we develop a well
defined surjective map, from the set of pure forms onto the set of equivalence classes of
topologically irreducible representations, which we make use of in chapter 3. Finally, we
end chapter 2 with the so called equivalence theorem as found in Fell’s paper The Dual
Spaces of C*-algebras [9). This is a theorem about C*-algebras. It states that, if the
kernel of a representation m contains the intersection of the kernels of all the elements of a
set of representaions S, then any positive form associated with 7 is weak*-approximated
by sums of positive forms associated with elements of S.

We begin chapter 3 by defining A to be the set of equivalence classes of topologically
irreducible representations of a C*-algebra A. We then show three different ways to en-
dow A with a topology: i) the Fell topology obtained by defining a closure operator with
the notion of weak equivalence, ii) by taking the quotient topology on A of the relative
weak*-topology on the set of pure positive forms and the surjective map described in
chapter 2, and i) by transferring the Jacobson or hull-kernel topology from the set of
primitive two-sided ideals of A. Due to the ground work and in particular the equiva-
lence theorem in chapter 2 we proceed to show that the topologies ¢) and ii) coincide
on A. Further, by making use of preliminary work in chapter 2 we show that the set of
primitive two-sided ideals of a C*-algebra A is exactly the set of kemels of the elements

;

|
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1.1. ORGANIZATION 3

of A. From this we go on to show that the Jacobson topology transferred to A via this
relationship also coincides with the Fell topology.

In chapter 4 we transport the Fell topology introduced in chapter 3 onto the spectrum
G of a locally compact group G. We begin the chapter with the definition of unitary
repesentaions of a locally compact group G. We proceed to show that these unitary
repesentaions strongly correspond with the non-degenerate representaions of L'(G). In
fact, this correspondence preserves irreducibility. Next we introduce functions of posi-
tive type and show that when endowed with the topology of compact convergence these
functions correspond to the positive forms on L!(G) endowed with the weak*-topology.
Our next aim is to develop the group C*-algebra of G, denoted by C*(G), which is the
completion of L'(G) with regard to a special norm. We then show that this comple-
tion to C*(G) extends the corresponce between the unitary representations of G and the
non-degenerated representations of L'(G) upto the representations of C*(G). As well,
we can extend the preceeding analogy from functions of positive type endowed with the
topology of compact convergence to positive forms on C*(G) endowed with the weak*-

topology. Finally, we can now endow G, the set of equivalence classes of irreducible

unitary representations of G, with the so called Fell topology by simpily importing it

from C*(GY) via the bijective correspondence between G and C*(G). The chapter ends
with a brief introduction to the reduced dual of G. This proves to be a usefull space when
we study the topological properties of G in chapter 5.

Chapter § is presented differently than the other chapters. Whereas the bulk of the
theory is self contained in chapters 2 through 4, in this chapter we merely give a survey
of results, sketch proofs, and frequently cite other sources. The main aim of this chapter
is show certain characterizations, of properties on a locally compact group G, by simple
separtion properties on the spectrum G. We begin the chapter with a section showing
that any spectrum of a C*-algebra paired with the Fell topology satisfies certain inherent

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

T



|

1.1. ORGANIZATION 4

topological properties, namely every such spectrum is a quasi-compact Baire space. The
following section breaks into two subsections. We begin by studying locally compact
Abelian groups and then move to the general [non-Abelian] case. The aim of §5.2 is to
show that if a locally compact group G is compact then G is discrete. Itis a corollary of
the Pontrjagin duality theorem, that for Abelian groups G discrete implies G is compact.
Bagget [1, theorem 3.4] improves this result to show that if G is separable {and non-
abelian] and G is discrete then G is compact. Due to P.S. Wang [19, theorem 7.7] this
result also holds for o-compact groups. We end this chapter with a short section of
comments on the separation properties of G.

The first section of the appendix is presented in order to justify our assumption that
all locally compact groups are Hausdorff. Indeed, we show that it is essentially of no
restriction to make this assumption. The second section introduces the involutive con-
volutive algebra L'(G). Our aim here is merely to set the notation surrounding L}(G)
to support chapter 4. Section three presents a definition of an approximate identity and
the often used result that every C*-algebra possess an approximate identity. In the forth
section we present a technical result, the so called transitivity theorem, which is vital to

 the proof of the equivalence theorem in chapter 2. In the final section, a brief glimpse of

the theory of von Neumann algebras and the commutant of a C*-algebra is given. Here
we touch only on what we needed to prove the equivalence theorem in chapter 2.
Finally, note that each section is ended with a list of references. The author acquiesce
that no original work is presented here, except perhaps in the method of presentation.
These references are therefore communicated to serve two purposes: first, to acknowl-
edge the source of the ideas for parts and/or all of the proofs in the given section, and

second, simply as references for further study.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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1.2. PRELIMINARIES 5

1.2 Preliminaries

1.2.1 Topological Groups

Definition 1.2.1 A group G equipped with a topology such that the group operations
are continuous with respect to the given topology is called a topological group. That is,

both the maps (z,y) — zy, from GxGtoG,and z — z~!, from G to G, are continuous.

Definition 1.2.2 A locally compact group is a topological group G such that the
topolology is locally compact. That is, G is a topological group where each point has at
least one compact neighborhood. We will always assume that a locally compact group G

is Hausdorff. This assumption is in fact not much of a restriction [cf §A.1].

Definition 1.2.3 Let f be a function on a topological group G and y € G. Then
the left translate of f through y is defined by L, f(z) = f(y~'z). Similarly the right
translate of f through y is defined by R, f(z) = f(zy). Clearly we have Ly = L.L,
and R,y = R.R,.

. References: (3], [6], [10].

1.2.2 Normed involutive algebras

Definition 1.2.4 A normed algebra is an associative algebra A equipped with a norm
on the vector space structure of A which satisfies ||zy| < ||z|[||ly]] for all z,y € A.
Moreover, if A is complete with respect to this norm metric then we say A is a Banach

algebra.

Definition 1.2.5 Let A be an algebra over the field C of complex numbers. A mapping

z — z* from A into A is called an involution if it satisfies the following properties:

|
!
i
)
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1.2. PRELIMINARIES 6
i) (z*)*==z
i) (z+y)*=z"+y*

iii) (A\z)* = Az*

iv) (zy)* =y'z

forany z,y € A,and A € C. A is said to be an involutive algebra if it is endowed with

an involution.

Definition 1.2.6 A normed involutive algebra is a normed algebra A endowed with
an involution z — z* such that |[z*|| = ||z|| for all z € A. If A is also complete with

respect to this norm metric then A is called an involutive Banach algebra.

Definition 1.2.7 Let A be an involutive algebra, z € A and S C A. z* is called the
adjoint of z and S is self-adjoint if S is closed under involution. As well, z € A is said
to be hermitian if £ = z* and normal if zz* = z*z. Denote the set of all hermitian
elements of A by A,;. An idempotent hermitian element is called a projection, that is,
r=z"=1z12

A fact that we will use often is that each z € A can be uniquely written in the form

T\ + iz with z,, z, hermitian. We simply take z, = (z +z*)/2and z, = (z — z*) /2i.

Definition 1.2.8 A multiplicative linear map 7 from an algebra A into an algebra B is
called a morphism. That is, 7 : A — B such that

(z +y) =m(z) +7(y), m(Azx) = An(z), w(zy)=n(z)r(y),

Vz,y € A, A € C. If, in addition, A and B are involutive algebras and 7 satisfies the
additional property

w(z*) = n(z)*

1
1

i
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1.2. PRELIMINARIES

forall z € A, then 7 is said to be an involutive morphism.

References: [5], [13], [10], [6].

'i
i
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2

C*-Algebras

2.1 C*-Algebras

Definition 2.1.1 A C*-algebra is an involutive Banach algebra A such that

Izll* = llz*zll, Yz € A.

.Definition 2.1.2 If A is a C*-algebra and z = y*y for some y € A thenwe say zis a
positive element. We will denote the set of all positive elements of A by A*.

2.1.3 If A is a Banach algebra with an involution such that ||z|2 < ||z*z] for all
z, then A is a C*-algebra. ||z < |[z*z]| for all z implies ||z||? < ||z*||||z]] so that

llzll < ||=*|| and interchanging z and z* yields ||z*|| = ||z||. Thus
lzl* < lle*zll < llz*lll=]] = |l=II?,
and indeed A is a C*-algebra.
8
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2.1. C*-ALGEBRAS 9
Example 2.14

i) Let A = C and set the norm on A to be the modulus | - |. Then the map z — Z,
where Z is the complex conjugate, is an involution on C. By definition |z| = |F],
hence A is a normed involutive algebra. In fact A is a C*-algebra since |z|? =

a? + b = \/(a? + b?)? = |Zz| where z = a + 1b.

ii) Let X be alocally compact space. The space Cy(X) of continuous complex-valued
functions vanishing at infinity on X with the usual pointwise algebraic operations,
the involution f — f and the uniform norm || || = sup,ex |f(t)] is also a C*-

algebra.

iii)) Let H be a complex Hilbert space and A = L(H), the algebra of all bounded
linear operators on H. Then A with the operator norm and involution defined as
the usual adjoint operation is a C*-algebra. To see this, from comment 2.1.3 we
need only show ||T*T|| > ||T||? since ||T*T|| < |IT*|IT|| = |IT||* always holds.
For any unit vector u € X, ||T*T|| > (T*Tu,u) = (Tu,Tu) = ||[Tu||®. Thus
taking supremum over all such u yields ||T*T|| > ||T||2. Thus A is a C*-algebra.
It follows that any self-adjoint norm closed subalgebra of A is also a C*-algebra.

iv) Let G be a locally compact group with left Haar measure \. Let A be the convolu-
tion algebra L' (G) [cf A.1] with an involution given by f*(z) = A(z~")f(z~"),Vf €
L'(G), where A is the modular function of G. A equipped with the usual norm
£l = e |f|dA is an involutive Banach algebra which is nor a C*-algebra.

2.1.§ If we have a family (A;),ca of C*-algebras we can define the product C*-
algebra of the A,’s as follows. Set A = {(Zn)nea : Zn € Ay and suppea [|Zal] < +00}.

Then A with the operations

i
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2.1. C*ALGEBRAS 10

(Tn +Yn) = (Tn) + (Yn)y (AZ4) = A(Zn),
(Ta¥n) = (Za)(Yn), (z7) = (zn)*

and norm

l(za)ll = sup |zl

is a C*-algebra.

2.1.6 A is said to be unital if A possesses a unit element or a multiplicative identity.
If A is a unital Banach algebra then

[I1|1? = ||1*1|| = ||1]], hence ||1]| = 1 or Q.

Thus for A £ 0, |[1]| = 1.

2.1.7 If A is an involutive Banach algebra then let A, be the set of ordered pairs
(z, A),suchthatz € Aand A € C. Then A, is easily seen to be a vector space with linear
operations defined componentwise. Also A, is an involutive algebra if multiplication is

defined by
(z, A)(y, p) = (zy + Ay + pz, Ap)

and involution is defined by
(z,A)* = (z*,N).
A, is said to be the involutive algebra obtained from A by the adjunction of an identity
1=(0,1).
The following proposition allows us the freedom to almost always assume that a C*-

algebra is unital.

Proposition 2.1.8 Let A be a C*-algebra. Then the norm on A can be extended to A, in
exactly one way that makes A, a C*-algebra. '

|
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2.1. C*-ALGEBRAS 11

Proof:  Suppose A has an identity denoted e. Then A and C(1 — e) are complementary
self-adjoint closed subspaces of A,. So there exists an involutive algebraic isomorphism
of A, onto A x C which maps A onto A x {0}. A x C can then be given the product C*-
algebra structure 2.1.5. Then A, is isomorphic to a self-adjoint norm closed subalgebra
of A x C and is hence a C*-algebra.

Now assume A does not have an identity. Consider the following semi-norm of A, :

ll(z, Al = sup{llzy + M|l : v € 4, |lyll <1}.

This is the operator norm on the left multiplication operator on A induced by (z, A). Itis

easily seen that ||(z, 0)|| = ||z||, Vz € A. Aswell,Vz,y € Aand V¥ A, p € C we have

l(z, (@ 2)ll = ll(zy + Ay + pz, A0}l

= sup [[(zy + Ay + pz)z + Apz||
z€(A)

= sup |lz(yz + pz) + A(yz + pz)||
z€(A);

< ,2}"’),{”("” Millyz + pz(1}

< sup {{[(z, M, p)lIll=1}
z€(AN

= |[(z, MIli(v, o)l

and
[1Gz, A)*Il < llz*[| + [X] = llz]l + 1Al = [I(=z, M)

Hence ||(z, A)|| = [|(z, A)* [l < l(z, A)*ll, so |I(z, A)*[| = l|(=z, MI-

To show that || || is actually a norm on A, suppose |[(z,A)|] = 0. If A = 0 then
llzl| = ||(z,0)|| = 0 which implies z = 0. If A # 0 we can consider e = —z/A in A.
Since zy + Ay = 0 Yy € A we have ey = y Vy € A, so that e is a left identity for A.

'l
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2.1. C*-ALGEBRAS 12

Taking adjoints we see e* is a right identity for A. Hence e = ee®* = e* is an identity
for A which contradicts our assumption that A does not have an identity. Therefore
I(z, A)|| = 0iff (z, A) = (0,0), hence || || is a norm on A,.

Finally we show that

ll(z, MII = ll(z, A)*(z, Mll, ze€AAreC.
By 2.1.3 we need only show that
iz, M2 < ll(zA)(z, M, zeAreC.

In fact it suffices to show this for ||(z, A)|| = 1. Foreach0 <r < 1wecanfinday € A
such that ||y}| < 1 and ||(z, A)(y,0)|| = r. Since each (z, A)(y, 0) belongs to [A x {0}],

we have
Iz, A)* (@, Ml 2 [1(5,0)*(z, A)*(x, A)(3,0) |
= ||[(z, M), 0)]"[(z, A) (y, 0)]ll
= |lli(z, A)(,0)[I* > r?,
and therefore

I, 2)*(, Ml 2 1= [|(z, A)I”.
a]

Theorem 2.1.9 If I is a closed two-sided ideal of a C*-algebra A, then I is a C*-
subalgebra of A and the quotient A/I is a C*-algebra under its usual operations and the

quotient norm.

Proof:  Let {e;} be an approximate identity for I as found in section A.3. Then for all

i
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2.1. C*-ALGEBRAS 13

a € I we have

lla*e; = a®|| = [leia — a|| - O,

and a*e; € I, s0 a* € T = I and hence I is self-adjoint closed subalgebra of A. Thus I
is a C*-subalgebra of A.

By 2.1.8, we assume A is unital. It is easily verified that the quotient is an involutive
Banach algebra. Hence, we need only show that the quotient norm is a C*-norm. Let
a € Aand € > 0then we can find a b € T such that ||a + b|| < ||a + I]| + €/2. Since
lib — ;|| — O there exists ip such that ||b — e;b]| < e/2 for all ¢ > iq, and therefore

lla—eall < [I(1-e)(a+b)|+[lb— edl]
< lla+bl| + 16 - ed]]

< |la+1I|| +¢/2+¢/2.
Hence ||a + I|| = lim; ||a — e;a||. Sonow ifa € Aand b € I, then

lla + I}?

lim ||a — eial|?

lim|(1 - e)a’a(1 - &)

sup||(1 - e:)(aa +b)(1 — e)][ +lim [|(1 - e:)b(1 — es)]]
[la*a + bl| + lim [lb — e;bl|

IA

IN

|la*a + b]|.

I

Thus, ||la + I]|* < |la*a + I|| so by comment 2.1.3 A/I is a C*-algebra. o

References: (5], [13], [10], [6], [16], [20].

|
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2.2. POSITIVE FORMS AND REPRESENTATIONS 14

2.2 Positive Forms and Representations

The aim of this section is to study the relationship between positive forms and repre-
sentations. As the reader shall see, representations give rise to positive forms in straight
forward way [2.2.16]. However, the construction of a representation from a positive form
is not as straight forward. The basic construction described here [2.2.5] is known as the
Gelfand-Naimark-Segal [or GNS] construction.

Definition 2.2.1 Let A be a normed involutive algebra, let A’ denote the algebraic
dual of A, that is, all linear forms on A and let A* C A’ denote the continuous dual of A,
that is all continuous linear forms on A . f € A’ is said to be pesitive if f(z*z) > 0 for
all z € A, or, equivalently, f(z) > Oforall z € A*. Set A = {f € A’ : f is positive}
and A** = {f € A* : [ is positive}. A continuous linear form f € A** is called a
state of A if || f|| = 1. We will denote the set of all states of A by S(A). Further, we say
f € A is extendable if A is unital. If f can be extended toa g € A,'", where A, is the
involutive algebra obtained from A by the adjunction of an identity.

2.2.2 Let A be an involutive Banach algebra with approximate identity and let f €
A't. We can define a sesquilinear form (z,y)— (z|y) on A x A such that (z|y) =
f(y*z), ¥V z,y € A. By applying Schwarz’s inequality and the polarization identity we
see that this form satisfies for z,y € A,

(zly) = f(y'z) = f(z*y) = (y|z), .1
|z|w)? = 1f(y*z)]® < f(z*z) f(¥*y) = (z|z)(wly). 2.2)

Proposition 2.2.3 Let A an involutive Banach algebra with an approximate identity.
Then A"t = A**.

Reprod.uced with permission of the copyright owner. Further reproduction prohibited without permission.
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2.2. POSITIVE FORMS AND REPRESENTATIONS 15

Proof: Claim: Let f € A" and let a € A be fixed. Then the linear form z —
f(a*za) is an extendable element of A'*.

We can assume A is non-unital. Clearly for any z € A we have f(a*z*za) =
f((za)*za) > 0, so the map z — f(a*za) is an element of A'*. As well, since (4, 0) is
a two sided ideal of A, the equation f;((z, A\)) = f(a*za) defines a linear form f, € A
which extends f and f1((z, A)*(z, A)) = f(a*z’za) = f((za)*za) > 0. So f, € A}
Claim:  An extendable element of A'* is continuous.

Suppose A is unital. If z € A is hermitian and ||z|| < 1 then 1—xz is a positive element
of A [5, Lemma 2.1.3]. Hence, for f € A" wehave f(1-z) >0 = f(1) > f(z).
Similarly — f(z) = f(—z) < f(1). Thus |f(z)| < f(1) for all hermitian z € A such
that ||z|| < 1. Now for arbitrary y € A with |ly|| < 1 we have ||y*y|| < 1 [recall y*y is
hermitian for arbitrary y], so from 2.2.2 equation 2.2

IfW)I? < FQ) f(y'y) < F(1)?

by what was proved above. Therefore || f|| < f(1), so f is continuous.

Now if A is not unital then for any extendable f € A’* we have a positive linear
functional in the unital algebra A, which extends f, and from the above argument it is
continuous.

Claim: Let f € A'™*. Thenforany a,b € A the linear formz — f(axb) is continuous.

(From our first two claims and in light of the polarization identity,

3
dazb =Y *(a + "b*)z(a +i"b")*
n=0
it follows directly that z — f(azxb) is continuous.

Claim: A" = A**.

|
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2.2. POSITIVE FORMS AND REPRESENTATIONS 16

Let f € A™. Since f is linear it suffices to prove f is continuous at 0. Let {z;} be
an arbitrary sequence in A such that z; — 0. The Cohen-Hewitt factorization theorem
[13, V.9.2] basically states that if B is a Banach algebra with an approximate identity,
then for ¢ € B there are elements a,b € B such that ¢ = ab, where b belongs to
the closed left ideal generated by c, and b is arbitrarily close to c. A corollary of this
factorization theorem [13, V.9.3] yields a factorization of null sequences of A. This
factorization can be used to produce a sequence {y;} in A such that y; — 0 and for each
i we have z; = ay;b for fixed a, b € A. Thus from the continuity of z — f(azb) we have

f(z;) = f(ay:b) — 0. Therefore f is continuous, that is, f € A**. O

Corollary 2.2.4 If A is a C*-algebra then A’ = A*+,

Proof: By definition A is an involutive Banach algebra and Corollary A.2.2 guarantees
the existence of an approximate identity. The result now follows directly from proposi-

tion 2.2.3. o

2.2.5 [The GNS construction] ;From equation 2.2 it is easily seen that the subset
Ny:={z € A: f(z*z) =0} of Aisaleft ideal of A. Thatis, f(z"z) = 0if and only if
f(yz) =0, Yy € A. Thus A/Ny is an inner product space constructed canonically from
A. We will denote by H; the Hilbert space which is the completion of A/N; with this
inner product norm. Now for f € A'* and for z € A define an operator 7 (z) from A/N;
into A/Ny such that

n(z)(y + Ny) = zy + N;. 2.3)

Claim: If A is an involutive Banach algebra and = is the operator described by 2.3,

then 7 can be uniquely extended to an involutive morphism 7 ¢ of A into L(H;).

Proof: Forz,y € Aitis easily seen that ||7(z)(y + Nj)||? = f(y°z*zy). Now assum-
ing that f(y*z*zy) # 0 then from our above observations we have f(y*y) > 0. Define a

!
|
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2.2. POSITIVE FORMS AND REPRESENTATIONS 17

function g : A — C such that g(z) = f(y*zy)/f(y*y). Clearly g is positive and linear,
so letting {e;} be the approximate identity for A we have

llgll = limg(e:) = lim f(y"ey)/ f(y"y) = f(y"y)/ f(y'y) = 1.

It follows that g(z*z) < l|z°z|| < ||z||%, so
f(y*z*zy) < |12l f(y"y) = ll=I®lly + Nyll*.
Combining this inequality with our initial comment yields
lIm(z)(y + NoI? < llzlPlly + Nyl = [l ()] < [l=ll,

hence 7(z) € L(A/Ny), Vz € A. Thus m(z) has a continuous extension to an operator
ns(z) € L(Hy). Itis readily seen that 7 is an involutive morphism of the algebraic
structure of A into £(A/Ny) and that the algebraic preserving properties of 7 extend
to ;. Finally, if £ € Hj then there exists a net {y; + Ny} in A/N; such that £ =
lim;(y; + Ny). So

my(2)'(§) = limmp(z) (i + Ny)
= lim7(c)" (s + Ny)
= lim7(c")(y + Ny)
= limmy(z)(y: + Np)
= 7/(2)(8).

Hence 7y is an involutive morphism of A into £(H;). a

|
i
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.2. POSITIVE FORMS AND REPRESENTATIONS 18

Definition 2.2.6 Let A be an involutive algebra and H a Hilbert space. A repre-
sentation of A in # is an involutive morphism 7 of A into £(H). In other words
m: A = L(H) such that

w(z +y) = n(z) + n(y), 7(Az) = In(z),

w(zy) = n(z)w(y), m(z*) = n(z)*
Vz,y € A, A € C. We will denote the set of all representaions of A by R(A). We
will also often use H, to denote the Hilbert space associated with 7. Note: Many au-
thors define a representation more generally on an algebra and exclude the condition

7(z*) = m(z)*. Our definition therefore coincides with *-representations or involutive

representations found elsewhere in the literature.

Proposition 2.2.7 Let A be an involutive Banach algebra, B a C*-algebra and  a mor-

phism of A into B. Then ||7(a)|| < ||al| for all a € A; so  is continuous.

Proof: For any b € By we have [|b?|| = ||b*b]| = ||b]|* and hence by induction
162" 12" = ||b]]. Then limg,o [|b**[|*" = r(b) where r(b) is the spectral radius of
b (20, theorem 5.5]. For any a € A we have the spectrum of 7(a) as an element of B, is
contained in the spectrum of a as an element of A, so that r(7(a)) < r(a) < ||a|| [20,

theorem 3.3). Therefore,

In(@)||* = lIn(a*a)|| = r(w(a*a)) < lla*all < lla*[lllall = [lall?.

Corollary 2.2.8 Let A be a C*-algebra. Then each © € R(A) is continuous.

Proof: Since L(H) is a C*-algebra [2.1.4 i17)] the result follows directly from propo-
sition 2.2.7. ‘ w

|
|
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2.2. POSITIVE FORMS AND REPRESENTATIONS 19

229 ;From 2.2.5 we can see that 7y is a representation associated with the Hilbert
space H;. This representation is the so called Gelfand-Naimark-Segal representation or
GNS representaion associated to f.

2210 Letw, 7' € R(A) and let # and ' be the corresponding Hilbert spaces. We
say « is equivalent to 7’ if there exists an isomorphism U from # onto A’ such that
Un(z) = 7'(z)U, Vz € A. Itis easily seen that this is indeed an equivalence relation
on R(A). Therefore we can talk about a class of representations. We will denote the
equivalence class of « by [x].

As well, any continuous linear operator T : H — M’ such that Tx(z) = =«'(z)T, for
all z € A, is called an intertwining operator for 7 and 7'. The set of all intertwining op-
erators for 7 and 7’ is a vector space whose dimension is called the intertwining number

of r and 7.

Definition 2.2.11 LetS C R(A). Then we can construct a continuous linear operator
7(z) in @,es H, which induces p(z) in each H, since {||p(z)|| : p € S} is bounded
for each z € A. It follows that z — 7(z) is a representation of A in @ cs H,. We will

denote this representation, called the Hilbert sum of p € S, by @ p.
Definition 2.2.12  Let A be an involutive algebra and let * € R(A).

i) If £ € H, then the closure of 7(A)¢ is a closed subpace of H. If this closure
w(A)€ = H, then we say that § is a cyclic vector for 7.

ii) We say that 7 is non-degenerate or that 7(A) acts non-degenerately on H, if the
closure of the linear span of the set {n(z) : = € A, £ € H,} which we will
denote as [w(A)H,), is equal to H,. Equivalently, 7 is non-degenerate if for each
non-zero £ € M, there exists £ € A such that 7(z)€ # 0. Note: by definition any

representation that admits a cyclic vector is non-degenerate.
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2.2. POSITIVE FORMS AND REPRESENTATIONS 20

Proposition 2.2.13 Let A be an involutive algebra. Let w and ©' be representations of
A in H and H' respectively, and let £{'} be a cyclic vector for m{n'}. If (w(z)E|€) =
(w'(z)€'|€') Vz € A then w and ' are equivalent, that is, there is a unique isomorphism

of H onto H' mapping w(z) to ©'(z) and £ 10 €'.

Proof:  Suppose the conditions of the proposition are satisfied. Thus for any z,y € A

we have

(m(z)€lm(y)€) = (r(y*2)£lE) = (v'(y°z)§[§) = (n'(z)€'|w'(¥)€')-

Since £{€'} is a cyclic vector for w{n’'} we have w(A)E {n'(A)¢E'} is dense in H{H'}.
Thus there is an isomorphism U of X onto #’ such that U(n(z)€) = «'(z)&' for all
z € A. So for any y € A we have

(Un(z))(r(y)€) = Un(zy)§ = n'(zy)¢’ = n'(z)(n'(y)§) = (' (x)U) (n (y)§).

Thus Un(z) = n'(z)U for each z € A since 7(y)€ are dense in #. As well we have for
allze A

(n'(z)€|¢') = (r(z)gl€) = (Un(z)§|UE) = (x'(z)€'|UE),

which implies U¢ = £'. Finally the uniquness of U is apparent since the values that U
takes on 7(A)&, which is dense in A, are predetermined. o
In the following, we continue to use the notation and the results from the GNS con-

struction, 2.2.5.

Proposition 2.2.14 Let A be an involutive Banach algebra with an approximate identity
and [ € S(A). Then there exists a unique vector §; € Hy such thatforallz € A

i) f(z) = (z + Nfl&)

|
i
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2.2. POSITIVE FORMS AND REPRESENTATIONS 21

ii) mg(z)€r = + Ny and &; is a unit cyclic vector for 7y.

Proof: The map z + Ny — f(z) is a well defined norm-decreasing linear form on
A/ Ny and as such can be extended to a norm-decreasing linear form on # ;. Thus by the
Riesz representation theorem there exists a unique vector £f in H; such that this linear
form maps n — (n|€;) Vn € H;. Therefore f(z) = (z + Nj|é;) forall z € A and &; is
the desired vector for 7).

Now let z,y € A. Then

(y + Nylmp(z)és) = (z*y + Nfl€s) = f(z'y) = (y + Nylz + Nj).

Since y was arbitrary we have m,(1)&; = 2+ Ny. That n¢(A)&s = A/Nyis dense in H
implies that &; is cyclic for ;. It follows that {m;(A)€s] C [ms(A)H;] is equal to H;.
That is, 7 is non-degenerate. If {e;} is an approximate identity in A then {rf(e;)} is
an approximate identity for £(* ;) and therefore converges to 7, the identity in £(Hy).
Thus

&I = (€71€y) = tim(my(eésley) = lim f(es) = [1£]] = 1
and therefore &; is a unit vector. 0
Proposition 2.2.15 Let A be an involutive Banach algebra with an approximate identity.

If * € R(A) and & is a unit cyclic vector for 7 then the map [ : A — C such that

[(z) = (m(z)€|€) is in S(A). Moreover, we have T is equivalent to 7y (see 2.2.5).

Proof: Consider

(n(z°2)€l€) = (n(z)*m(z)€l€) = lln(z)€* > o,

i
i
|
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2.3. PURE STATES AND IRREDUCIBLE REPRESENTATIONS 22

so f € A'*, Since 7w admits a cyclic vector, namely &, it is non-degenerate. Thus taking
the approximate identity {e;} for A we have that the net {r(e;)} is strongly convergent
to J, the identity operator in H,.. So

1£l = lim f(es) = lim((e:)€l€) = (€l€) = 1,

showing that f € S(A). Finally since

(r(z)€€) = f(z) = (wp(x)€slér) Vz € A

proposition 2.2.13 states = is equivalent to 7y. a

2.2.16 Note that in the above proof we did not need £ to be normalized or cyclic to
show that the map = — (w(z)E|€) is in A**. Thus forany 7 € R(A) and £ € H,, we
have z — (w(z)&|€) is in A**. We call this map the form defined by = and £. If 7 is fixed

and we allow £ to vary then we obtain the forms associated with =.

References: (5], [8], [13], [10], [6], [16], [20].

2.3 Pure States and Irreducible Representations

In §2.2 we have shown how to associate representions and positive forms. We now set
out to see what type of positive forms relate specifically to irreducible representations.
In fact, as we shall state in 3.2.1, the set of pure states is exactly the subset of the positive

forms we desire.

Definition 2.3.1 Let A be a normed involutive algebra. f € A** is called pure if
f # 0and every g € A** dominated by f [ f dominates g iff f — g € A™*] is of the form
g = Af where 0 < X < 1. P(A) will denote the set of pure states of A.

1
i
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2.3. PURE STATES AND IRREDUCIBLE REPRESENTATIONS 23

Lemma 2.3.2 Let A be a C*-algebra, f € P(A) and g € A*Y such that f dominates g.
Then there exists a unique operator T in the commutant [cf. A.4.3] of ws(A) such that
0<T<Iand

9(z) = (ms(z)TEflEs), Yz € A.

Proof: Let & be the cyclic unit vector associated with the representation 7y [2.2.14].
Forz,yc A

l9(y°z)? < 9(z°z)g(y*y) < F(z"z)f(W'y) = llmp(@)E Pl ()EF I

So (z + N,y + Ny)g = g(y*z) defines a unique positive continuous sesquilinear form
on A/N;. We can therefore extend ( , ), to a bounded sesquilinear form ( | ), on H;
with norm < 1. Hence by [16, theorem 2.3.6] there is an operator T' on H such that for
allg,n € Hy, (TE|n) = (€ln)gand ||T|| < 1. So

9(y°z) = (z + Nsly + Ny)g = (T(z + Nyp)ly + Ny) = (Tmp(z)&slms(y)és)-
Hence (T'(z + Ny)|z + Nf) 2 0, Vz € A, so T is positive. For z,y, z € A, we have

(m(z)T(y + Nf)lz+ Ny) = (T(y+ Ny)|z*z + Ny) = g(z°zy)
= (T(zy + Ny)lz + Ng) = (T'ms(z)(y + Ny)|z + Ny)

Hence, m(z)T = Tny(z) for all z € A. Hence T is in the commutant of 77(A). As

well,

9(y°z) = (T(z + Np)ly + Ny) = (Trs(z)&slmp(y)Er) = (Trp(y*z)Esl€r);

so if {e;} is an approximate identity for A then g(e;x) = (Trs(eiz)€ ,IE +) and taking
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2.3. PURE STATES AND IRREDUCIBLE REPRESENTATIONS 24

limits yields g(z) = (T'n;(z)&|&;). Finally uniquness follows because if Ty also satisfies
the above conditions of T then

(To(z + Np)ly + Ny) = (Toms(y"z)€s4y)
= g(y'z)
= (Trs(y"z)ésl€s)
= (T(z + Ny)ly + Ny).

forallz,y€ A. S0 Ty =T. a

Proposition 2.3.3 Let A be an involutive Banach algebra with an approximate identity.

i) The norm closed unit ball (A'*), of A"t is convex and compact in the weak*-

topology of A*.
ii) S(A) is convex and compact in the weak*-topology of A*.

iii) The set of extreme points of (A'*), is equal to P(A) U{0}.

Proof:  Suppose f is in the weak*-closure of (A'*),. Then there is a net { f;} in (A™*),
such that f;(z) — f(z), Vz € A. Thus for all z € A we have f(z°z) = lim; fi(z*z) >
0, which shows f > 0. For all z € (A), we see | f(z)| = lim;|fi(z)| < 1. Thus fisin
(A™),, so (A'F), is weak*-closed. Now Let g(z) = Afi(z) + (1 —A) fa(z) forall z € A,
where f), f2 € (A"F),and 0 < A < 1. Then g(z*z) = A fi(z*z)+(1-A) fa(z*z) > 00
g is positive. As well, |g(z)| = |Afi(z) + (1 = ) fa(z)| < Alfilz)[+ (1= A faz)] <1
forall z € A, so g € (A*),. Thus (A"*), is convex. Since (A™*), is a weak*-closed
subset of (A’),, by Alaoglu’s theorem (A'), is weak*-compact. This proves ).
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With a similar argument as above and with the addition of

lim[g(e:)] = lim[Afie:) +(1 - A) fa(ei)]
< Alim|fi(e)] + (1 = A lim|fa(e:)| = 1

for f1, f2 € S(A), and {e;} an approximate identity of A, we have g € S(A), which
proves ii).

To show #ii) we first show that 0 is an extreme point of (A"*),. Suppose 0 = Af; +
(1 = A)fo, where A € (0,1) and f1, f» € (A"F),. Then 0 > —Afi(z*z) = (1 -
A)fa(z*z) > 0forall z € A. Hence f; = f, = 0 on the positive elements of A and
therefore on A. So 0 is an extreme point of (A'Y),.

To see that P(A) is also contained in the set of extreme points of (A'*), let f € P(A)
and suppose f = Afi + (1 — A) fo, where 0 < A < 1and fi, fo € (A'*),. Then Afy is
dominated by f,so Af; = uf for0 < u < 1. Since

L=l = AT+ = N £l

we see that || fi]| = ||f2]] = 1. So A = pand f; = f = f,. Thus f is an extreme point.
Finally, to see the reverse inclusion, let g be a non-zero extreme point of (A'),.

Since g = [lgll(g/llgll) + (1 — ligll)0 and 0,g/llgll € (A™), we have [ig|| = 1. Let
h € A'™ be non-zero and such that g strictly dominates h. Then ||h|| € (0,1). Since

both g and g — h are positive, 1 — [|h|| = ||g — h||. It follows from the facts that
g = [[All[a/IIRll]+ (1 —[lhl))[(g —h)/llg—hll] and g is an extreme point that g = [/||]]].
So h = ||h||g. Thus g € P(A). |

Definition 2.3.4 Let A be an involutive algebra. If 7 € R(A), H, # 0, and the

only closed subspaces of H, invariant under w(A) are 0 and H,, then = is said to be
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2.3. PURE STATES AND IRREDUCIBLE REPRESENTATIONS 26

topologically irreducible and we say that w(A) acts irreducibly on H,. Let r(A) denote
the set of non-trivial topologically irreducible representaions of A.

Theorem 2.3.5 Let A be an involutive Banach algebra with an approximate identity.
Then f € A’ is pure iff ry € r(A).

Proof:  First, suppose f € P(A). Then f(z) = (m;(z)&s|¢y). Since f(z) # 0 for some
z € A it follows that ms(z) # 0; so 7 is non-zero. Now let P be a projection in H;
which commutes with 7;(A). Then the form g on A such that g(z) = (7s(z) P&|€s) =
(mp(x) PEs|PEf) is in A'F. As well, forz € A

g(z*z) = (ms(z°z)PEf|PEf) = |mp(x) P& |1
|Prr(z)éfll? < mp(z)Efll? = f(zz),

so that g is dominated by f. Hence there exists A € [0, 1] such that g = Af and therefore
(mp(z)PEs|Ef) = (Mmp(z)Efléy) forall z € A. Thus

(P(z + Np)ly + Ny) = (Pry(z)€simp(y)és)
= (Pmy(y*z)&sl€r)
= (Arp(y°T)&rlEs)
(Mz + Np)ly + Ny)

for all 7,y € A. Since A/Ny is dense in H; we have A] = P = P?, where [ is the
identity for #;. Hence A =0or 1;s0 P =0 or I. Thus 7y € r(A)

Now assume 7; € r(A). Then there exists an z € A such that (s(z)&f|€f) # 0;
so f # 0. Let g € A" be dominated by f. Then by lemma 2.3.2 there exists a unique
operator T in the commutant of 7;(A) such that 0 < T < I and g(z) = (s (z)T&(&y)

j
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2.3. PURE STATES AND IRREDUCIBLE REPRESENTATIONS 27

for all £ € A. However by A.5.5 the commutant of 7¢(A) is exactly CI; so T = Al for
A € [0,1]. It follows that g = Af. Hence f € P(A). O

Definition 2.3.6  Algebraic irreducibility of 7 € R(A) means that the only [not
necessarily closed] vector subspaces of #{, invariant under 7(A) are 0 and #,. Denote
the set of all algebraically irreducible 7 € R(A) by a(A). Clearly if dimH, < oo
then all subspaces of M, are closed so that r(A) = a(A). However if dimH,, = oo then
algebraic irreducibility is far more restrictive then topological irreducibility. However we
will show [cf proposition 2.3.8] that if A is a C*-algebra then algebraic and topological
irreducibility coincide.

23.7 Note that if 7 € r(A) then 7 is non-degenerate. For if 7 € 7(A), we have
m(A)[r(A)Hx] C [r(A)H4), that is, [w(A)H,] is invariant under w(A). Since 7 is not
trivial, [r(A)H.| # 0. Hence [r(A)H.] = H, so that 7 is non-degenerate. In fact, for
any non-zero vector £ € H,, the closed linear span of {m(z)€ : = € A} is non-zero and
invariant under w. Therefore, if 7 € r(A) then every non-zero § € M, is a cyclic vector

for .

Proposition 2.3.8 Let A be a C*-algebra. Then r(A) = a(A).

Proof: By definition we have r(A) D a(A). To see the reverse inclusion let 7 € r(A)
and let S be a non-zero subspace of #, invarient under m(A). Let £ € S be non-zero and
let n € H, be arbitrary. Then by the transitivity theorem A.4.2 there exists z € A such
that 7(z)€ = Wgﬁ’ which implies n € S. Therefore, S = H, and since S was arbitrary
we have 7 € a(A). o

Proposition 2.3.9 Let A be a C*-algebraand let f € P(A). Then A/N; = H;.

|
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2.4. EQUIVALENCE THEOREM 28

Proof: We simply need to show that A/Ny is complete. By proposition 2.3.5 7y €
r(A). Also 7, € a(A) by 2.3.8. Hence the vector subspace A/Ny of H;, which by
2.3.7 is invariant for 77(A), must equal 0 or H;. Since f # 0 it follows that Ny # A.
Therefore A/Ny = H;. o

References: (5], (8], [13], [6], [16], [20].

2.4 Equivalence Theorem

24.1 If B is an involutive subalgebra of L(H) and § € H then the positive form
r — (z€|€) for z € B is denoted by f;. Further, if A is C*-algebra, 7 € R(A) is
nondegenerate, £ € H,, and f the positive form defined by 7 and £ then

11l = Jim. f(e:) = lim ((e:)€le) = (€l€)

where {e;} is an approximate identity [A.3.2] for A. So if f, and m, are the canonical

extensions of f and w to A, then

filz) = (m(z)El§) Vz € A

In particular, if 7 is the non-degenerate identical representation of a non-unital C*-

subalgebra A of C(#) then the canonical extension of fg|4 is fe[a,-

242 Wesay that Q C S(A) satisfies condition COND Q if @ satisfies the following:
if £ € Ap is such that f(z) > 0 foreach f € Q thenz € A*.

Lemma 2.4.3 Let A be a unital C*algebra, and Q C S(A) such that Q satisfies COND
Q. Then the weak*-closed convex hull of Q, co(Q) ", is S(A). ‘
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2.4. EQUIVALENCE THEOREM 29

Proof: In view of proposition 2.3.3 c_o'(Q_)'"' C S(A) is obvious. Suppose W' ?
S(A), so there is a g € S(A) such that g ¢ co(Q)" . Then by the Hahn-Banach theorem
there exists a weak*-continuous linear form w on S(A), and a real number « such that
Re p(g) < a and mingeq Re p(f) > a. Hence, thereexistsan z € A, infact,anx € A,
because we only look at the real part of ¢, such that g(z) < a and mingeq f(z) > a.
However, since Q satisfies CONDQ and f(z) > aforall f € Q, f(z — al) > 0 for
all f € Q. Thus (z — al) € A*, so g(z) > a, which contradicts the strict inequality
g(z) < a. Therefore co(Q)" D S(A). =)

Lemma 2.4.4 Let A be a C*-algebra, and S C R(A). Then each f € S(A) such that
ker(my) D () ker(p) is @ weak*-limit of a net {g;} in S(A), where each g; is of the form

pES
Yo feop. Qisa finite subset of S, p € Q, and § € H,,.

Proof:  We can assume the representation @ p of A in @s H,, is injective and therefore
A can be identified with the C*-subalgebra p(A) in L(H,). If @ p is not injective, that
is Ng ker(p) # 0, then we can simply identify @ p with the quotient representation of
A/{Ngsker(p)} in @5 M, and therefore assume g ker(p) = 0.

From our comment 2.4.1 we can replace Aby A;. LetQ = {g € S(4): g =
feop, p€S, E€H,, ||€ll =1}. If z € Ay such that g(x) > 0 forevery g € Q, then
fe(p(z)) 2 0 for every p € S and for each unit vector £ € H,. Thus we have p(z) > 0
for every p € S which in turn implies z € A*. Therefore Q satisfies COND Q [2.4.2].
So we now only need to apply lemma 2.4.3. a

Theorem 2.4.5 (Equivalence Theorem) Ler A be any C*-algebra, m € R(A),and S C
R(A). Then the following are equivalent:

i) ker(m) D [ ker(p) [ie. = is weakly contained in S, cf 3.1.2];
pPES

i
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24. EQUIVALENCE THEOREM 30

ii) Eve € At associated with T is a weak*-limit of linear combinations o
ry

positve forms associated with S;

iii) Every f € S(A) associated with T is a weak*-limit of finite sums of h € S(A)

which are sums of positive forms on A associated with S.

Proof:  Obviously we have iii) = ii). We will now show #z) = ). To this end assume
the conditions of iz). If p(z) = 0 foreach p € S then g(z*z) = 0 for every g € A’
associated with S. Thus for any f associated with 7 we have f is a weak*-limit of linear
combinations of g which are associated with S; hence f(z*z) = 0, which implies that
m(z) =0 = ker(m) D () ker(p).

We now show i) = :zes, so assume 7). Then for every f € S(A) associated with
we have ker(m;) D N,es ker(p). Hence every f € S(A) associated with 7 satisfies the
conditions of lemma 2.4.4, which in turn implies 7i:).

Moreover when 7 has a cyclic vector €, each condition of the equivalence theorem is
equivalent to:

ii’) The form f such that f(z) = (w(z)€|€) in A" is a weak*-limit of linear combi-
nations of g € A'* associated with S.

Clearly ii) = ). To see the converse assume i'). Let ¢ € A" be associated
with «, that is, g(z) = (w(z)nln) for somen € H, and forallz € A. Fore > 0
we can find a y € A such that ||7(y)€ — 5| < e. Now define h € A" such that
h(z) = (r(z)n(y)€lm(y)€) = f(y*zy). Then foreachz € A

lg(z) — h(z)| |(w(z)nln) — (7 (z)7 (y)€lm(y)E)]
< iw(z)nlllin — = (w)€ll
+|w(z)n — w(z)w(y)Elllm (y)Ell

< lizlllinlle + lllleClinll + ¢)-

!
|
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2.4. EQUIVALENCE THEOREM 31

Hence h approximates g in norm and therefore also weak*-approximates g. From i7') f
is the weak*-limit of a net { f;} of linear combinations of positive functionals associated
with S. Letting h;(z) = fi(y*zy) we again have a net {h;} of linear combinations of
positive functionals associated with S and h is the weak*-limit of h;. So h; 25 B % g.
)}

References: [5], [9], [13], [7].

i
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Chapter 3

The Spectrum of a C*-Algebra

3.1 The Fell Topology

3.1.1 If AisaC*-algebra we will denote by A the set of eqivalence classes of r(A),
that is, the set of equivalence classes of non-trivial topological irreducible representations
of A.

Definition 3.1.2 Let A be any C*-algebra, 7 € R(A),and S C R(A). If rand S
satisfy

ker(r) D () ker(p);

pES
then we say that 7 is weakly contained in S. If S and T are subsets of R(A) then T is
said to be weakly contained in S if each 7 € T is weakly contained in S. If S is also
weakly contained in 7" then S and T are said to be weakly equivalent.

Proposition 3.1.3 The map S — S from the power set of A into itself, where S = {[r] €
A [x] is weakly contained in S} satisfies Kuratowski closure axioms and therefore

defines a unique topology on A.

32

%
i
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3.2. THE WEAK* TOPOLOGY ON P(A) 33

Proof: Clearly @ = @ so weneed onlyshow S € S, §=5,and 5;US; = 5; US,.
For [7] € S we obviously have ker[r] D Myes ker[o];s0 S € 5. ThusS € 5. If[r] € S
then ker[r] D N,z ker[p] and for each [] € S we have ker[p] O Nesker(¢). Hence
ker([7]) D Njesker[p] so [1] € § = 5 5. Combining the containments we have
S=25.SinceS; C $;US,fori=1,2wehave 5; C 5, U Sz hence 5,U S O S US.

Finally to show the reverse inclusion we show the contrapositive. Suppose [7] ¢
S1US:, that is, ker[r] 2 Nyes; ker[p] for i = 1,2. So there must be an z; € A such
that 7(z;) # 0 and p(z;) = 0, V[p] € S; for i = 1,2. We can therefore find a vector
& € M such that w(z,)€ # 0. Since 7 is irreducible and 7(z,) #O0wecanfinday € A
such that m(z2)w(y)m(z1)€ # 0 = w(zoyz1)€ # 0 = zoyz ¢ ker[r]. However
for all [p] € 51U S2 we have p(z2yz1) = 0; thus z2yz1 € Niyjes, |y s, ker(p]. Therefore
ker[r] 2 Niyjes, s, kerlp]. So SUS; c S US,. o

Definition 3.1.4  The topology F associated with the above closure operator is the so
called Fell topology [9]. A paired with the Fell topology F is called the spectrum of
A. Unless stated otherwise, we will denote (A, ), the spectrum of A, simply by A. The
spectrum of A is also referred to in many other works as the dual or the structure space
of A.

References: (5], (9], (10], [13].

3.2 The Weak* Topology on P(A)

3.2.1 Let A be a C*-algebra. We will let W* denote the relative weak*-topology on
P(A). Thatis, a f is the W*-limit of {f;} if and only if f;(z) — f(z) forall z € A.

|
i . - .
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3.2. THE WEAK* TOPOLOGY ON P(A) 34

Consider the map & : P(A) — A such that

®(f) = [my).

By 2.2.13 and 2.2.14 & is well defined and 2.3.5 shows ® to be surjective.
So we can endow A with the strongest topology, denoted F*V', that makes ® contin-
uous. In other words F"V" is the quotient topology relative to & and W*.

The following is a corollary to the equivalence theorem presented in §2.4.

Corollary 3.2.2 Let A be any C*-algebra, [7] € A, and S C A. Then the following are

equivalent:
i) [n]eF;

ii) Every f € S(A) associated with [r] is a weak*-limit of a net {h;} in S(A)

associated with S.

Proof:  First we will show i) => ). Itis easily seen that it) = {2.4.5 ii')} and by the
equivalence theorem {2.4.5 ')} = i).
Now to show i) => i), suppose i). Then every f € S(A) associated with [r] is such

that ker(ms) D N,es ker[p]. Therefore ii) follows from lemma 2.4.4. o

Proposition 3.2.3 FW' = F

Proof: It will suffice to show that for any C* algebra A the map & from (P(A), W*)
onto (A, F) is continuous and open [14, theorem 3.8). To this end let S € A. Then
from corollary 3.2.2, [7/] € S ifand only if f is a weak*-limit of of a net {h;} in S(A)
where the h; are associated with S. Hence § =5 if and only if &(S) = (5) . So @

is continuous.
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3.3. THE JACOBSON TOPOLOGY 35

Finally, to see that & is open, let U € W* and we show ®(U) € F. If [rf] € ®(U)
then

we —-—F
.

[EPA) ~U=PA~T" =0 (A~8(U) = [r]¢A~30)

Hence ®(U) € F. Therefore @ is an open map. a

We can now say that the Fell topology F is the strongest topology on A that makes
the map & : (P(A), W*) = (4, F) continuous.

References: [3], [5], [8], [9], [10], [13], [14].

3.3 The Jacobson Topology

Definition 3.3.1 A two-sided ideal of a C*-algebra A is said to be primative if it is
the kemel of an algebraically irreducible morphism of A into a non-zero vector space.
We will denote the set of all primative two sided ideals of A by Prim(A).

Lemma 3.3.2 Let A be a C*algebra. Then Prim(A) = {ker(r) : w € r(A)}.

Proof:  Since r(A) = a(A) from proposition 2.3.8 we need only show that any al-
gebraically irreducible morphism w of A in a complex vector space V is algebraically
equivalent to some 7 € R(A) = 7 € a(A) = r(A).

Letv € V benon-zeroand set L = {z € A : w(z)v =0}. Clearly L is a left ideal.
Since w is irreducible it follows that w(A)v = V and L is a proper left ideal. We can
then see that the map z+ L — w(z)v from A/L to V is an isomorphism of vector spaces
and it identifies w with the representation 7 of A/L in itself by left multiplication. So @

is algebraically equivalent to w. Also since w(A)v = V there is at least one =, € A such
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that w(zo)v = v. Hence forall z € A
w(z — zzo)v = w(z)v — w(z)w(zg)v =0 => z—zx0 € L,

so L is modular. As well, suppose J is a left ideal of A such that L is strictly contained
inJ. Lety € J ~ L. Then w(y)v # 0, and since w is irreducible we have w(A)v = V.
Hence for any z € A there exists a z € J such that w(z)v = w(z)v = w(z—z)v =
0 = z—-ze€elcCcJ = z=—-(y—z)+y € J. Wehave shown thatif z € A
then z € J, thus J = A, which shows L is maximal. Therefore L is a modular maximal
proper left ideal of A.

Let F = {f € (A*),: f(z) =0, Vz € L}. If f € F then because z*z € L for
all z € L we have f(z*z) = 0 = L C Ny, s0 L C Ng Ny. Itis easily shown that F
is convex and weak*-compact, and is therefore the weak*-closed convex hull of the set
F of its extreme points. So for z € A such that for every f € F,, f(z*z) = 0 then we
must have f(z*z) =0 forall f € F. Thus Ng, Ny = Np Ny DO L. As well, note that if
any f € F can be written in the form af; + (1 — a) f> for f,, f, € AY and a € (0,1)
then we have forallz € L

0<afi(z’z)+ (1 - a)fa(z’z) = f(z'z) =0 = fi(z'z) = fo(z’z) = 0;

hence by the inequality 2.2, fi(z) = fa(x) = 0; so fi, f2 € F. This shows F is a face
of (A'*),, and therefore F, ¢ P(A)U{0}. If F, = {O} then F = {0} = L = A4,
which contradicts L is proper. Thus there must exist at least one f, € F,. N P(A) such
that L C Ny,.

Finally, since L is maximal L = Ny,. Therefore by proposition 2.3.9 A/L = A/Nj,
can be given a Hilbert space structure H, such that 7 is a representation of the C*-
algebra A in the Hilbert space A/L = H,. 0
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3.3. THE JACOBSON TOPOLOGY 37

Lemma 3.3.3 If n, ' € R(A) are equivalent then ker(m) = ker(n”').

Proof: Recall if m, n' € R(A) are equivalent, that is, 7’ € [«], then there exists a U
such that Un(z) = n'(z)U, Yz € A. Thus for all z € ker(w) we have 7'(z) = 0,
so ker(w) C ker(w’). Exchanging m and =’ yields the reverse inclusion hence ker(7) =

ker(n'). o

Theorem 3.3.4 Let A be a C*algebra. Then Prim(A) = {ker([r]) : [r] € A).

Proof:  This follows directly from lemmas 3.3.2 and 3.3.3. O

3.3.5 Thus theorem 3.3.4 allows us to define a surjective map ¥ from A onto Prim(A)
such that

¥ ([r]) = ker([r]).

In general the converse of lemma 3.3.3 does not hold. Hence ¥ is not in general injec-
tive. An example of a C*-algebra that has two [in fact many] distinct [not equivalent]
representations with the same kernal, is the CAR (canonical anticommutation relations)
algebra [4, p. 87].

Proposition 3.3.6 The map F — F from the power set of Prim(A) into itself, where
F = {T €Prim(A) : I > Nxer K} and 0 = 0, satisfies Kuratowski closure axioms and
therefore defines a unique topology on Prim(A).

Proof:  Again, as in proposition 3.1.3, we need only show that F' C F, F = ﬁ
and FLUF; = FUF;. Clearly F C F,F = Fand F;UF; D F,UT;. Finally to
show the reverse inclusion suppose T ¢ Fy UT, that is, ker[r] ¢ F;UTF; for some
[perhaps more than one] [x] € A. So similar to the proof of 3.1.3 there must be an
z; € F; such that w(z;) # 0 for i = 1,2. We can therefore find a vector £ € H
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such that w(z,)§ # 0. Since 7 is irreducible and w(z;) # Owecanfinday € 4
such that 7(z2)7(y)7w(z1)€ # 0 = w(zyz1)€ # 0 = zoyz: ¢ ker[r]. However
T2yT1 € Nier, UFs K. So ker[m] 2 Nier, UF: Kandhence I ¢ Fi F. O

Definition 3.3.7 The topology J associated with the above closure operator is called
the Jacobson topology on Prim(A) [12]. Many authors also refer to this topology as the
hull-kernel topology.

338 Wecancreate a topology 7 on A by transfering the topology J from Prim(A)
via the surjective map ¥ [3.3.5] onto A as follows: U € F7 iff ¥(U) € J.

Claim: F7=F

Proof: Consider F C A. Then

F = {(r]eA: kern] D bp ker{p]}

= (red: Ua> N kerld)
ker{p]eW(F)

= {fled: W eF}

Y

a

So we can say that the Fell topology F is the weakest topology on A that makes the
map ¥ : (A, F) = (Prim(A), J) continuous.

Proposition 3.3.9 (Prim(A), J) is a Ty-space.

Proof: Let I, I, € Prim(A) be distinct so that, say, Z, € I,. Thenlet F =
{Z ePrim(A) : T 2 T;}. So we have Z; C zerZ, which implies F C F. So
F = F. Hence T, is contained in a closed subset F of Prim(A) and Z, ¢ F. a
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Proposition 3.3.10 The following are equivalent:

i) (A, F) is a Ty-space

ii) For any [7], [1'] € A, ifker[r] = ker[n'] then = is equivalent to '.

iii) The map ¥ : (A, F) — (Prim(A), J) is a homeomorphism.

Proof:  We'll show it) = iii) = 1) = ).

it) = 1) If 41) holds then clearly ¥ is injective and thus a continous bijection.

i) => 1) This follows directly from Proposition 3.3.9.

i) = 4i) Suppose [r], [#] € A and ker{r] = ker[r']. Then for any U € F containing
[w] we have ker[r] € ¥(U) = ker[r’] € ¥(U) = [r'] € U. Hence 7 is equivalent to
. 0

References: (5], (9], [10], (12], (14], (13], [16].

|
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Chapter 4

The Spectrum G of a Locally Compact
Group G

4.1 Representations of G and L!(G)

Definition 4.1.1 Let G be a locally compact group. A unitary representation 7 of
G is a morphism of G into the group U(M.) C L(H,) of unitary operators on some
Hilbert space H, such that 7 is continous in the strong operator topology.

In other words, amap 7 : G — U(H,) such thatforallz,y € G

(zy) =n(z)n(y) and w(z”') =7(z)”" =n(z)’

and z — 7(z)€ from G into H, is continuous for any £ € H,. Since the strong and weak
operator topologies coincide on U(H,) [A.5.2] the strong operator continuity condition
can be replaced by weak operator continuity, that is, z — (w(z)&|n) is continuous from
G to C for each £, n € H,. R(G) will denote the set of unitary representations of G.

i
i
|
i
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4.1. REPRESENTATIONS OF G AND L'(G) 41

4.1.2 Most of the notions regarding representations as presented in chapter 2 can be
carried over to R(G). Specifically we need speak of equivalent representations, class of
representations, direct sum of representations, cyclic vector for a representation. As well,
as in section 2.3 we say 7 € R(G) is topologically irreducible if any of the following

equivalent conditions hold:

i) the only closed subspaces invariant under 7(G) are the trivial ones,
ii) the commutant of 7(G) in L(H,) is CI, where [ is the identity operator in L(H ),
iii) every non-zero £ € H, is a cyclic vector for 7.

| In keeping with our earlier notation we will denote by r(G) the subset of all topologically
irreducible unitary representations of R(G).

4.1.3 Let G be alocally compact group and fix now and forever the left Haar measure
dz on G [cf A.2.1]. For z € G consider the operator m(z) € £L(L?*(G)) defined by

(m@) )W) = Lf@W) = f=™'y)  feL*G),yeG

where L is the left translate of f [1.2.2]). m is easily shown to be in R(G). We will
call m; the left regular representation of G in L*(G). As well, for £ € G consider the
operator 7,(z) € £L(L*(G)) defined by

(mr(2)f)(y) = Ref(y) = A@) 2 f(yz)  fe L[*G),y€G,

where A is the modular function of G [cf A.2.3] and R is the right translate [1.2.2].
Again it is readily seen that 7, € R(G). 7, is called the right regular representation.

Proposition 4.1.4 Let 1 € R(G). For f € L'(G), define the operator «'(f) € L(Hy)
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by
(1) = [ f@)n(z)ds,

where this operator valued integral is interpreted as follows: For each ¢ € H., the

element ' ( f)€ in M has an inner product with ) € H.. given by

(@(N)eln) = [ 1@)a(@)elmd. @1

Then 7’ is a non-degenerate representation of L' (G) in H..

Proof:  Since (7(z)&|n) is a bounded continuous functionof z € G, [ f(z)(n(z)€|n)dz
is the ordinary integral of a function in L!(G). So it is easily seen that 7’ is linear and
[(='(£)E[m)] < £ 1l 1IE N lInll so #’ is bounded. As well,

v(fxh) = [ [ 1@ Dn@dyde = [ [ F@)hEm )z dy
= [ [ 1@h@r@n(z)dzdy = 7'(f)7'(q),

P() = [AETE ()
= [U@r@] dz=7(fy

Hence n’ € R(L'(G)).

Finally, to show that 7’ is non-degenerate consider a non-zero £ € H,. Then by the
continuity of 7 we can choose a compact neighborhood V' of e in G such that ||x(z)€ —
&l < ||€ll forall z € V. Thenset f = |V|~'xy where |V| = [, dz and yv is the
characteristic function of V. Clearly f € L!(G) and

I () - € = 71l | br(alé — €1dsll < el
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4.1. REPRESENTATIONS OF G AND L'(G) 43
so we have shown 7'(f)€ # 0. a

415 7' € R(LYG)) in the above theorem, is referred to as the representation asso-
ciated with 7 € R(G).

Proposition 4.1.6 If' € R(L'(G)) is non-degenerate then 7' is associated with exactly
one ™ € R(G).

Proof:  Uniqueness follows easily from equality 4.1 in proposition 4.1.4. If 7’ is asso-
ciated with both 7 and 7, then for all z € G and all §,7 € H,» we have (7(z)€|n) =
(w2(z)§|n) = m(z) = ma(z).

To show existence let B be the subspace of H, generated by 7'(L!(G)) M. Since
7' is non-degenerate B is dense in .. If f € L'(G) and {ey } an approximate identity
in L'(G) then

egxf > f€ LI(G) = (Lgey)*f=L(ev*f)—= L.f € Ll(G)
= W,(LzeU)ﬂJ(f)f - 7H(sz)€

for all £ € M. Thus 7'(Lzey) converges strongly on B to a well defined operator
#(z) : B — B such that #(z)7n'(f)§ = n'(Lf)€. Since ||Lzey|| < {|Lzev|li = 1 we
can extend 7(z) to an operator 7 on H, such that ||7(z)|| < 1and n(z)7'(f) = (L. f).
As well,

w(zy)n'(f) = 7'(Ley f) = 7'(Le Ly f) = #(@)w’(Ly f) = 7 ()i (y)n'(f),

(1) =TI = |igl| = i)l < lla(=)gll < 1€l

it then follows that 7(zy) = w(z)n(y) and = is a unitary representation of G in H,.
Finally, if r; — zin G then L;.f — L.f in L'(G), so #(z;)x'(f) = n'(L,,f) —

|
|

i
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4.1. REPRESENTATIONS OF G AND L(G) 4

7'(Le f) = w(z)7'(f) strongly. Thus 7(z;)§ — 7(z)€ forall £ € B and since ||7(z:)|| =
1 for all 7 it follows that 7(z;)é — n(z)€ for all € € H,. Therefore 7 is continuous and
hence * € R(G).

All that remains is to show that 7’ is precisely the representation associated with 7.
Let f,g € L'(G) then

P(NPe) = P(fre) = [ [T (Lgdy = [ Fu)iw)r(9)dy
= [[1wita] 7@ =ime).

Again by the density of B in H, it follows that 7’ is the representation associated with
. O

4.1.7 ;From propsitions 4.1.4 and 4.1.6 we have shown 7 — 7’ is a bijective corre-

spondence between R(G) and the non-degenerate representations of L!(G).

Proposition 4.1.8 Let 7 € R(G).

i) 7(G) and ©'(L'(G)) generate the same von Neumann algebra [cfA.5.1] in L(H,).

ii) 7(G) and «'(L'(G)) have the same commutant [cf A.5.3] in L(H,).

iii) A closed subspace F in H, is invariant for n(G) if and only if F is invariant
for ' (LY(G)).

Proof: i) In the proof of proposition 4.1.6 we see that each = (z) is the strong limit
of n'(Leey) as U — {1}. It follows that the strong closure of the algebra generated by
7(G) in L(H,) is contained in the strong closure of the algebra generated by 7' (L'(G)).

Now, if f € L!(G) then f is the L!-limit of functions g € C¢(G), thatis g is a

continuous function of compact support. Thus #'(f) is the norm limit, hence strong
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limit, of 7'(g) with ¢ € Cc(G). Finally, ife > 0 and &;,...,& € H, then by the
uniform continuity of the maps z — g(z)7(z)&x we can find a finite partition E = {E;}
of the supp g such that ||g(z)m(z)&y — g(¥)7(y)émll < eform =1,...,n when z and
y are in the same E;. Therefore form =1,...,n we have || (Z,- g(xj)w(xj)lEjl) Em —
7'(9)€m|| < €|supp g| where z; € E;. In other words, every strong neighborhood of
7'(g) contains sums of the form ¥°; g(z;)m(z;)| E;|. So it follows that the strong closure
of the algebra generated by n'(L'(G)) in L(H,) is contained in the strong closure of the
algebra generated by 7(G).

it) T is in the commutant of 7(G) & T commutes with every element in the von
Neumann algebra generated by 7(G) < [from ¢)] T commutes with every element in the
von Neumann algebra generated by 7(L'(G)) « T is in the commutant of 7(L'(G)).

iii)  Suppose the closed subspace F' in H, is invariant for 7(G). If P is the
orthogonal projection onto F' then for any z € G, m(z)Pr€ = w(z)€ = Ppr(z)€ for
€ € F and since F'! is also invariant for 7(G) we have n(z) Pr€ = 0 = Ppr(z)€ for
£ € FL. Itfollows that Pr is in the commutant of 7(G) and is therefore in the commutant
of 7'(L*(G)) by #). Thus, if £ € F and f € L'(G) then ©'(f)é = n'(f)Pr€ =
Pen'(f)€ € F so F is invariant for 7'(L'(G)). Now simply exchanging 7(G) and
7'(L'(G)) in the above argument completes the proof. ]

4.1.9 It now follows from proposition 4.1.8 that the correspondence 7 — =’ is a
bijection from r(G) onto r(L'(G)). Henceforth we will denote both 7 € R(G) and
non-degenerate 7' € R(L'(G)) simpily by ~.

References: [5), [6], [8], [10], [13]).
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4.2. FUNCTIONS OF POSITIVE TYPE 46

4.2 Functions of Positive Type

Definition 4.2.1 Let G be a locally compact group. A function of positive type is a
function ¢ € L*(G) that defines a positive linear form on L!(G), that is

/ (f* + f)(z)d(z)dz >0, Vfe L(G).

Po(G) will denote the set of all functions of positve type on G. Functions of positive
type are not in general continuous, however we shall see in proposition 4.2.6 that they
are locally almost everywhere equal to a continous function. We will denote the set of
all continuous functions of positive type on G by P(G).

Note that

[ D@z = [[A@ TG @ D)e()dydz
= [ [TWswno()dyds

so reversing integration and substituting y~'z for z yields ¢ is of positive type if and
only if
[[ 1@ e e)dydz 2 0, vf € L),

Proposition 4.2.2 Let ¢ € L®(G), and w € L'(G)* be defined by ¢ [cf A.2.6]. Then
¢ € P(G) if and only if there exists m € R(G), £ € Hy such that §(z) = (n(z)E|€) for
allz €G.

Proof:  First suppose ¢ € P(G), thatis [(f* * f)¢ > 0 forall f € L'(G) ore-
quivalently w € L'(G)**. So we can form the representation 7, € R(L'(G)) and the
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4.2. FUNCTIONS OF POSITIVE TYPE 47

vector £, [2.2.5]. From our comment 4.1.9 we can also consider 7, € R(G). So for any
f € LY(G) we have

[ #@)f @)z = w(f) = ru(Nele) = [Tu@)ele)f (@),
which implies
#(z) = (7. (z)€u]&) locally almost everywhere.

In fact, this equality holds for all z € G since both ¢ and (7, (z)&,|€.) are continuous.

Conversly, suppose there exists 7 € R(G), £ € H, such that ¢(z) = (w(z)¢[) for
all z € G. It follows immediately from the continuity of 7 that ¢ is continuous. So for
f € LY(G) we have,

[[ f@T@sw ndyds = [ [ 1@TF@rE w)le)dyda
[ [ 1 @T@()ein(w)e)dyda
= [[U@r@e/ @rwedyds

= (n(f)Elr(f)€) = lIm(N)EII> 2 0

Hence ¢ € P(G). o

423 Form € R(G) and € € H, we say z — (m(z)&|€) is the function of positive
type defined by 7 and £. If we fix w and allow £ to vary we get the functions of positive
type associated with .

424 If ¢ € Py(G) then ¢ defines a w € LY(G)** [cf A.2.6] and therefore a
pair (m,,&.), as seen in the proof of proposition 4.2.2, where 7, € R(G) and &,

is a cyclic vector for 7,. We will also denote this pair by (74,£,). Conversely if

j
|
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4.2. FUNCTIONS OF POSITIVE TYPE 48

w € LYG)"™ (= L}(G)**) then w defines a ¢ € P(G), namely ¢(z) = (m,(x)E]EL).
As we shall see in the following proposition, analogous to proposition 2.2.13, the asso-

ciated representations of ¢ are characterised up to equivalence.

Proposition 4.2.5 If 7,7’ € R(G) with cyclic vectors & and £, respectively, and
(w(z)€|€) = (n'(z)E'|E') for all z € G then = is equivalent to ©'.

Proof:  Assuming the hypothesis. By 4.1.9 we have

(r(/)ele) = [(r@)Ele)f @)z = [(¥@)ENE) f(a)dz = (W(£)€E) VS € L'(G).

Thus from proposition 2.2.13 7 and 7’ are equivalent as representations in R(L!(G)) and

now due to 4.1.8 we can pass back to equivalence in R(G). O

Proposition 4.2.6 Let ¢ € L®(G), and w € L'(G)* be defined by ¢. Then ¢ € Py(G)
if and only if ¢ is equal locally almost everywhere to a € P(G).

Proof: If ¢ € Py(G) then from comment 4.2.4 ¢ defines a pair (74, £y). Then as seen
in the proof of 4.2.2 ¢(z) = (my(x)€|Ey) locally almost everywhere. Letting ¥(z) =
(mp(x)€4|€s) then from proposition 4.2.2 ¢ € P(G).

Now assume ¢ is equal locally almost everywhere to some ¢y € P(G). Then for
every [ € L'(G) we have

[urene=[urenuwzo
hence ¢ € Py(G). m!

4.2.7 Thus Py(G) modulo equality locally almost everywhere is in a bijective corre-
spondence with R(G) [or equivalently the set of nondegenerate representaions in R(L!(G))]

i
1
i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.2. FUNCTIONS OF POSITIVE TYPE 49

modulo equivalence. Further, we have Py(G) modulo equality locally almost everywhere
is in a bijective correspondence with L!(G)**.

Now consider the set P,(G) = {¢ € P(G) : ¢(1) =1 [or equivalently||¢||c = 1]}.

Claim:  The preceding bijective correspondence restricted to P\(G) has a range equal
to the state space S(L'(G)).

Proof: Firstlet ¢ € P1(G) and letw € L'(G)" be defined by ¢. Then

loll = sup (£l = sup |[ éfde] < llél = 1.
If <1 Iifth <t

Now for any ¢ > 0 by continuity of ¢ there exists a neighborhood U of 1 in G such that
#(z) >1 —eforallz € U. Hence

lwli 2

/ ¢(|17'XU)d$' = TtlTI | oda 21-¢

o |w|| =1 = we S(LYG)).
Conversly, if w € S(LY(G)) and ¢(z) = (mu(z)&ul€) then ¢(1) = (&) =
|€.11% = 1 [2.2.14]. Hence ¢ € P, (G). a

Lemmad.28 Let f € L'(G) and {¢;} be a net in P\(G). If ¢; weak*-converges to
#o € Pi(G) then [ * ¢; converges to [ x ¢q for the topology of compact convergence.

Proof: We have

(400 = [ fue™ D)y = [ flen)oty™)dy
= [ @) s enln)dy = [ £zy)Enlma)ady
= [ fev)o@dy = [ L f)oldy.

|
I
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



|

4.2. FUNCTIONS OF POSITIVE TYPE 50

Now for any compact K C G the set K; = {L,-1f : z € K} is compact since
x — Ly~ f is continuous from G to L'(G). Let e > 0. By compactness there exist
Zi,...,Zn € K such that the balls B(sz-x [, §) cover K. Thus for z € K there is some
jsuchthat||Lo-: f — ij-xf” < §. Hence, for any z € K we have

MLams S5 = Lemt [l < WLemt &5 = Lot SN + Lo S5 = Lo [ +
|1 fF0 — Lot [
= [1Lef = Lo S + Lo £ = Foll +
|asf = Lo f11 ol
< /34 L1 IF - Foll + €/3.

Since by hypothesis ¢; weak*-converges to ¢ we can find a weak*-neighborhood V; of
do in P1(G) such that ||L_-. f]| 16 — Boll < €/3. Set V = N?V;. Then V is again a
weak*-neighborhood of ¢y in P;(G) and for ¢; € V and z € K we have ||L -1 f¢; —
L.-: || < € which implies, due to our first equality, that || f * @; — f * || < €. Thus
since K was arbitrary, we have f * ¢; converges to f * ¢, for the topology of compact

convergence. ()]

Theorem 4.2.9 On P\ (G) the relative weak*-topology (L™ (G), L*(G)) coincides with

the topology of compact convergence.

Proof: Lete > 0. If f € L'(G) then we can find a compact K C G such that
Je~k |f] < €/4. Now suppose the net {¢;} in P;(G) converges to @y € P,(G) for the
topology of compact convergence. Then we can find an iy such that |¢;(z) — ¢o(z)| <
€/(2||f]]1) on K for all > iy; so

[ 6= [ 1o = |[ 16:- )
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4.2. FUNCTIONS OF POSITIVE TYPE 51

< [ \fllge=ol + [ 1flie— ol

< g + g (1ills + Iidollc)

= €/2+¢/2=¢

Thus we see that compact convergence on G implies weak*-convergence.

Conversely, let ¢g € P1(G) and K C G be compact. The idea now is to find a weak*-
neighborhood V of ¢q in P, (G) such that for ¢ € V we have |¢(z) — do(z)| < € + /€
on K.

First, there exists a compact neighborhood V' of e in G such that |[@y(z) — 1| < € on
V. Let V' be the weak*-neighborhood of ¢ in P, (G) such that

v={seP©): |[(6-a)|<dvi}.

Indeed V' is a weak*-neighborhood since xv € L'(G). If ¢ € V' then

t | /V(cb(z) - 1)d:c| < I /V(¢o(x) - 1)da:l + | /V (¢(z) -¢o(x))dx| < 2|V|.

Moreover, for ¢ € V' and x € G we have

xv+6(e) = IVIs@)| = |[ [6s7'2) - 8()] dy| < [ [bu~'2) - 8(z)]| dy
= [ |(mey'2) - mo(@)olés)] dy
= [ [€lime=y) = mo(z™)lE0) | dy
< [ lmol™v)6s — mo(=™Eolldy
= /‘,[2 — 2Re(my(z ™ y)Ep|mo(z~")E,)] 2dy
= |12 - 2Re(ms()Eolén)] 7y = [ [2 - 2Red(y)]"dy

|
|
|
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4.2. FUNCTIONS OF POSITIVE TYPE 52
1/2
< ([-2Reswlay) V12 <21VIVE,

where the last inequality follows from t. By lemma4.2.8 we can find a weak*-neighborhood
V" of ¢ in P1(G) such that for all ¢ € V" we have |xv * ¢ — xv * ¢o| < €|V|on K.
We now claim that ¥ = V' N V" is the desired weak*-neighborhood. Forany ¢ € V

and any z € K we have

l6(z) — do(z)| V] < |IV]d(z) = xv *d(z)| + |Xv * & — Xv * do| +
Ixv * do(z) — |V|do(z)|
< 2VIVe+|V]e+2IVIVe = (e + 4V€)| V.

D

Definition 4.2.10 Let ¢ € P(G) then ¢ is said to be pure if 74 € r(G). The set of all
pure functions in P;(G) will be denoted by Pp(G).

4211 Let¢ € P(G) andw € L!(G)* be defined by ¢. Note that ¢ € P(G) is pure
if and only if 74 € r(G) if and only if [4.1.9] 7, € r(L'(G)) if and only if [proposition
2.3.5] w is pure. Combining the fact that ¢ € P(G) is pure if and only if w is pure and
our claim in 4.2.7 yields a bijective correspondence between Pp(G) and P(L(G)), the
set of pure states of L!(G). Thus analogous to proposition 2.3.3 we have Pp(G) J{0} is
the set of extreme points of P, (G).

References: [5], (8], [10], [13], [14].

|

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.3. THE ENVELOPING C*-ALGEBRA 53

4.3 The Enveloping C*-algebra

Proposition 4.3.1 Let A be an involutive Banach algebra with an approximate identity.

Then we have

sup [ln(z)ll = sup [n(z)ll= sup [(z'z)'/*= sup f(z'z)"?
reR(A) rer(A) fe(as+), reP(4)

and denoting this common value by ||z||', we have ||z|' < ||z|. Moreover, the map

z — ||z||’ is a seminorm on A such that

leyl” < ll=lfllgll’,  ll=*l" = llzll’,  llz*zl| = [l
forany z,y € A.

Proof:  Claim sup,epa) lI7(z)|l < supse(a-+), f(z°z)/2.  If w € R(A) then from
ourremark 2.2.16 all f € (A**), associated with 7 are of the form f(z*z) = (7 (z)€|x(z)E),
where £ € M and ||€]| < 1. Hence ||m(z)||* = supyg<: (7(z)€|m(2)€) = supyg; f(z"2),
where f € (A**), is associated with . Since the set of all f € (A**), associated with
7 is a subset of (A**), the inequality follows.

Claim sup ¢ 4o+), f(2°2)'/? < supgepia) f(z°z)/2.  For f € (A**), andanyz €
A by definition f(z*z) > 0. As well from 2.3.3 we have f(z°z) < sup,cp(a) 9(z°x).

Claim sup ep(a) f (z*z)'/? < SUPer(a) lIT(z)l[.  If f € P(A) then 7y € r(A) by
proposition 2.3.5 and hence the proof of the first claim yeilds f(z°z) < ||x/(z)|%.

Claim sup,¢,4) |7(z)l] < supegea) ll7(z)l|-  Thisisobvioussince r(A) C R(A).

The four claims above show that indeed ||z||’ has a common value and since ||7(z)|| <
|lz|| for all * € R(A) we have ||z|' < ||z||. Moreover, z — ||w(z)|| is a seminorm on
A, so z — ||z||" is also a seminorm on A. As well, for each 7 € R(A) and z,y € A we

have
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4.3. THE ENVELOPING C*-ALGEBRA 54

(@) =[x = ll<*|" = ll=ll",

Ir(@* )l = Ir@)* = ="zl = ll=l|,

w@@y)ll = lir@llx@ll = eyl = ll=lllsll"

a

Definition 4.3.2 Let N = {z € A: ||z|' =0} then clearly N is a closed self-adjoint
two-sided ideal of A. z + N — ||z + N/||' is a norm on the involutive algebra A/N such
that [[(z + N)*(z + N)|| = [|(z + N)||>. Thus the completion B of A/N with regard to
this norm is a C*-algebra. B is called the enveloping C*-algebra of A.

Definition 4.3.3 Let G be a locally compact group. L!(G) is an involutive Banach
algebra with an approximate identity [A.3.1] and as such we can form its enveloping C*-

algebra. We call this C*-algebra the group C*-algebra of G and denote it by C*(G).

434 For f € LYG) set||f|' = sup I ()]l < |If]l1, where we take the supremum
as 7 runs over the non-degenerate representations of L' (G) or equivalently R(G). Then
f = ||fII' is a seminorm on L!(G) [4.3.1]. In fact, we claim f — [|f]|’ is a norm on
L'(G). To see this, suppose ||f]' = 0 then x(f) = O for every 7 € R(G). However
taking the left regular representation m; € R(G) as found in 4.1.3 then m(f) is the
operator g — f * g in L?(G) and we have forall g € L}(G), 0 = m(f)g = f *g.
Thus when g is an approximate identity in L!(G) we have f = 0. In other words 7; €
R(L'(G)) is an injective representation. Hence C*(G) is just the completion of L!(G)

for this norm.

Proposition 4.3.5 Let A be an involutive Banach algebra with an approximate identity
and let k be the canonical map of A into B, the enveloping C*-algebraof A. If 1 € R(A)
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then there is exactly one p € R(B) such that 1 = p o k and p(B) is the C*-algebra
generated by w(A).

Proof: Letm € R(A) then, in the notation of 4.3.2, z € N if and only if w(z) = 0
and 7 defines a representation 7' € R(A/N) such that ||7'(y + N)||s < |ly + N||3 for
y € A. Hence 7’ extends to a p € R(B) such that 7 = p o k. Since x(A) is dense
in B it follows that p is unique and that 7(A) is operator-norm dense in p(B). Finally,
since B is a C*-algebra p(B) is also a C*-algebra, hence the C*-algebra p(B) must be
the C*-algebra generated by 7(A). 0

43.6 Using the notation of proposition 4.3.5 it is clear that the map 7 — p is a bijec-
tion from R(A) onto R(B) that preserves non-degeneracy and topological irreducibility.

43.7 It now follows from proposition 4.3.5 that the bijective correspondence m — =’
from R(G) onto the non-degenerate representations in R(L!(G)) can be extended to a
bijective correspondence from R(G) onto R(C*(G)). Moreover, the bijective correspon-
dence  — #/ from r(G) onto r(L'(G)) [4.1.9] can be extended to a bijective correspon-
dence from r(G) onto r(C*(G)). In fact, we can now replace L!(G) by C*(G) in section
4.1.

Proposition 4.3.8 Let A be an involutive Banach algebra with an approximate identity
and let k be the canonical map of A into B, the enveloping C*-algebra of A. If f € A**
then there exists a unique g € B** such that f = go kand ||g|| = || ]I

Proof: Clearly if sucha g € B** exists it must be unique since x(A) is dense in B. So
we need only show existence. Let f € A** and {e;} be an approximate identity for A
then foreach z € A,

()2 =lim|f(ze) < fle"2)mf (eje) < I£I1f(=") < FIPllell™,
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sothereisa g € B*suchthat f = goxand ||g|| < ||f||. Since for any y € B there exists

anet {z;} in A such that k(z;) — y we have
9(y’y) = lim f(ziz:) 2 0,

so g € B**. As well, if z € A such that ||z|| < 1 then

1/ (2)l = lg((z))] < llglllix)]l < ligllll=ll < llgll,

therefore || < llgll. -

439 ;From proposition 4.3.8 it follows that the map f — g of A** onto B** is a
bijection. Moreover, if M C A** and N is its image under the map f — g then clearly
the restriction of f — g from M to N is bicontinuous for the relative weak*-topologies
o(A*, A) on A*Y, and o(B*, k(A)) on B**. If further M C A** is bounded then N is
bounded, since the map f — g is norm preserving. Therefore since x(A) is dense in B

then the relative weak*-topologies o(B*, x(A)) and o(B®*, B) coincide on N.

4.3.10 Specifically we now have a bijective correspondence between L!(G)** and
C*(G)**. We are now able replace L'(G)** by C*(G)** in section 4.2.

As well, since P;(G) cooresponds to the bounded subset of S(L!(G)) [(4.2.7] and
hence S(C*(G)), this bijective correspndence restricted to P, (G) is bicontinuous for the
relative weak*-topology o(C*(G)*,C*(G)) on S(C*(G)). ;From 4.2.9 it follows that
the topology of compact convergence on P;(G) agrees with the relative weak*-topology
a(C*(G)*,C*(G)) on S(C*(G)).

References: (3], (5], (8], [10], {13], [16].

i
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4.4 The Fell Topology on G

Definition 44.1  Let G denote the set of equivalance classes of 7(G). So [r] € G if
is topologically irreducible. ;From comment 4.1.9 and proposition 4.2.5 it follows that
there is a canonical bijection T of C:Zb) onto G. Thus we can transport the Fell topology
F[3.14] on C"(\G) onto G using this bijection. That is, if U open in C:(\G) then T(U)
is open in G. We will again denote the Fell topology on G by F. The topological space
(G, F) is called the spectrum of the locally compact group G and we will denote it
simpily by G. Many authors also refer to our G as the dual space of G.

Definition 44.2 Let7 € R(G) and S C R(G). We say 7 is weakly contained in S
if 7, viewed as an element of R(C*(G)) [4.3.7), is weakly contained [3.1.2] in S, where
S is viewed as a subset of R(C*(G)).

Theorem 4.4.3 (Equivalence Theorem II) Let G be a locally compact group, € R(G),
and S C R(A). Then the following are equivalent:

i) m is weakly contained in S,

ii) Every ¢ € P\(G) associated with  is the uniform limit over every compact set
of sums of Y € P1(G) associated with S.

Moreover when T has a cyclic vector €, the above condition are equivalent to:
ii’) The function z — ¢(z) = (w(x)E|€) is the uniform limit over every compact set
of nets {y;} in P(G) where each +; is associated with S.

Proof: This is simpily a translation of the equivalence theorem 2.4.5 into a group con-
text. We can identify R(G) with R(C*(G)) by 4.3.7. Hence we have i) < {24.51)}
where the C*-algebra A is replaced by C*(G).
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Our comment 4.3.10 describes the correspondence between the topological spaces
P1(G) paired with the relative topology of compact convergence and S(C*(G)) paired
with the relative weak*-topology. Therefore, it follows that ii) < {2.4.5 i)} where
again the C*-algebra A is replaced by C*(G). Hence applying the equivalence theorem
2.4.5to C*(G) leads to the equivalence of 7), i) and 77'). O

Corollary 4.4.4 Let (1] € G and S C G. Then the following are equivalent:
i) [r] e

ii) Every ¢ € P(G) associated with [r) is the uniform limit over every compact set
of Y € P(G) associated with S.

Proof:  Again, this is just the translation of corollary 3.2.2 into a group context and

hence follows from the remarks made above in the proof of the equivalence theorem II.
]

References: (5], 9], [10], (13].

4.5 The Reduced Dual

4.5.1 It is easily verified that the left and right regular representations, m; and 7, in
R(G), each have a kernel equal to {1}, and hence are injective. As well, in comment
4.3.4 m; as a non-degenerate representation of L!(G) is also injective. Since ; is non-
degenerate it extends to a representation of C*(G) [4.3.7]. However, m; as representaion

of C*(G) is not in general injective, ie. for non-amenable G [cf 4.5.6].

Definition 4.5.2 With notation as in 4.1.3 we again look at the left and right reg-

ular representations of G. Now consider the isomorphism f — f, where f(z) =
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A(z)~2f(z~'), from L*(G) onto L%(G). For each y € G we have

Lf(z) = A VALf)(z™") = Alz) P f(y 'z
= A(y)2Azy)"?f((zy)™") = R, f(x),

hence f — f transforms m into 7, and it follows that m; and 7, are equivalent. Thus
we can call [r;] or equivalently [7,] the regular representation without indicating left

or right.

Definition 4.5.3 Let m be a representation of a C*-algebra A. Then the support
supp() of = is the set of [p] € A such that each [p] is weakly contained in [r]. If 7 is a
unitary representation of a locally compact group G then in light of definition 4.4.2 and

with the notation used in comment 4.4.1 we have the support supp(r) of = is the set

{l € G : ker [T'((a])] > ker [x=([m])]},
that is the set of [p] € G such that each [p] is weakly contained in [7].

Definition 4.54 Considering m € R(L'(G)), the nom closure of m(L'(G)) in
L(L?*(G)) is the reduced group C*-algebra, denoted C;(G). It follows directly from
proposition 4.3.5 that C; (G) = m(C*(G)) where m; € R(C*(G)) [4.3.7].

Definition 4.5.5 We define the reduced dual of G, denoted G, to be the support of

the regular representation of G. That is, with T as in 4.4.1 we have

é, = {[p] €G: ker [T'l([p])] D ker [T-I([m])]} !

or in other words, G, = C,?(G) = (C‘(a /N) where N = ker(m).
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4.56 Note, from the definition of G,, that if 7 as a representation of C*(G) [4.3.7]
is injective then G = G,. If m is injective then N' = 0 and hence G, = C:(\G) =G.In
fact, this special case, when m; € R(C*(G)) is injective, fully characterizes [18, theorem
7.3.9] the important class of amenable groups.

A locally compact group G is said to be amenable if there is a linear functional m on

L*(G) satisfying the following conditions:
i) m(1) =1,
ii) m(Lof) =m(f) forallz € G and f € L®(G),
iii) m(g) 2 0if g > 0in L*(G).
Asin [8, 1.25} and [11, 3.5.2] the following are equivalent:
i) G is amenable;
i) G =G;
i) C*(G) = C2(G);
iv) m as a representation of C*(G) is injective;
v) every [p] € G is weakly contained in , that is, ker[m] C ker[p] for all [o] € G.

As well, it is well known that all abelian groups and all compact groups are amenable.
However, not all groups are amenable. The free group on two generators with discrete
topology is not amenable. Hence, for any non-amenable group G, m; as a representation

of C*(G) is not injective.

——

f
4.5.7 Suppose [g] € C*(G), so

kerlf] O [ ker[p] D ker[m] = [p] € C*(G),,.
leC*(©),

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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hence C:(b), is a closed subset of C:Zb) from which it follows that G, is a closed

subset of G.

References: (5], [6], (8], [13], [11], [18].

l
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Chapter 5

Structure on a Locally Compact Group

G as related to its spectrum G

As mentioned in the introduction, the presentaion of this chapter differes from the other
chapters. Many details are simiply glossed over and outside references are used frequent-
ly.

One of the remarkable attributes of the Fell topology on G is its characterization of
properties of G by simple separation properties of G. The aim of this chapter is to study

a few of these characterizations. G will always denote a locally compact group.

5.1 The Topological Structure of G

For a C*-algebra A, we can conclude, from comment 3.3.5 and proposition 3.3.10, that A
is not in general a Tq-space. In this section the inherent topological structure on A for an
arbitrary C*-algebra A is studied. Specifically, we show A 10 be a locally quasi-compact

Baire space. Hence, G is a locally quasi-compact Baire space.

62
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i
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5.1. THE TOPOLOGICAL STRUCTURE OF G 63

Definition 5.1.1 Let A be a topological space. A subset S of A is rare if the interior
of the closure of S is empty, that is int(S) = @. A subset F' of A is meager if F = UP® S,

with S, rare for all n; otherwise F is said to be a nonmeager subset of A.

Definition 5.1.2 A Baire space is a topological space A which satisfies one and hence
all of the following conditions which are equivalent [3, theorem 46.4):

i) if S is any meager subet of A then (A ~ S) = A4,
ii) if U is a nonempty open subset of A then U is nonmeager,

iii) if S = US° Sy, where the S, are closed sets such that int(S,) = @ for all n, then
int(S) =0,

iv) if S = N$° Uy, where the U, are dense open sets of A, then S = A.

Proposition 5.1.3 Let A be a C*-algebra, then A is a Baire space.

Proof:  Recall the surjective map & : P(A) — A described in 3.2.1 and note that in the
proof of proposition 3.2.3 we show & to be continuous and open. Let (V},V,,...)bea
decreasing sequence of dense open subsets of A, and let U, = ®~'(V,,), thatis U, is the
inverse image of V, in P(A). Since @ is continuous and open, each U, is a dense open
subset of P(A). Due to G. Choquet [S, B 14, p. 395] it is known that P(A) is a Baire
space. Hence, NU, = P(A) and therefore ®(U,) =NV, = A. 0

Definition 5.1.4  Recall, a topological space is compact if and only if each family of
closed sets which has the finite intersection property has a non-empty intersection. We
say a topological space is quasi-compact if every decreasing filtering family of closed
sets has a non-empty intersection. A topological space is said to be locally quasi-compact

if each point has a base of quasi-compact neighourhoods.

i
i
|
|
i
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5.1. THE TOPOLOGICAL STRUCTURE OF G 64

Proposition 5.1.5 Let A be a C*-algebra, z € Aanda > 0. Then F = {[r] € A :

llr(z)|| > a} is quasi-compact.

Proof: " Let {F;} be a decreasing filtering family of relatively closed sets of F. For
each i, set J; = Nixer, ker[n]. Then {J;} constitutes an increasing filtering family. Let
J = (U; J;), then J is a closed two-sided ideal of A. For each i the canonical image
of z modulo J; is of norm > a. In fact, by definition of the quotient norm of a normed
space the canonical image of z modulo J is of norm > . Now, there exists a [o] € A (5,
lemma 3.3.6] such that ||p(z)(| = ||z|| and ker[p] D J. Thus [p] € F. As well, [p] € F
for each i and hence [p] € N; F:. a

Corollary 5.1.6 Let A be a C*-algebra, then A is locally quasi-compact.

Proof: Letw € A, and let U be an open neighborhood of 7 in A. Since A ~ U is
closed, there isan z € A such that 7(z) # 0 and p(z) =0forall p € A~U. SetV =
{pe€A: |lp()l| > |I(z)ll/2} and W = {p € A: |lp(z)l| 2 |Im(z)l|/2}. Since 7 -
|l (z)|| is lower semicontinuous on A [S, proposition 3.3.2], V is an open neighborhood
of 7. Therefore W is a neighborhood of 7 contained in U, and by proposition 5.1.5, W

is quasi-compact. a

Theorem 5.1.7 If G is a locally compact group then G is a quasi-compact Baire space.

Proof: By propositions 5.1.3 and 5.1.4 C:Zb) is a quasi-compact Baire space and our
result follows immediately. ]

References: {5, §3.3 and corollary 3.4.13).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5.2. THE SPECTRUM OF A COMPACT GROUP 65

5.2 The Spectrum of a Compact Group

Locally compact Abelian groups [and hence compact Abelian groups] possess many nice
attributes, not the least of which is that all of their irreducible representations are unitary
characters [complex-valued, multiplicative, not identically zero functions]. If 7 € r(G),
G locally compact Abelian, then 7 is one dimensional. Hence, we can take H, = C,
so m(z)(z) = {(z)z, where z € C and ( is a continuous morphism of G into the circle
group. Moreover, for a locally compact Abelian group G, it turns out that G is the set
of extreme points for the set of functions of positive type on G of norm 1 [10, theorem
3.25]. Thus we can give G the topology of compact convergence which in this case is
exactly the relative weak*-topology on extreme points for the set of functions of positive

type on G of norm 1.

Proposition 5.2.1 Let G be a locally compact Abelian group. G is identified with the
spectrum of L'(G) [set of non-zero multiplicative functionals on L'(G)] via 5.1.

Progf:  (From proposition 4.1.4, each { € G determines a non-degenerate representa-
tion of L'(G) on C by

¢ = [¢@)f(e)dz. (5.1)
Identifing £(C) with C all such representations are complex-valued, multiplicative, not

identically zero functionals on L!(G). Conversely, & € (L'(G))* is given by integration
against some ¥ € L®(G). Choose f € L!(G) with &(f) # 0. Then for g € L'(G),

(/) [v@lewldy = #(N¥(9) =&(f )
= [ [v@feyat)duiz
= / ®(Lyf)9(y)dy,

i
|
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5.2. THE SPECTRUM OF A COMPACT GROUP 66

so Y(y) = ®(Lyf)/®(f) locally almost everywhere. We can redefine ¢(y) such that
é(y) = ®(L, f)/®(f) for all y. Then ¢ is continuous and

Y(zy)®(f) = ¥(Lay f) = B(L:Ly f) = (z)¥(y)2(f),

so Y(zy) = Y(z)¥(y). As well, ¥(z") = ¢(z)" for every n, and 1 is bounded, so
[¥(zx)| = 1. That s, 1 maps G to the circle group. ]

It is easily verified, that under pointwise multiplication, G is an Abelian group. It has
the constant function 1 as its identity element and (~!(z) = ¢((z~!) = ((z). As well it
can be verified that G {0} is a weak*-closed subset of the closed unit ball of L*(G).

Hence as a consequence of Alaoglu’s theorem, G is a locally compact Abelian group.

Definition 5.2.2 If G is a locally compact Abelian group then G endowed with the
topology of compact convergence is called the dual group. For general non-commutative
topological groups, G is not necessarily a group. Hence a dual group is merely a special

case of the spectrum or dual space as defined in 4.4.1.

Proposition 5.2.3 If G is an Abelian compact group with a normalized Haar measure,

then G is an orthonormal set in L*(G).

Proof:  Note, if G is compact, then G c L=(G) c [*(G) forallp > 1. If ¢ € G then
[1¢(z)[?dz = fdz =1, thatis, ||¢|| = 1. Further, let 9 € G such that ¢ # 9. Thus,
there is a z € G such that {(z)9~'(z) # 1. Hence,

[c@y @iz = ¢@)87() [ a9 a)da
= (@97 [ @9 (@),

50 [ ((z)9~'(z)dz = 0 and therefore [ ¢(z)d(z)dz = 0. O

|
|
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5.2. THE SPECTRUM OF A COMPACT GROUP 67
Theorem 5.2.4 Let G be a locally compact Abelian group. Then,
i) if G is discrete, then G is compact;

ii) if G is compact, then G is discrete.

Proof: If G is discrete, then the point mass function which is equal to 1 at e and 0
elsewhere, is a unit for L' (G). Hence the spectrum of L'(G) is compact. Therefore, it
follows directly from proposition 5.2.1 that G is compact.

If G is compact then the constant function 1 is in L!(G). Thus, the set { f € L®(G) :
| [ f(z)dz| > 1} is weak*-open. It follows from proposition 5.2.3, if { € G then
[¢(x)dz = 1if ¢ = 1, [{(z)dz = 0if ( # 1. Hence, {1} is open in G and G is
discrete. m]

We now look at general [non-abelian] compact groups. In the 728 page often quot-
ed Abstract Harmonic Analysis II [the thicker one] by Hewitt and Ross [7], which is
exclusively devoted to the study of non-abelian compact groups, the authors begin by
lamenting the lack of detail in their presentation. We mention this to emphasize the sheer
magnitude of theory that we cannot, and do not, do justice to in these few pages. In
theorem 5.2.4 we saw that for compact abelian groups their spectrum is compact. The
remainder of this section is devoted to generalizing this result to compact [non-Abelian]
groups. Note that in Abelian case above G was an orthonormal set in L2(G). In the gen-
eral case [non-Abelian) the corresponding set of functions is the set of matrix elements
of unitary representations of G [cf. 5.2.5]. The following is a sketch of the celebrated
Peter-Weyl Theorem as found in Folland’s book [10]. Our aim here is show how the
matrix elements of irreducible representations can be used to form an orthonormal basis
for L%(G).
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5.2. THE SPECTRUM OF A COMPACT GROUP 68

Definition §.2.8 If 7 is a unitary representation of G, then the matrix elements of 7

are the functions,

Peu(z) = (n(2)€lv) & v eH,.

If {e;} is an orthonormal basis for #, then @, ., (z) is indeed one of the entries of the

matrix 7(z) with respect to that basis, namely
i (Z) = Pe;ei(z) = (w(z)ejlei). (5.2)

Let £, denote the linear span of the matrix elements of 7. Clearly &, is a subspace of
C(G) the continuous functions on G and hence of L?(G) for all p. Further, let

€ = thelinearspanof |J &,.
[nleC

Finally, set d, =dim?H, and let tr B denote the trace of a matrix B.
Theorem 5.2.6 (Peter-Weyl Theorem) Let G be a compact group. Then
i) € is dense in C(G) in the uniform norm.
ii) & is dense in LP(G) in the L? norm for p < oc.
iii) L*(G) = @yyeq Ex and {Vdemij = i,j =1,...,dx, [7] € G} is an orthonor-

mal basis for L*(G).

Proof:  Since C(G) is dense in LP(G), it will suffice to show £ is dense in C(G) for
both i) and i) to hold. In fact, £ satisfies the conditions of the Stone-Weierstrass theorem
and the hence the result follows. By the Gelfand-Raikov theorem [6, theorem 22.12)
£ separates points. Since each representation has a contragredient, £ is closed under

conjugation. The existence of the trivial representation of G on C allows for the existence
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of the constant fuctions. All that remains is to show £ is an algebra. We refer the reader
to [6, p. 23] where indeed £ is shown to be an algebra. The basic idea is, if 7], [7'] € G
the we want to show ;;m}, is a matix element of some finite-dimensional representation
of G. This is acheived by constructing the inner tensor product of 7 and 7'

Finally, #%) is a consequence of iz) and the following claim.

Claim: [Shur Orthogonality Relations] If [7],[n'] € G then: i) [x] # [r']
implies €, L Ep, and ii) {Vdymij : i,j = 1,...,dx} is an orthonormal basis for &,
where £, and £, are considered as a subspaces of L*(G).

Let T be any linear map from H, to H,, and define T such that
T = / (@) Tr(z)dz.

So
Trly) = / 7' (z~ )T (zy)dz = / ' (yz~")Tn(z)dz = ' (y)T,

that is, T is an intertwining operator for 7 and 7. Now, set v € H,, V' € H,» and define
T by TE = (€|v)V'. Thus for all £ € H, and §' € H. we have,

(Felg) = [(Tr)en'(@)e)da
= [(r@e) (V17 (2)¢dz

= [ beule)tes @)

It is a consequence of proposition A.S.5 that, if two irreducible unitary representations
are not equivalent then the set of intertwining operators, for these two representations,
is simply {0}, see [10, 3.5 p. 71]. So, if [r] # [v'] then T = 0, and therefore from our
above equality we have £, L &y. This proves ). If [7] = [’] then T = cI [A.5.5]. So,
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if wetake £ =e¢;, & = ey, v =¢;and V' = ej then

[ mis(aYmer @de = cledler).

But
cdy =T = / tr [w(x")Tw(x)] dz = trT,

and since T¢ = (€]e;)e;» we have uT = (e;|e;). Hence

[ mii(eme@lde = d5 eider ) (esles),

so {/d,m;;} is an orthonormal set. Since it is known thatdimé, < d2, see [10, proposi-

-_— e

tion 5.6], we can conclude that {v/d;m; : i,j = 1,...,d,} is a basis. 0

Propasition 5.2.7 If G is compact then G is discrete.

Proof: Let[r] € G. G is compact so 7 is finite-dimensional [10, theorem 5.2} and we
can express the character x, of 7 by x.(z) = tr m(z). Note, since the matrix represen-
tation of equivalent representations have the same trace, x, depends only on the equiv-
alence class of 7. It follows from the Peter-Weyl theorem iiz) that 7(x,) = (dx)™'1,
where [ is the identity operator on ., and p(x,) = 0 for [x] # [p]. Hence, x, €
Nigieé~m Kerlo] however x, & ker[r]. Thatis, [7] & m, so {[x]} is open. O

Baggett [1, theorem 3.4] proved that if G is separable and G is discrete then G is
compact. As well, it has been proved by Wang [19, theorem 7.7] that if G is g-compact
and G or G, is discrete then G is compact. Hence, the converse of proposition 5.2.7 is

also true for these cases.

References: [5], [10], [7].

;
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5.3 Some Remarks on the Separation Properties of G

G is not in general a Tg-space. In fact, we have shown in proposition 3.3.10 that Gis
To, if and only if, for any [r], ['] € G, if ker[r] = ker[r’] then T is equivalent to 7'.
However, for a 2" countable G, G is T, if and only if G is Type I [GCR or postliminal],
and G is T, if and only if G is CCR [or liminal], see [17]. For a connected G, GisT,
if and only if G is a compact extension of an abelian group, see [2]. Liukkonen in [15]
proved that, for a Type [ [IN] group, GisT,if and only if G is [FCT"

Note: The following is a list of references where adequate descriptions of the above

mentioned classes of C*-algebras and groups can be found.

i) For liminal{Type I or GCR] and postliminal[CCR] C*-algebras see Dixmier [5,
Chapter 4]. A group is said to be GCR or CCR if C*(G) is GCR or CCR respec-
tively.

ii) See [15] and references within for a description of [IN] groups.

iii) Finally, [FCT groups are described in [17].
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Appendix A

A.1 Structure on Topological Groups

The main purpose of this section is to show that it is essentially no restriction to assume
a topological group is Hausdorff. We start by stating some basic facts about toopological
groups.

Proposition A.1.1 Let (G, 7) be a topological group:
i) IfU € 7 then for any x € G we have zU, Uz and U~! are also in T.

ii) For every neighborhood U of e there exists a symetric neighborhood V of e such
thatVV Cc U

iii) The T closure of any subgroup of G is also a subgroup.

iv) If A, B C G are comapct then so is AB.

Proof:  These results are all a consequence of the continuity of the maps (z,y) — zy

andz — z~L. a

Proposition A.1.2 Let (G, T) be a T, topological group. Then (G,T) is regular and
hence Hausdorff.

72
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A.l. STRUCTURE ON TOPOLOGICAL GROUPS 73

Proof: Let U be an arbitrary neighborhood of e. Then from A.1.1 (iz) there exists a
symetric neighborhood V of e such that VV C U. For z € V the intersection zV NV
is not empty since zV is a neighborhood of z. Hence zv; = v, for v, € V, so

z = vuy' € VV! = VV C U. We have therefore shown, that for any neighborhood
U of e, there exists a closed neighborhood V of e such that V C U. By proposition A.1.1

i) we can transfer this regularity property frometoall z € G. m|

Proposition A.1.3 Let (G, 7) be a topological group. If (G, ) is not a Ty space then {e}

is a closed normal subgroup and G [{e} endowed with the quotient topology is regular

topological group and hence Hausdorff. Moreover, if G is locally compact then so is

G/{e}.

Proof: It follows from proposition A.1.1 i) that {e} is a subgroup. Since every sub-
group of G must contain {e}, clearly {e} is the smallest closed subgroup of G. Thus {e}
must be normal, otherwise we could intersect {e} with one of its conjugates to obtain a
smaller subgroup. Therefore {T} is a closed normal subgroup.

We now show that G/{e} endowed with the quotient topology is a topological group.
Since {e} is a normal subgroup, it is well known that the operation on the set of left cosets
of {e} described by

z{e}y{e} = (zy){el,

is well defined. Letg: G — G/'{-Ef denote the canonical quotient map, let z € G and
let U be a neighborhood of ¢(z~!) in G/{e}. By continuity of inversion in G at z we can
find a neighborhood V of z such that V' C ¢~!(U). Thus ¢(V') is a neighborhood of ¢(z)
in G/{e} such that g(V) C U. Hence inversion is continuous with regard to the quo-
tient topology on G/ET. A similar argument shows multiplication is also continuous.

Therefore G /-{-3 endowed with the quotient topology is a topological group.

|
I

|
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Moreover, if U is a compact neiborhood of e in G then q(Ux)is a compact neighbor-
hood of g(z) in G/{e}. Hence if G is locally compact then so is G/{e}.

Finally, we show G/{e} is a Ty space and therefore by proposition A.1.2 is regular
and hence Hausdorff. Let (), ¢(y) € G/{e} be distinct. Since z{e}y™" does not
contain e, it follows from A.1.1 i) that we can find a symetric neighborhood U of e such
that U Nz{e}y~! = 0 and by symmetry U~' Nz{e}y~! = 0. Hence

e¢ Uslely™ = (Uz{e))({e} 'v™") = Wz{eDwleh) ™,

so (Uz{e}) N(y{e}) = 0 and therefore q(Uz) is a neighborhood of g(z) that does not
contain g(y). 0

We have now accomplished the main objective of this section. In view of propositions
A.1.2 and A.1.3 itis practically no restriction to assume a topological group is Hausdorff,
for if not then we can just work with G /{_e_}- instead. Henceforth we will always assume,

in particular, that a locally compact group is Hausdorff.

References: [3], [6], [10].

A.2 The involutive algebra L!(G)

A.2.1 Let G always denote a locally compact group. Since G is locally compact we
know G possesses a left Haar measure ) [non-zero, left invarient, finite on compact sets,
outer regular on Borel sets, inner regular on open sets, Borel measure] that is unique up
to scalar multiplication [20, Sec 2.2]. We will fix once and for all the left Haar measure
A on G. We'll denote dA(z) by dz, [ fdA by [ f,and |F| for A(F). The unit element of
G will be denoted by e.
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A2.2 Let M'(G) be the space of bounded complex measures on G. If u, v € M*(G)
then we define the convolution of 4 and v as follows. Themap ¢ — [[ ¢(zy)du(z)dv(y)
is a linear form on the space of continuous functions on G which vanish at infinity,
and | [ ¢(zy)du(z)dv(y)l < ||9]leollullllv]l. Hence this form is given by a measure
pxv € MY(G) with ||z *v]| < |lu]lllv]l- This measure, p * v is called the convolution of

u and v and we see that

[ #dx) = [ [ s(zy)du@)av).

It is readily checked / ¢d(p*v) = / / ¢(zy)du(z)dv(y)<eover convolution is commu-
tative if and only if G is Abelian. M*(G) has a multiplicative identity J., the point mass
measure § at e. M'(G) also has an involution  — u° defined by u*(F) = u(F-1) or
[ é(z)du® = [ ¢(z~")dE(z). Again this is readly checked to be an involution.

Definition A.2.3 Let F C G and if we define Az(F) = A(Fz) then ). is again a left
Haar measure and as such must be a scalar multiple of A. Thus there is a scalar A(z) > 0
such that A; = A(z)A. The mapping A : G — (0, 00) is called the modular function.
A is said to be unimodular if A = 1. Obviously Abelian groups and discrete groups are

unimodular.

Proposition A.2.4 The modular function A is a continuous morphism of G to the multi-
plicative group of positive real numbers. Moreover, for any € L'(G),

/ R,fdA=A(y™) [ fd. A1)
Proof: Foranyz,y€ Gand E C G,

A(zy)A(E) = M(Ezy) = A(y)A(Ez) = A(y)A(z)A(E),
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hence A is a morphism of G to the multiplicative group of positive real numbers.

Now to see equation (A.1) consider the characteristic function xg. Since xg(zy) =

XEy—! (.'E),
[ xs@)dxiz) = MBy™) = AGTINE) = AE™) [ xe(@)dr(a)

Thus we have shown (A.1) for f = xg so the (A.1) follows from the density of simple
functions in L!(G).

Finally, the continuity of A follows from (A.1). Since each continuous function on
G with compact support is right uniformly continuous [10, proposition 2.6] it follows
immediately that y — [ R, fd\ = A(y~!) [ fd) is continuous from G to C. O

Proposition A.2.5 If G is compact then G is unimodular.

Proof: We will in fact show the following more general result. If K C G is any
compact subgroup then the restriction A|x of the modular function A to the subgroup K
is equivalent to 1. Since A is a continuous morphism from G to the multiplicative group
of positive real numbers [A.2.47777], A|(G) = A(K) must be a compact subgroup in
this group of real numbers. Clearly A(G) = {1}, thatis A(z) = 1 forall z € G. 0

A.2.6 If we identify each function f € L!(G) with the measure f(z)dz € M'(G)
we can consider L' (G) as a subalgebra of M'(G). If f,g € L'(G) the convolution of f
and g is the function defined by

f*g(z) = / fy)g(y™ z)dy
= / f(zy)g(y™")dy
/ Fy™g(yz)A(y™)dy

]
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= [ flayewAn)dy
= [ fw)Lg(c)dy
= / Ry f(z)g(y™")dy.

The restriction of the canonical involution on M'(G) to L*(G) is an involution defined

by the relation f*(z)dz = f(z~!)d(z~') hence we have

f*(z) = Alz7) f(z).

A.2.7 We make use of the following application of the Lebesgue-Radon-Nikodym
theorem. The theorem given here is just a special case of [6, Theorem 12.18] and we

offer no proof here.

Theorem L'(G)* = L>®(G) in the sense that for every continuous linear functional
won L'(G) there is a g € L®(G) such that

w(f)= [ f9d, vf € LY(G),
and |lw]| = (9]l

Proposition A.2.8 L'(G) has an approximate identity, [cf A.2.1 ] namely {ey}.

Proof: LetU be the family of compact symmetric neighborhoods U of e € G ordered
by reverse inclusion. Then set ey = |U|~ xy, where |U| = J;; dg and xy is the charac-
teristic function of U. Clearly [ ey = e and since each U is symmetric ey (z7!) = ey(z).
Thus

[revl) = f@) = [f@n)evc™)ds - f(3) [ev()da

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

.



A.2. THE INVOLUTIVE ALGEBRA L'(G) 78
= [IRf) - [@)ev(a)ds,

so by Minkowski’s inequality
If xeo = flh < [ I1Ref = flheu(e)de < sup[|Ref ~ fl1.

Likewise we can show |ley * f — f|| < sup.¢y ||Lef — fl|1. Therefore we need only
show that ||R.f — f|li @ Oand |L.f — f|l, > O0asz — 1.

First, consider g € Co(G) and let U, = (supp g)U U U (supp g) where supp g is
the support of g. Clearly U, is compact, and R;g and L;g are supported in U, when
z € U. Thus ||R;g9 — glli < |U,l||Rz9 - gll« — O by uniform continuity. Similarly
|ILzg — gll, = 0. Now taking f € L'(G), fore > 0, we can choose g € Cy(G) such that
If -9l <e

IRf = flh < |IRe(f - g)llh + |Reg — gl + llg — flIx
< (A@)™' +1)e+ |[Rzg — gllv,

where ||R;g — g|li = 0as z — e. Similarly |L.f — f|; @ O0asz —e. ]

References: (8], [10], [13].
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A.3 Approximate identities
Definition A.3.1 Let A be a C*-algebra. An approximate identity of A is a net {e;}
of elements in A such that:

l[e,-[l <1, Vi,

|lesz — z|| = 0 and ||ze; — z|| = 0, Vz € A.
We say {e;} is increasing if e; > O and if i < j implies e; < e;.

Corollary A3.2 Let A be a non-unital C*-algebra. Then there exists an increasing
approximate identity {e;} for A.

Proof: Since A is a self-adjoint two-sided ideal in A! this corollary is a direct result of
the following Theorem. 0

Theorem A.3.3 Let A be a unital C*-algebra and I a left [right] ideal of A. Then
there exists an increasing net {e;} of positive elements in (I), such that ||ze; — z|| — 0

[||ze; — z|| — 0] for every z € I.
Proof: LetT be the set of finite subsets of I ordered by inclusion. Fori = {z,,---,z,} €

[ let

Vi=IiTi + - + T2,

1 -1
e = (— -+ V.‘) Vi.
n

ft)= (%-H)-l t, te Rt

and
Since the function

i
1

!
|
i
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only takes on values between 0 and 1, we have 0 < y; < 1. Furthermore,

2[(61—11'"!] [(ei — 1)zm] = (& — 1)vi(e; - 1)=% (1+V;)-

and

-2

(l+t) <l Le Rt
n 4

Thus
2[(& 1) zm][(ez -1) zm] < —‘

Form =1, .--,n we deduce that

[(ei — V)zm]'[ei — 1)Zm] < —

which implies
1

ll(es — ]-)xm“2 < Z"

Hence ||le;xz — z|| — 0 forevery = € I. So {e;} is a left approximate identity for /.

To see that {e;} is also a right approximate identity for I, that is ||ze; — z|| — 0 for
every z € I, consider the following. Let I* = {z* : z € I} and apply the first part of
this proof.

Now let A, n € T such that A < n. We have A = {z1,---,Za}, n = {Z1, -+, Zm}

where n < m, S0

Since
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we have

SO

1/1 - 1 -1 1 =t
—1-1(1 <1-+(1 <1——(—+ ) =,
e=1 n<n+uk> = (n+u") = m €n

Hence {e;} is an increasing approximate identity. m]

Proposition A.3.4 Let A be a C*-algebra. If f € A'™F and {e;} is an increasing approx-
imate identity for A then

1Al = Jim f(e:)

Proof: Without loss of generality we can assume || f|| = 1. Itis clear that {f(e:)} is
an increasing net in R which is bound above by 1. Therefore lim; f(e;) < 1. Choosing

z € A such that ||z|| < 1 we have
|f (esz)? < flejes) f(z*z) < flex) f(z"x) < lim f(e),
50 | f()1? < limy f(es). Hence 1 < lim; f(e)) = lim; f(e;) = 1. a

References: [5], [13], [16], [20].

A4 Transitivity Theorem

The following is the so called transitivity theorem as found in [16].

Theorem A.4.1 Let A be a C*-algebra acting irreducibly on a Hilbert space H, and let
&, +y&ns T, -+, be in H such that £,,- - - €, are linearly independent. Then there
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exists an operator T € A such that T(&;) = n; fori = 1,---,n. If there is a hermitian
operator Ty, on H such that T, (&) = n; fori = 1,---,n then we may choose T to be
hermitian also. If A contains the identity element of H and there is a unitary U on H

such that U(&;) = n; fori =1,---,n then we may choose T to be a unitary also.

A proof of the above theorem can be found in many books outlining the theory of
representations of C*-algebras. ie. (16, Thm 5.2.2), [5, Sec 2.8]. For our purposes here,

we will only show the following special case of the transitivity theorem.

Theorem A4.2 Let A be a C*-algebra, n € r(A), and §,1 € M, with € non-zero and
linll = 1. Then there exists a y € A such that w(y)€ = n.

Proof: Let T map H, onto H, such that T(¢) = (¢ |m§|7?)77— Clearly T € L(Hx),
Tl < lInl| and T(€) = n. Thus for arbitrary §,7 € H, we can finda T € L(H,) with
IT|| < |inl| such that T'(§) = 7.

So setting £, 7 € H, with £ non-zero and ||n|| = 1 we can find a Ty € L(H,) such
that

To€) =n, |Toll<Inll=1.

By Kaplanski's density theorem, (w(A)), is strongly dense in (L(H)),. So we can

choose an z, € A such that

lim(zo)ll < I Toll <1

N~

lim(0)€ — To(E)ll <

Similarly there exists T; € £L(H,) such that

6o —
’

Ti(€) =n—n(zo)§, |ITall < lln—m(zo)éll <
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By density, again we can choose z; € A such that

N -

(@) -T@l < 5 lIntz)ll < ITil <

By induction we can construct sequences {7} } in £L(H,) and {z;} in A such that

Te(§) =n—m(x)€ — ... — w(ze-1)E,  |ITil| < 2k

and

Im(ze)€ — Te()]] < ik () ”<”T’°”-21k

k=0 Ic—O k=0

o0
since  is continuous 2 x is convergentin A. Lety = Y z; then
k=0 k=0

Iw)€ =il = Jim, I 3= w(eu)€ =il = Jim,In(em)é = Tl < Jim, 5.
=0

Som(y)§ = .
References: [5], [16].

A.S Von Neumann Algebras

Definition A.5.1 A C*-subalgebra of L(H) is called a von Neumann algebra if it is

closed in the strong-operator topology.

A.5.2 Itis well know that for any convex subset S of £(#) the weak-operator closure

of S coincides with the strong-operator closure of S in £(#). [20, Thm 16.2]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

o0
! Since Z |l (ze) || < Z < oo we have Z m(zx) is convergent in m(A). As well

p———y -



A.5. VON NEUMANN ALGEBRAS 84

Definition A.5.3 Let F be a subset of L(H). Thenthe set {T € L(H): TS = ST
for all S € F'} is called the commutant of F.

Proposition A.5.4 Let A be a C*algebra and m € R(A) then the commutant 11 of (A)

is a von Neumann algebra.

Proof: It is easily seen that IT is a self-adjoint subalgebra of £(H). Now suppose
T; — T where T; € Il for each i. Then for any z € A and €,n € H we have

((Tr(z) — n(z)T)€ln) = (Tr(z)€n) - (TE|n(z)*n)
= Um(Tir(z)€ln) — (Ti&|m (z)*n)
= lim((Tir(z) - 7(z)T;)€n)
= 0.

Thus T € II which implies IT is weak-operator closed in £(H). m|

Proposition A.5.5 Let A be a C*algebra and m € R(A) then the commutant 11 of 7(A)
is equal to CI ifand only if T € (A).

Proof: If € r(A) and if P be a projection in L(#) then P € I1 if and only if P(#) is
invarient for 7(A). So if w € r(A) the only projections in IT are the trivial ones. Since IT
is a von Neumann algebra, proposition A.4.4 it is the closed linear span of its projections
[20, theorem 20.3]. Therefore IT = CI. Now suppose 7 € R(A) and I = CI. f K
is any closed invariant subspace of # let Pk be the orthogonal projection of  onto K.
Clearly Pxn(A)Px = n(A)Px and Pxw(A)*Px = n(A)* Pk. Thus we have

n(A)Px = Pxm(A)Px = (Pxm(A)*Px)* = (m(A)*Px)* = Px7(A)
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which implies Px € 1 = Px=AI = K=Hor0 = 7 € r(A).

References: [3], [5], [13], [20].
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