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ABSTRACT

The electrical conductivity of n-type InSb in the
temperature range 77K - 300K has been calculated by using the
Boltzmann equation with a relaxation time ansatz. The two
dominant scattering mechanisms in this temperature range are the
impurity scattering and the polar scattering. The hydrostatic
pressure effects on the electrical conductivity have been studied
by considering the variations of the band structure, the carrier
concentration, the electron effective mass and the static di-
electric constant of the material. The variation of the electrical
conductivity up to 10 kbar at the temperatures T = 81 K and

T =290 K is compared with experimental data.



ACKNOWLEDGEMENTS

The present work was carried out at Lakehead University
under the supervision of Professor V.V. Paranjape, whom [ wish
to thank for directing the investigation and for his helpful
discussion and suggestions.

I also wish to express my appreciation to Dr. G. Johri
for valuable discussion; to Dr. W.J. Keeler and Dr. R.E. Jones, Jr.
for communicating their experimental results prior to publication,
and to Dr. P. Lal and Dr. M. Mohan for effective help in computer
programming.

Finally, I wish to thank my wife, Hwa, for typing the

thesis and encouraging me throughout the entire work.



TABLE OF CONTENTS

ABSTRACT
ACKNOWLEDGEMENTS
TABLE OF CONTENTS

INTRODUCTION 1-2
CHAPTER 1 The Electrical Conductivity of InSb 3-19
1.1 The Electrical Conductivity for Semiconductor
with Spherical Energy Surfaces
1.2 The Nonparabolic Conduction Band in InSb
1.3 The Electrical Conductivity
1.3a The Low Temperature Case (Impurity Scattering)
1.3b The High Temperature Case (Polar Scattering)
CHAPTER 2 The Hydrostatic Pressure Effects 20-38
2.1 Determination of the Fermi Level
2.1a The Low Temperature Case
2.1b The High Temperature Case
2.2 Temperature and Pressure Dependent Parameters
2.2a The Energy Differences between Various Bands
2.2b The Effective Masses

2.2¢c The Static Dielectric Constant



2.2d
2.2e

CHAPTER 3

3.1

3.2

CHAPTER 4
4.1

4.2

FIGURE 2.1
FIGURE 3.1
FIGURE 3.2
TABLE 3.1
TABLE 3.2

REFERENCES

The Effective Charage

The Generalized Fermi-Dirac Integrals

Calculations and Results

The Pressure Dependent Electrical Conductivfty
at Low Temperatures

The Pressure Dependent Electrical Conductivity
at High Temperatures

Discussion and Conclusions

The Pressure Dependent Electrical Conductivity
at Low Temperatures

The Pressure Dependent Electrical Conductivity
at High Temperatures

39-40

41-43

44
45
46
47
48

49-51



~Introduction

The transport properties of InSb at atmospheric pressure
have been wfde]y studied theoretically in the last two decades.}'5
Although it is experimentally well known that the energy differences
between the various band extrema of this material are pressure
sensitive6’7 and consequently the electrical conductivity is strongly
pressure dependent, there is no systematic calculation so far to
explain the hydrostatic pressure effect on the electrical conductivity.
It is the purpose of the present work to present a calculation for the

pressure dependent electrical conductivity in two characteristic

temperature ranges, 77 K to 100 K and 200 K to 300 K.

Kane calculated the band structure of InSb using the
5 - P perturbation approach and showed that the isoenergetic surfaces
of the first conduction band (as well as that of the light-hole
valence band) are spherically symmetric while the dispersion:
relations between energy and wave number are nonparabolic.8
In Chapter 1, we shall briefly derive various expressions for the
electrical conductivity at different temperatures using the
Boltzmann equation approach with a conventional relaxation time
ansatz, but considering explicitly the specific nature of the
energy band structure of InSb. The dominant scattering mecha-

nisms in the two different temperature ranges are assumed to be
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the impurity scattering (77 K - 100 K) and the polar scattering
(200 K ~ 300 K).

The main effect of the hydrostatic pressure on InSb
is the variation of the energy differences between the various
band extrema. In the electrical conductivity expressions, the
pressure dependent parameters are the carrier concentration, the
electron effective mass, the static dielectric constant and the
generalized Fermi-Dirac integrals which are used to describe
properly the nonparabolic band structure. In Chapter 2, we
_study the dependence of these parameters on the energy differences
between the various band extrema, and hence on pressure.

In the last two chapters, we aﬁp]y the results of the
previous chapters to calculate the pressure dependent electrical
conductivity of n-InSb up to 10 kbar at 81 K and 290 K. The
calculated results are compared with the presently available
experimental resu]ts.g In general, the theory is in good agree-
ment with the experiment in the low pressure range (0 kbar -

5 kbar), and progressive divergence from the experimenta] results
occurs for higher pressures. Possible reasons for the disagreement

are discussed.
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CHPATER 1 The Electrical Conductivity of InSb

The electrical conductivity is defined as the current
density per unit external electric field applied to the conducting:
material. In this chapter, we make a comparably simple calculation
to derive the electrical conductivity of n-InSb in the temperature
range from 77 K to 300 K by assuming a relaxation time t© exists
and also by considering the proper description of the conduction
energy band of InSb. It is known that the energy in the first
conduction band of InSb is spherically symmetric but the relation
between the energy and the wave number k is not quadratic (i.e.

nonparabo]ic)g

1.1 The Electrical Conductivity for Semiconductor with Spherical

Energy Surfaces

The current density is defined as

2 3
J=—————— lev
Y o(2m)3 "k
where fk is the distribution function of the carriers which is

determined by the Boltzmann equation. Under the relaxation time

ansatz, the Boltzmann equation is



of, af E af R -y (1.2)

where [ is the force on the carrier and fﬁ is the equilibrium
distribution to which the carriers relax. Neglecting the temperature
gradient within the sample and assuming the force ¥ arises solely

due to an applied dc electric field E, we have

32
- fﬁ = (- «—E-) vy, - ef. (1.3)
aE v V]

iy

By substituting (1.3) into (1.1), we obtain

2

e afﬁ 3 _
S| et B ek (1.4)

In InSb, the energy bands posses a spherical structure,8

i.e. the bands in k-space are described by spherical energy surfaces,
E(k) = E (k). (1.5)

This relation greatly simplifies the term y, (xk - E) in (1.4)

since the components of the velocity of the carriers Vi become



- 1 dE(k ok
f dk aki
_ 1 dE(k) K
hk  dk j (1.6}

where k is the magnitude of the wave vector. For symbolic
*

convenience, we define an effective mass m , which has been

widely used in transport theory of semiconductorslo, by the

relation

e dE (1.7)
hk dk
Then the velocity components have the form
ﬁki
Vk = —‘ﬁ:,;_ (18)

Assuming the electric field f and the current density

Q to be in the x-direction, we have

Jx = O,y Ex = olEl,
where the conductivity
]
12e? 7 £ 1, 4
o= |- =) 1 ()% KT dk (1.9)
3r 5E m

0



1.2 The Nonparabolic Conduction Band in InSb

In order to evaluate the integral in (1.9), we need
the band structure of the material under consideratjon. In InSb,
the main contribution to the electrical conductivity is from the
electrons in the first conduction band since the electron mobility
of this band is very much larger than the hole mobilities of the
various valence bands (although the 1ight-ho1é mobility of the
second valence band is comparable to that of the conduction
electrons, the light-hole concentration is in fact so small that
we can neglect its contribqtion to the conductivity).11 Therefore
we shall consider only the electrons in the first conduction band
to contribute to the conductivity.

According to Kane's theory, the energy structure of
the first conduction band in InSb is nonparabolic.8 The conduction

electron energy Er as a function of electron wave number k is

given by
2,2 2,2
_ K% 1 * * 8 Pk \k
EL= ot 5l gt Eg (143 5 )] (1.10)
0 EG

where 27 is the Planck const., m_ is the rest mass of the electron, and

0
P is the matrix element of the 'interband' interaction, a parameter

to be determined by the experimental value of the effective mass

m, at the bottom of the tonduction band. E; is the effective



mass band gap which determines the curvature of the first conduction
band (and thus determines the e1e;tron effective mass). Eg

should be distinguished from the forbidden band gap EG of the
semiconductor‘.1 We shall discuss the nature of these two quantities
in the next chapter.

The square root term in (1.10) can be expanded in a

power series provided that the condition

3 E*Z
G
is valid. This requires that k be less than 0.138 x 107 cm_1 at

a temperature T = 290 K which imph’es3 an electron concentration of

18 3 a condition readily met even

at 290 K for the n-InSb samples containing up to 1017 cm_3

11

less than 1 x 10
impurity

donors. Retaining terms up to k4, we obtain

4,4
S (1.11)
3 9 :

o G G

Before we invert (1.11) to obtain the relation k = k(Er),
it is useful to determine the matrix element P from the value of
the effective mass m. at the bottom of the first conduction band
so that we can simplify the energy equation. The effective mass

*
m. of the energy band EF is defined a512



1.17?32 (1.12)
* 1
mr,f\ 3k
which with (1.11) may be written as
2 4 2
1.1 .4 PZ*_§£’.J<;.3_ (1.13)
m, My 3 ﬁEG 3 'f\EG

Therefore at the bottom of the conduction band (k = 0), we have

1.1, 4 P* (1.14)
mp. 0 3 G

and thus the value of P2 can be determined from s by

2 *
PR (1.15)

M

& ow

where we define the quantity p as the ratio of the effective mass
to the rest mass of the electron

= L (1.16)
H = .
mO

13

From experiment u has a value of 0.013 at T = 2.2 K™~ and will change

due to temperature and‘pressure arising from the change of the
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*

g

Substitution of (1.15) into (1.11) gives

effective mass band gap E

2,2 2,2 2 4.4
EF - -k + hk (1 _ 1J) _ ]_{L (1 ‘ZU) h 5 (1-17)
G

2m0 2mF m. E

The two solutions for k2 in (1.17) are

E
| 11:\/1_4(1_ 2 B ] - (1.18)
1-;—)2[ o

We can expand the square root term in (1.18) in a power series

*
provided that 4(1 - u)z EF/EG < 1. This condition is again met
for our sample of n-InSb which has 1 x 1014 cm_3 impurity donors.

Making the expansion, we obtain

n E E E
ke - §T£—§——-§— 1+ [% - 2(1 - )2 - 2(1 - u)4 (—gﬁz]
)

™
G *3
m

and thus for k, we have
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2

E
- (1 - u)4( )é] (1.19a)

\2m - E E.\2]%
L TG [—i+ (1 - w)° (—f‘\) ] (1.19b)
: .

Since k is a slowly varying function of energy, having a finite
value at zero energy, only (1.19b) satisfies the band structure of
n-InSb. Furthermore, since u is very small compared with unity,

we can write

. =\/2mpEG [FL (1 + Er ):l | (1.20)
h

Note that we choose the positive sign in (1.19b) which is required
in obtaining a real physical description of transport properties

of the conduction electrons. From (1.20), we also have

*
\em E. rE En 7 . E.E
dk = rFE [% (1 + —,T()] TE(1+ 2 %) d(—%) | (1.21)
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Relations (1.20) and (1.21) can be applied to obtain
the electron concentration n. in the first conduction band.

The electron concentration is defined as
E,
n = f (E)g(E) dE (1.22)

E,

where E1 and E2 are the upper and lower eneraies of the band,
fO(E) is the Fermi-Dirac distribution and g(E)dE is the density of
states within an infinitesimal range of energy dE which can be

expressed as

g(E) dE = L. Kkdk. (1.23)
2

By substituting (1.20) and (1.21) into (1.22) and (1.23), we obtain

o
) 4 2ankBT 3/2 1
n - 1 ( )
r 3 2
n h

where h is the Planck constant and kB is the Boltzmann constant,

*
By defining new variables y = EF/kBT’ n, = c/kBT and g = kBT/EG,

r
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we have

, .
4 2mm_k, T 3/2 2.5
Ar = — FZB ) s folys np) [y + 8y" 77 (1 + 28y)dy
w2 h 0
8  2mm k,T 3/2 (T 0 32
- (e ‘ folya np)d [y + 8y ] (1.25)
3n? h o
Integration by parts gives
o
8 2w kgl 3/2 5 73/2
e B XS PR
37 h
0
*® afo 2 3/2
- (‘87‘ (y + ey") dy (1.26)

0

Since the first term vanishes for both 1imits, we have

8 2mm_k,T 3/2
n.s— (—5—) %L () (1.27)
3n? h

where ¢ is the Fermi level, n. = c/kBT is the reduced Fermi level

r
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*
and 8 = kgT/Eq and mLz (n,) is a generalized Fermi-Dirac integr‘al14

"Ly (hae) = § (- dy. (1.28)

In general, the generalized Fermi-Dirac integrals can not be
solved analytically, and therefore, we shall evaluate the

°L3/2 (

function o

Nps B) numerically. We shall discuss this type
of function in the next chapter.

Another application of (1.20) is to obtain an energy
dependent expression for m*. By substituting from (1.20) into-

{1.7), we obtain

m o= m (1+2 -5 (1.29)

1.3 The Electrical Conductivity

The result (1.9) in Section 1.1 for the electrical
conductivity involves the relaxation time t which is assumed to
exist. It is the purpose of this section to discuss the existence
of a fe]axation time for the scattering mechanisms in a polar

semiconductor such as InSb in the temperature range from 77 K to
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300 K. The two dominant scattering mechanisms are the impurity
scattering and the polar scattering. The impurity scattering
dominates at low temperatures (0 K - 100 K) and the polar scattering
at high temperatures (200 K - 500 K). We shall treat the two

cases separéte]y.

1.3a  The Low Temperature Case (Impurity Scattering)

The scattering mechanism predominant throughout the
temperature range of 0 K - 100 K is the scattering due to the
ionized impurities. Since the energy emitted or absorbed by an
electron in a collision with ionized impurities (bound positive
atoms for donors) is small compared with the initial energy of
the electron, the relaxation time approximation is valid. According

to Barrie's result for electrons in a nonparabolic band scattered

by ionized impurities, the relaxation time v, isl>
fie 2 ak? aw’ 1 2
. []n (1+ %) - 75—y ] k¢ 9 (1.30)
2neN q Q% + 4k dk

where ¢ is the dielectric constant of the material under consi-
deration, N is the concentration of scattering centres which will
be equal to the conduction electron concentration N in a non-
compensated n-type extrinsic sample (i.e. N = nr), and q is the
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the screening constant in the perturbing impurity potential
e a2 sl 1!
V(r) = - exp(-ar). The quantity [1n(1 ) - = 2]
q q +4k

is a slowly varying function of k so that it may be replaced

by a constant y in the integral involved in (1.9).

Now, the relaxation time T; is of the form

- Yﬁez k2 dE
T 2 | dk - (1.31)
e nl..

To obtain the energy dependent T4 for the conduction electrons,

we substitute (1.20) and (1.27) into (1.31):

*
- yﬁez zmI‘EG[EF(l " El"):”
T,‘ = q ? % K 2 >
2nenp | A s Eg o1+ 2 )
EG
E.q%
o5

32 E

- Symhe” G (1.32)

]

4 % 0
2e'm (keT)* "Li(hs B) (g 2 Iy

Substituting (1.20), (1.21), (1.29) and (1.32) into (1.9), we

obtain the expression for the electrical conductivity o at
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low temperatures,

E. 7%
[ [EI‘(I * —T):l
o 7262 s . af 3@3&23 Eq
L 2 4 5 0, % E
3n 8E [ 2e'm (kgT)* "Lilnps B) (g 4 5T
Eg
E
a 2)\ 2% (e 2E§)
2 T'\2 ’ﬁa r E* 2R Er "
mr(l + 2-2)°|V G [Er(l + —;)]
G Eg
1 g
23y(kBT)2e2 af, [ Er Er/kBT 3
ST 7% o =Nl + )
Fr/kgT T4 E,
x (1+2%——) dp¥ . (1.33)
E B
G/kBT
EL kT
Again, using the variables y = T Np T EET-and B = —%—, we have
B B EGM"

2% (k1) 2 ©3 )

_ Y( R EL L_z(nrss
oo oy -

Ly(np»8)

oL —F (1.34)

e

3
-1 W



- 17 -

1.3b The High Temperature Case (Polar Scattering)

At temperature above 200 K, the polar scattering
dominates the transport phenomena in InSb. Ehr‘enreich1 calculated
the electrical conductivity of InSb due to polar scatterihg
by using the variational formulation which is the proper procedure
to solve the Boltzmann equation since it is questionable to
define a relaxation time for polar scattering at temperatures
near or below the Debye temperature o of the material { for
InSb, © = 290 K). However Ehrenreich's treatment becomes too
complex for a discussion of the pressure effects. For simplicity,
we shall assume a relaxation time ™ exists in the temperature
range of 200 K - 300 K and compare the pressure dependent electrical
6

conductivity with the experimental data. According to Frohh’ch,l

the relaxation time T for this temperature range is given by

1
2

L 3
2 *hv (exp EéT' - 1)Mu E

(1.35)

T -
P 2 * * 1
e’(e”)o(m )"

where v is the optical oscillation frequency of the ions, M is
the reduced mass of the ions, e is the free electron charge,

*
e 1s the effective charge1 and Uy is the volume of the unit cell.
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For condqction electrons in InSb, the relaxation time

™ is obtained by substituting (1.29) into (1.35), i.e.

4 hv A
Z’Hv(exp T - 1)MUBET
o = B : ' (1.36)
* L L
e?(e") (1425

Es

Similar to the calculation in Section 3.1, by substituting (1.20),
(1.29) and (1.36) into (1.9), we obtain the expression for the

electrical conductivity oy at high temperatures

oy hv 5
2 27 of (2Miv(exp g - 1)y Ep 1
v ) e
H oF 2, *\2 % . LB % E. 2
3w o r e“(e) mF(1+c.__£_) m§(1+2;'£)
Eg Eg
Er
4 E 2 (2m: (123
LT T r G
X E(1+ — dE
ﬁ4 r E* 2h Er % 0T
G Er(l + )
Eg
(1.37)
E. kBT
Again, using the variables y = KT °'r " kCT and B =—% we obtain
B B En’
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2
4 (k. T) 2 (exp kg—‘; - 1)

o
H 3n2ﬁ2



- 20 -

CHAPTER 2 The Hydrostatic Pressure Effects

6,7 which indicate that the

There are many experiments,
energy band structure of InSb changes significantly due to hydro-
static pressure change and consequently the energy differences
between the extrema of various bands are pressure sensitive. In
this chapter, we are going to determine the dependence of the
parameters which appear in (1.34) and (1.38) upon these energy

differences so as to obtain the pressure dependence of the

electrical conductivity.

2.1 Determination of the Fermi Level

Since the generalized Fermi-Dirac integrals mLE (n, 8)
which appear both in (1.34) and (1.38) are functions of the reduced
Fermi level, np = g/kBT, we need to determine the Fermi level ¢

corresponding to the carrier concentrations in thermal equilibrium.

2.la The Low Temperature Case

At Tow temperatures, essentially all the electrons in
the first conduction band are excited from the donor impurity

level. Therefore, for the Tow temperature range, we shall
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determine the Fermi level by equating the electron concentration in
the first conduction band to the ionized donor concentration of

the impurity level. If we denote np as the ionized donor concen-
tration of an impurity level EI below the bottom of the first
conduction band; then, from Fermi-Dirac statistics, n is given

by

=3
—
H
—
—
-h
(@]
—
m
ot
——r
St
=
e

e (2.1)

where Ny is the total impurity density (1014 em 3 in the sample
experimenta11y studiedg). The impurity energy level EI is.

determined by using the hydrogen-1like atom approach,12 assuming
that we have a single monovalent donor sample. E. is then given

I
by

£ - _ (2.2)

e shall discuss in the next section the temperature and pressure
dependence of EI which arises from the temperature and pressure
dependence of both the band minimum effective mass m. and the
static dielectric constant .
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Since we assume that all conduction electrons are

excited from the impurity level at low temperatures (i.e. n

r
= nI), we have from (1.27) and (2.1)
8 2ankBT)3/2 032 () 4
3n% h2 0 re
N
D
- = =0 (2.3)

This relation can be used to determine the Fermi level.

2.1b The High Temperature Case

At high temperatures (200 K - 300 K), InSb behaves nearly
as an intrinsic semiconductor and the conduction electrons are
mainly contributed from the various valence bands. To determine
the Fermi level in thermal equilibrium at high temperatures, we
need to know the band structure of InSb to obtain the carrier
concentrations in various bands.

The band structure of InSb was calculated by Kane8
using the k - p perturbation approach. Since In3b has a narrow

forbidden energy gap, the structures of the first conduction band,



- 23 -

the 1ight-hole valence band and the spin-orbit split-off band
are'determined by treating the mutual interactions of these
three bands exactly, while the higher bands are treated by

perturbation theory. The results from Kane's calculation are

2,2 L
_1ke L, (2, 852,27 >
“r = 7m +’2[(EG+3P“) EG]’
A
vi~ " 7m G
0
(2.4)
2,2
_ Ak x2 8 ,2,2\%
fve T "o *‘2[' Eg * 3 P7KT) EG]
and
o +A)—ﬁ2k2 X
v3 G 2m, 3(Eg + 4)

The symbols Er’ Evl’EVZ and Ev3 denote the energy of the first
conduction band, the heavy-hole valence band, the light-hole
valence band and the spin-orbit split-off valence band respectively.
The parameters used in these results are me, the mass of the free
electron, E; the forbidden band gap (for InSb, Eg = 0.23 eV at

T =0 K), EE the effective mass energy gap which is assumed to

affect the effective masses of the first conduction band and the

light-hole valence band on]yl, P the matrix element of the
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"interband' interaction and & the spin-orbit splitting of the
valence band. The value of P has been determined in (1.15).
While A has not yet been determined experimentally, Kane assumed a
value of 0.9 eV by combining the estimated values of the spin-orbit
splitting of the atbmic p-functions in the two different atoms,
indium and antinomy.

Froh (2.4), the expressions for Er and Ev2 indicate
the energy Eand structure of these two bands are nonparabolic.
fhe dedgree of nonparabolicity is determined by the quantity P2k2
occuring in the second term of the expressions. The extrema of
these two bénds are both at k = 0. Since the effective masses are
very small at these band extrema ( mF(O,O) = 0.013 mo13 and
mvz(0,0) = 0.015 m08), the curvature of each band is very large
at k = 0. According to (2.4), the curvature decreases with increasing
k and thus the energy departs from a parabolic band away from k = 0.
The difference between the first conduction band and a standard
parabolic band is shown in Fig. 2.1 The reason for considering the
nonparabolicity of these two bands in transport properties arises
from the fact that the densities of states of the occupied parts
of the parabolic and of the proper nonparabolic band differ by a
significant amount at room temperature so that one should not
neglect it in the calculation of carrier concentration (H. Ehrenreich
has discussed this problem and concluded that the difference

involved at room temperature is more than 50%1).



is less satisfactory.
heavy-hole effective mass m,q has a value of 0.4 m
being equal to the free electron mass as in (2.4).

shall modify Kane's result by replacing my by m,q

The expression for the heavy-hole valence band in (2.4)

Ev1
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ﬁ2k2

2myq

Experimental evidence

17

indicates that the
o’ rather than
Therefore we

= 0.4 My» i.e.

(2.5)

In addition to the bands described by (2.4), many

experiments suggest the existence of a higher conduction band EL

with EF

‘band is assumed to be parabolic with an effective mass m = 0.5my.""

With this additional L - band taken into account, the entire band

L

= (E

L

- E.)

min.

structure of InSb is given by

and

E, =

m
|

vl

v2

v3

= 0.5 eV at atmospheric pressure.

This

2.2
hok
ZmL -t EFL ’ (2.63)
WL [ 62 . 8227 - (2.6b)
2m 2 G "3 G|’
2,2
. hk
ST 2m,, Eg (2.6¢)
__nal (2 4 8 p22)7 (2.6d)
2m 2 G 3 G
= -(E. + A) - 72K '_ PZEE_ (2.6e)
6 2, " 3(Eg D)

8

18
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This is illustrated in Fig. 2.1.

The calculation of carrier concentrations in various
bands is similar to that for the first conduction band in section
1.2. The equations (1.22) and (1.23) are again applied with the
corresponding energy dependent wave number formulae derived from

the band structure.

For the L - conduction band, (2.6a) gives

L
(2mL) Y
—— (E, - By ) (2.7)

and thus the electron concentration in the L - conduction band

will be'given by

[es)
n = SE fo (EL) g (EL) dEL
'L
4 2nm  3/2 ® I 5
= —35_ (—«—;‘—2———-4) S EL _ C (EL - EFL)
" 1+ exp( )
Ere kgT
(2.8)
E, - E z- - E
. L rL rL
Setting y = and n, = ——=——, we have
kBT L kBT
2nmLkBT 3/2
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N
where J.(n) = g; 4 dy is the Fermi-Dirac
J T ), 1+exp (y-n)

In InSb, E. has a value of 0.5 eV while the main

integra1.19

energy gap EG = 0.23 eV at zero temperature. Since the Fermi level
n is within the main gap, the quantity n_ = (z - EFL)/kBT at room
temperature is always a large negative number, so that by following

Blakemore's arguement,19 we make the approximation
F.(n ) =exp (n). (2.10)
A L

Thus (2.9) becomes

anLkBT 3/2

—“_hz ) exp (NL) . (2.11)

n, = 2 (

For the heavy-hole valence band, (2.6c) gives

(2.12)

(Note that we shall choose the negative sign in this expression
for k in order to obtain a real physical description for the hole
concentration). By following the same approach as for the L -
band except using the hole distribution function [1 - f_(E)], the

hole concentration in the heavy-hole valence band is



- 28 -

2rm .k T 3/2

- vl'B
Pyvi 2 (——hz-——) 3,/2(11\,1) (2.13)
_ (¢ + EG)
where ny1 = T -E§T—————-. Since Nyl has a value close to zero
19

room temperature. we approximate & (”vl) as
*

exp(n, )
3%(nv1) e 7 o) (2.14)
and thus (2.13) becomes
2nm kT 3/2 exp(n. 1)
Py = 2 ~——¥%—§——0 vl (2.15)
h 1+ 0.27 exp(n,;)

The expression (2.6e) for the spin-orbit split-off

valence band can be rewritten in a simple parabolic form

2,2
_ 7k
EV3 = - om o C (EG + A), (2.16)
v3
, dE -1 |
by defining an effective mass m_, = H° (——=—) . From (2.6e),
v3 dkz

m, 5 1s given by

' -1
_ 42 | A 2P
mv3 = h [m— - m—‘—‘—)'-e RN ] (2.17)
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and is approximately 0.115 m . Equation (2.16) gives the energy
o A

dependent k in this band as

2m L 5
—¥3 3t Egta) (2.18)

By following the same approach as for the L - band, the hole

concentration in the spin-orbit valence band is

2mm kT 3/2
=2 (————ig ) exp (ny3) (2.19)

For the nonparabolic bands of InSb, we have already
calculated the electron concentration in the first conduction band.
The result for n. is given by (1.27). A similar calculation can
be applied to determine the hole concentration in the light-hole
valence band and a result similar to (1.27) is obtained by approxi-
mating the upper limit E, in (1.22) by Eg instead of using the

correct quantity E This approximation is valid, since the number

G
of electrons excited from the light-hole valence band is much
smaller than that from the heavy-hole valence band. The ho1e

concentration in the light-hole valence band so obtained is
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8 anvszT 3/2

- 0, 3/2
Pve =5 — 2 ) Lo/ (nyps B)  (2.20)
*
(z+E;)
where Ny2 - kéT

In general, especially in the temperature range where
the intrinsic and extrinsic transitions are both important,
the cohdition of electric neutrality of the crystal requires that
the electron concentration in the conduction bands should be equal
to the ionized donor concentration from the impurity level plus

the hole concentration in the valence bands, i.e.
npotnp = npt Pyt Pyt Py3 . (2.21)

Substituting (1.27), (2.1), (2.11), (2.15), (2.19) and (2.20) into
(2.21), we obtain

8 ( 2ankBT )3/2 °L3/2( 2ﬂmLE£§ 3/2

n., B) + 2(- —) exp (n )
3n% h2 o} r , hZ L
) ND = (2vmv1kBT )3/2 exp (nv1)
E 2
1 + exp (Ezf-+ np) h 1+ 0.27exp(n, q)
B
8 2mm kT 3/2
vZ2'B 0, 3/2
+ i ( ? ) LO (nvZ’B)

3n? h
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2nmv3kBT 3/2

+ 2 52 ) " exp (nyy) =0 (2.22)

h
The variables in (2.22) are the temperature T and the Fermi level
t, therefore we can use (2.22) to determine the Fermi level at

high temperatures.

2.2 Temperature and Pressure Dependent Parameters

2.2a The Energy Differences between Various Band Extrema

In semiconductors, a change in temperature will cause a
change in the lattice constants due to thermal expansion as
well as a change in the oscillation frequency of the ions associated
with the variation of the specific heat. These two mechanisms
contribute the total temperature induced change of the main energy
gap EG (the energy difference between the first conduction band
and the first valence band), and the temperature coefficient
(aEG/aT)P has been determined to be - 2.9 x 10-4 eV/K from the
measurement of optical absorption in n-InSb.20 However, it is only
the change of the energy gap with temperature due to the lattice
dilatation which will change the curvature near the first conduction

band minimum (i.e. will change the band minimum effective mass mF).1 To

eliminate the effect of the change in the oscillation frequency
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of the ions with temperature, we have to use the effective mass

* .
energy gap EG instead of EG to calculate the change in m..

*
Ehrenreich1 calculated the temperature coefficient (aEG/aT)P to
be - 0.96 x 10”% eV/K.
Ehrenreich1 assumed that the pressure coefficients

*
of these two energy gaps are the same, i.e. (aEG/aP)T = (aEG/aP)T

Various values of ( aEG/aP)T have been reported from many exper:iments.s’7

Most of the experimental values were obtained from electrical

resistivity data with considerable theoretical uncertainty,6’7

therefore we choose the value ( aEG/aP)T = 1.6 x 10“2 eV/kbar
which has been obtained from the optical measurement of the energy
gap up to 30 kbar.6
If we assume a linear relation of the energy gaps with
temperature'and pressure which is, in fact, observed experimentally,
then the temperature and pressure dependence of EG and EE can be

written as
aEG aEG 2.23)
and E* .
* , e G
EG(T-P) = Eg(0,0) + (p)p T+ (p)p P (2.28)

-~

where EG(O,O) = 0.24855 eV is the value for Eg @t zero temperature

and at atmospheric pressure extrapolated from the high temperature
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region of the EG vs T curyezo. This value should be distinguished
from the exact value EGO = 0.23 eV at zero femperature, since the
temperature dependence of the energy gap is nonlinear in the low
temperature range, 0 K - 100 K.

The magnitude and pressure dependence of EFL are not
well known; however in analogy with other Ge-type semiconductors

and with some theoretical and experimental support, it is thought

that
9Er
' s -2 9
where EFL(O) = 0.5 eV8 18 and (BEFL/SP)T = - 10 eV/kbar.

2.2b The Effective Masses

The conduction band minimum effective mass m, is related

*
to the effective mass energy gap EG and the interband interaction

matrix element by (1.15). Ehrenreich assumed that this matrix
element is weakly temperature and pressure dependent.1 With a
further assumption that the variation of the ratio of the effective
mass and the free electron mass u is small compared with unity,

it follows that (1 - u) = const., and then (1.15) gives the

relation

Eg (T,P)
-rh—r—(T—,P-)——z const. . (226)
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Thus the temperature and pressure dependence of m, is

Eg (T.P)
m. (T,P) = m (0,0) —o-
5 (0,0)
] g 1 kg
=m.(0,0) |1+ £,0,0) GGr e T E5(0,0) (5 )7 P
(2.27)

where mF(O,O) = 0.013 m, is the band minimum effective mass at
zero temperature and atmospheric pressure.
The temperature and pressure dependence of M2 is

similar to that of m, and has the form

*

1 aE
(=2 T
EG(O,O) a7 7,

m,»(T,P) = m,(0,0) [1 +

1 oF

G
+'EG(o,ﬁj’(aP

)T p (2.28)

where m , (0,0) = 0.015 m, is the value for m , at zero temperature

and atmospheric pressure.
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2.2c The Static Dielectric Constant

We write the static dielectric constant as a sum
of the contributions from the lattice po]arizationve]at and the

electronic polarization €a]? i.e.

+ ¢ (2.29)

E:

flat el.

To derive the pressure dependence of ¢, we first assume

that the variation of €1at due to pressure is negligible. This

21

assumption may be reasonable since €1at - 2.2 is small compared

with ¢ _, = 15.7 22 at atmospheric pressure so that any small change

el
in ©1at will not be significant in the total change of ¢. There-
fore the pressure dependence of ¢ can be derived solely from the
variation of €a] due to pressure.

The Penn mode]23 assumes an isotropic free-electron
energy band throughout k - space except near the Fermi surface
where it has a gap EP, the Penn gap. The electronic dielectric

constant in this model is expressed as

€

fw 2
= .
el 1+ ( Ep ) (2.30)

where Wy is the plasma frequency associated with the valence

electrons.
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Since the plasma frequency wp relates to the valence
electron density N = NT/V (NT is the total number of valence
electrons and V is the volume of the crystal) by

2
b 2o AreN (2.31)

P m

q]so the pressure dependence of Il is given by
N(P) = N(O) ( 1+ «P) (2.32)

where N(0) is the density at atmospheric pressure and « = - %{ %%)T
is the compressibility. We can find the pressure dependence of

6p by substituting (2.32) into (2.31), i.e.
2 _ 2
“p (P) = vy (0) (1 + «P) (2.33)

where wp(O) is the plasma frequency at atmospheric pressure.
The Penn gap'EP is é]so pressure dependent. Tsay

t a1.%4

assumed that EP could be identified as the energy of

the transition ZZ,v > 23’C based on the theoretical interpretation
of the Penn model by Heine and Jones and the experimental optical
spectrum. With this identification, EP has a value of 3.7 eV

at atmospheric pressure and a calculated pressure coefficient

(aEP/aP)T_of 9.2 x 1073 eV/kbar24. In basic agreement
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with the optical results of Zallen and Pau]25 which indicate the
'22 v %3¢ transition has a zero pressure value of 4.1 eV and
a pressure derivative of 5.8 x 1073 eV/kbar. We shall use the

theoretical result and write the pressure dependence of EP as

1 3Ep

Finally, the pressure dependence of the static dielectric constant

e is obtained from (2.29), (2.30), (2.33) and (2.34) as

42,2 (0)
e(P) = eq,,(0) + 1+ _E—E(T)‘ [1 + K‘P}
P
5E -2
1 P y_p | (2.35)

2.2d The Effective Charge

1
The effective charge is calculated by Ehrenreich to be
2
2 Mv©u
L a 1 1
e = -7 (- —) . (2.36)
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We shall neglect any pressure dependence of v. Therefore the
2
*
a’e ) which appears in

_1).

pressure dependence of the parameter (u

(1.38) arises from the term (ee]"l - € From the assumptions

1 -1)

made in Section 2.2c (ee]- - € is a very slowly varying

function of pressure. Therefore we shall neglect the pressure

Iy
dependence of (ua/e ).

2.2e The Generalized Fermi-Dirac Integrals

In Chapter 1, Section 1.2, it has been stated that the
generalized Fermi-Dirac integrals could not be solved analytically.

3/2 3/2

b .
0 0 (WF,B)9 OL?Z (T]»I" B) and 2L_3/2 (nF’ B) in

The functions "L
(1.34) and (1.38) depend upon temperature and pressure. We shall
determine the effects of variation of these functions upon the
electrical conductivity by direct numerical anaTysis at various

temperatures and pressures. The variables np and B can be

determined for a given temperature and pressure. To determine Np

and B, we use the equation (2.3) (for the low temperature case)
or (2.22) (for the high temperature case) accompanied with the
temperature and pressure dependent parameters expressed by (2.2)

(2.23), (2.24), (2.25), (2.27), (2.28) and (2.35).
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CHAPTER 3 Calculations and Results

3.1 The Pressure Dependent Electrical Conductivity at Low

Temperature

Equation (1.34) has been used to calculated the
pressure dependent electrical conductivity cL(P) of n-type
InSb at 81 K up to 10 kbar by substituting the temperature and
pressure effects on the effective mass mr(T,P) from (2.27) and
on the static die]ectrié constant (P) from (2.35) and by following
the procedure indicated for calculating the generalized Fermi-
Dirac integrals OLg/z (T,P) and_oLéz(T,P). The parameter y in

(1.34) has been chosen so that the calculated value of o, (P) is

L
in agreement with the measured value at 0.2 kbar.
To show the various contributions from the pressure

dependent parameters of the electrical conductivity oL(P), the

3/2

calculated values of «(P), mF(P), 0L?Z(P)/OLO

(P) and oL(P)/UL(O.Z)
at various pressures are shown in Table 3.1. The vériation of

the electrical conductivity oL(P) as a function of pressure is
compared with the experimental data9 in Fig. 3.1. A good

agreement with experiment is obtained for pressures up to
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approximately 5 kbar. Progressive departure between the calculated

and the observed values occurs for higher pressures.

3.2 The Pressure Dependent Electrical Conductivity at High

Temperatures

Equation (1.38) has been used to calculate the pressure
dependent electrical conductivity oH(P) of n-type InSb at 290 K
up to 10 kbar. Following the discussion in Section 2.2d, the only
pressure dependent parameter is the generalized Fermi-Dirac integral
%L?QEZ(P) which includes the variation of the conduction electron
concentration and of the electron mobility due to pressure. The
variation of the conduction electron concentration due to pressure is
shown in Table 3.2. The pressure dependent concentration is in
excellent agreement with the Hall measurement of the intrinsic
carrier concentrationzs. The calculated electrical conductivity
oH(P) is compared with the experimental data9 in Fig. 3.2. The
theoretical results indicate a nearly linear relation between
Tog oH(P) and P with log oH(P) = log cH(PO) + bP where b has a value

of - 0.145 while the experimental results give a nonlinear relation,

log cH(P) = log oH(Po) + b'P + ¢'P where b' = - 0.148 and c¢' = 0.0022.
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CHAPTER 4 Discussion and Conclusions

4.1 The Pressure Dependent Electrical Conductivity at Low

Temperatures

The pressure dependent electrical conductivity for
n-InSb at 81 K has been calculated by assuming the dominant
mechanism for scattering of electrons to be ionized impurities.
At low temperatures such as 81 K, it is known that the mobility

is dominated by ionized impurity scattering in highly degenerated

17 27

samples (ND > 10 cm-3) at atmospheric pressure4. Qther experiments
indicate that at this temperature, impurity scattering dominates
for samples with Tower impurity concentrations down to at least

102° em™3.  For an undoped sample with Nj = 1014

cm_3, our
calculation, in which no approximation is made for degeneracy,
has a good agreement with experiment for pressures up to 5 kbar.
Therefore, we do believe that the ionized impurity scattering

is the only important mechanism at low temperatures.

In determining the impurity energy level EI’ we use the
hydrogen-1ike atom approach, assuming that we have a single mono-
vé]ent donor sample. It is the simplest method of calculating
EI which may oversimplify the problem of determining the Fermi

level. In fact, the undoped sample which was used in the experiment

may contain different types of impurities. There is no guarantee that
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all impurities are single monovalent atoms. If part of impurities

are multivalent atoms, instead of one single impurity energy level,
there will be additional levels which are deeper in the forbiden energy
gap. In this case, a decrease in electrical conductivity at higher
pressures may arise from the decrease in the ionized donor concentration
associated with the pressure dependence of these additional impurity
energy levels. The simplification of our impurity model may explain

the deviation between the calculated and the observed electrical

conductivity which occurs at higher pressures.

In our model, we also exclude the possibility that the
impurity atoms overlap with one another. Incousion of the overlap
would lead to lowering of the binding energy of the donors. However
at T = 81 K, all electrons are ionized even when overlap effects
are neglected. Therefore we did not take the overlap effects into

account in our calculation.

4.2 The Pressure Dependent Electrical Conductivity at High

Temperatures

The pressure dependent electrical conductivity for
n-InSb at 290 K has been calculated by assuming that a relaxation
time exists in the polar scattering process. The theoretical

result gives an under-estimate of o at 290 K for high pressures.
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Indeed, the theory does not include the nonlinear pressure effect
of log o, (P) which is observed in experiment. At 290 K, the fact
that electron mobility is dominated by the polar scattering has
been already verified by Ehrenreich1 at atmospheric pressure.
Since our calculated results for the conduction electron concen-
tration are in excellent agreement with experiment, the linear
dependence of the energy differences between the various band
extrema may be considered as a reasonable assumption. The absence
of nonlinear pressure dependence of log oy (P} in our theory
possibly may arise from the improper relaxation time assumption for
the polar sﬁattering process. This suggests that we should solve
the Boltzmann equation by using the variational formulation to
obtain the expression for the e1ectkica1 conductivity.1 Solving
the Boltzmann equation without the relaxation time assumption is
highly numerical. 'Therefore, unless this calculation is made, it
is not known whether the improper relaxation time assumption

would cause the under-estimate of the electrical conductivity at

high pressures.
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FIGURE 3.1 The pressure dependent electrical conductivity
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m 0,3
(kbar e (102 gn ) % | e
0 17.9 0.1147 3.7517 1.0057
0.2 17.89 0.1162 3.7585 1.0
1 17.86 0.1223 3.7873 0.9787
2 17.82 0.13 3.8216 0.9537
3 17.78 0.1376 3.8521 0.9304
4 17.74 0.1452 3.8811 0.9085
5 17.7 0.1528 3.9061 0.8867
6 17.66 0.1604 3.9304 0.8675
7 17.62 0.1681 3.9517 0.8477
8 17.58 0.1757 3.9728 0.8300
9 17.54 0.1833 3.9886 0.8124
10 EBYA: 0.1909 | 4.0073 0.7957

TABLE 3.1 Calculated values of the static dielectric constant «,

3/2

o , and

the effective mass mp, the parameter OL?Z/ °L
the resulting relative conductivity at various pressures

at 81 K.
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P by Py,
(kbar) (10"cm™) | (1o cm™) L P
0 1.858 1.610 -0.722 0.1132
0.2 1.765 | 1.554 -0.8 0.116
1 1.431 1.342 -1.1 0.1056
2 1.095 1.108 -1.47 0.09887
3 | 0.8338 0.9047 -1.83 0.09298
4 0.6323 0.7333 -2.19 0.08776
5 0.4782 0.5901 -2.55 0.08309
6 0.361 0.4717 -2.9 0.07889
7 0.2724 0.3745 -3.25 0.0751
8 0.2053 0.2960. -3.596 0.07165
9 0.1549 0.2323 -3.94 0.06851
10 0.117 0.1812 -4.27 0.06563
TABLE 3.2 The calculated values of the conduction electron

concentration Nes the light-hole concentration nyo the

*
reduced Fermi level Np and B = kBT/ EG at various

pressures at 290 K.
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