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ABSTRACT

The principal question discussed in this dissertdation is the.
problem of characterizing the existence of admissible Fréchet differ-
entiable norms on Banach spaces.

In the first chapter the basic concepts of normed linear spaces
are introduced and a summary of differential calculus on Banach spaces
is given.

The. following three chapters of the paper are concerned with the
existence of an admissible Fréchet differentiable norm on a separable
Banach space. A construction of such.a norm is given for a separable
space which has a separable dual. Also, it is shown that if such a
norm exists on a Banach space, then the density character of the space
equals the density character of its dual.

In Chapter V, it is shown . that if the density characters of a
space and its dual are not equal, then the space admits a rough norm.
As a consequence of this, there is no Fréchet differentiable function
on this space with bounded non-empty support. This implies that the
space does not admit a Fréchet differentiable norm.

Finally, the notion of P _ smo;tﬂﬁess is introduced. It is
shown that if a Banach space admits a ? - norm, then it is ? -
smooth. This fact is one of the reasons why it is of interest to
determine the class of Banach spaces that admit b _ norms.. Also,

those spaces that are P - smooth are characterized as those for which



the 1P - topology is the norm topology. The P - topology is the
weakest topology for which the functions of class (P on the space
are continuous. Some further properties of these topologies are also

studied.
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CHAPTER I

INTRODUCTORY . CONCEPTS

1.1 Introduction

In this chapter we will introduce some of the basic definitions
and fundamental propositions of linear analysis on which the results
of this paper are based. However, we will mnot include all of the
terminology and ideas used in this paper, particularly those concepts
employed which pertain to topology and classical analysis. The reader’
is referred to Kelley [10] and Robertson [18] for clarification of the
topological notions used. Royden [19] is a good reference for concepts
of classical analysis. The -definitions of certain concepts have been,
more appropiately, deferred until later chapters.

We will first consider the underlying structure of Banach spaces,
paying special attention to those aspects of convexity and functionals’
which are naturally involved in any study of differential calculus.

In particular, we shall introduce the Hahn Banach theorem, which is

a useful tool in any study of functional analysis. Wilansky [21] is

a good reference source for the many concepts of linear spaces mentioned
in this paper.

Following the development of the basic, ideas of linear spaces,
we will go on to define norms and the resulting topologies, which give
rise to the notion of continuity of functionals. 1In the light of

these topologies, we will consider some of the implications of the



Hahn Banach theorem, and we also consider those definitions and propo-
sitions which characterize a normed linear space by its unit.sphere.
The book by Dunford and Schwarz [7] complements this development very"
well.

We will conclude this chapter with a study of infinite dimensional
differential calculus. The concepts of Gateaux and Fréchet differen-
tiability are developed and several propositions are given which ill-
ustrate that strong differentials of the norm of a Banach space can
be represented by continuous linear functionals. A complete treat-—
ment of differential calculus on Banach spaces is given in Dieudonné's
book [6] and Cudia [5] does a comprehensive survey.of the differentia-
tion of norms.

Many of the elementary and well known propositions of functional
analysis, which follow, have not been proved here; however, standard

proofs of these theorems can be found in the resource material indicated.

1.2 Linear Spaces

1.2.1 Definition

A linear space X 1is a set on which is defined addition, +,

so that (X, +) 1is a commutative group; and multiplication by scalars

satisfying the distributive laws
tlx + y) = te + ty and (s + t)x = sx + tx,

where g, t are scalars, x, y € X, and satisfying (st)x = s(tx),
and I:x = x.

The elements of X will be called vectors and for the purposes
of this dissertation, the field of scalars will always the reals, de-

noted R.



1.2.2 Definition

A subset of linear space is convex if and only if it includes
the line segment joining any two of its points. More precisely, a
set A is convex provided tx + (I - t)y 1s in 4, for all scalars

t satisfying 0 <t <1, and =z, y € A.

1l.2.3 Definition

A set A 1is called balanced if ¢t 4 € A for all scalars ¢

satisfying |t| < 1, where tA = {tx | x € A}.

1.2.4 Definition

A nonempty subset A of a linear space is called affine if
tA + (1 - t) ACA for all scalars ¢. Thus, a set A is affine

if it is a translate of a linear subspace.

1.2.5 Definition

The convex hull of a set 4 1is the smallest convex set which

includes A, and so, every element of the convex hull of 4 1is a
finite linear combination of elements of A with non-negative real

coefficients adding up to I.

1.2.6 Definition

If M 1is a subset of the linear space X, then a point x ¢ M

is called an internal point of M 1if, for each y e X, there exists

an u > 0 such that = + ty e M for |t| < y.

A point x € X 1is called a bounding point of M 1if x 1is not

an internal point of M.or X - M. A bounding point of M 1is called an



extremal of M 1if it is not interior to any line segment con-=

tained in M.

1.2.7 Definition

Let X and Y be two linear spaces. The mapping f of X

into Y 1is called linear if
flx + y) = f(x) + f(y), f(tx) = tf(x)

for all x, y e X and ¢t € RA.
If the image space of a linear mapping f 1is the scalar field

of X, namely R, then f 1is called a linear function or functional.

Associated with every functional is the set {x | f(x) =0 and x e X},

denoted fJ' and called the kernel of f.

1l.2.8 Definition

A proper subspace of a linear space X is called maximal provided
its only superspace is the whole space X. A hyperplane is a trans-

lation of a maximal subspace.

In the following propositions we will characterize maximal sub-

spaces and hyperplanes.

1.2.9 Theorem

Let f be a non-identically-zero linear‘functional, then f'L
is a maximal subspace and conversely, if S 1is a maximal subspace
there exists a linear functional f such that S = fj'.

The following lemma shows that a linear functional is almost

determined by its set of zeros. It is in fact, determined up to a



multiplicative constant.

1.2.10 Lemma

Let f, g be linear functionals such that f* is contained in

g+ . Then there exists a constant ¢ such that g = tf. If g

is not. identically 0, then ¢ # 0, and f" = gl'.

Proof:
Let a be a vector such that f(a) # 0. Given any vector x,

let y=x - ;%g%— a. Then f(y) =0, hence g(y).= 0, from

which we get g(x) = ?%%%- flx). Set t = ?%%%- to get the above

result.

1.2.11 Theorem

If f 4is a linear functional not identically zero and ¢t is a
scalar, {x | f(x) =t and x € X} 1is a hyperplane. Conversely,

every hyperplane has this form.

1.2.12 Corollary

If f, g are linear functionals which are equal on a hyperplane,

which does not contain the origin, then f =g.

1.2.13 Definition

If x is a bounding point of a set A, a non-zero linear functional
is said to support 4 at & 1if there exists a real constant ¢
such that f(4) < t, f(x) =t, where f(A) = {f(y) | y € 4} CR.

If such a functional exists it is called a support functional of 4

at - zx. The hyperplane determined by f and ¢ 1is called the support

<y,



hyperplane of 4 at .

We note that if f dis a support functional of A at x, then

so is every positive multiple of f. Conversely, if every support

functional of 4 at &z 1is a positive multiple of f, we say that

A has a unique tangent at X.

1.2.14 Definition

Two sets, A, B are said to be separated by a linear functional
f if f # 0 and there exists a real number ¢ such that f(x) < ¢t < fty)
for all x € 4, y € B.

Next we state the Hahn Banach extension theorem whiéh is of
basic importance. We will also list some corollaries of this theorem
which are applicable to linear spaces; later in the chapter we will
indicate some results of the theorem pertaining to normed linear

spaces.

1.2.15 Theorem (Hahn Banach)

Let the real function p on the linear space X satisfy
0 < plx +y) < p(x) + ply),
pl(tx) = tp(zx); t =20, x, ye X.

Let f be a linear functional on a subspace Y of X

with

flx) < plx), =z e¥.

Then there is a linear functional F on X for -which



F(x) = flx), x € Y; F(x) < p(x), =z € X.
For a proof of this theorem see [21, p. 65].

1.2.16 Theorem (Basic separation theorem)

Let A and B be disjoint convex subsets of a linear space X,
and let ‘4 have an internal point. Then there exists a

linear functional f which separates A and B.

1.2.17 Theorem (Basic support theorem)

If a convex set A4 in a linear space X has an internal point,
then A has a non-zero support functional at each of its bounding

points.

1.3 Normed Linear Spaces

For the remainder of this chapter we will be concerned with

normed linear spaces.

1.3.1 Definition

A prenorm is a real valued function, B8, defined on a linear

space and satisfying, for all vectors x, y and scalars ¢,

(2) Blx +y) < B(x) + B(y),
(the triangle inequality),

(3) B(tx) = |t| B(x), (homogeneity).
A norm is a prenorm satisfying the following condition;

(4) B(x) >0 if =z # 0.



A linear space X, together'with a norm B 1is called a normed

linear space and is denoted (X, B) or X, the norm being under-

stood.

1.3.2 Definition

Let (X, B) be a normed linear space. Then the function d

defined by,
dlx, y) = Blx - y)

where x, y € X, 1s a metric, called the induced metric on X. This

metric gives rise to a topology on X called the norm or strong

topology. Robertson [18] proves that the norm topology is the weakest
topology on X compatible with its algebréic structure, and in which
the norm B 1is continuous.

Let (X, B) be a normed linear space and p another norm defined
on X. Then we say that p 1s equivalent to 8 or that p is
admissible on X, if the norm topology of p 1is equivalent to the
norm topology of 8. A useful characterization of admissibility
results from the following proposition:

1.3.3 Lemma

Two norms p and B defined on a linear space X are equivalent
if and only if there exists two real constants, a > 0, b > 0, such

that,
a - p(x) < Blx) < b . pol(x)

for any x e X.



Clearly, a norm p 1is continuous on (X, B8) 1if its induced
topology is courser than the norm topology of 8. As above, wecan
characterize the continuity of p, by the necessary and sufficient
existence of a constant. a > 0, such that p(x) < a - B(x) for every

x e X.

1.3.4 Definition

A normed linear space which is complete in its norm topology is

called a Banach space. In particular, the set of reals, together

with the absolute value function, is a Banach space, whose norm top-

ology is in fact, the usual topology of the reals.

1.3.5 Definition

The closed unit ball of a normed linear space (X, B) is denoted

B, and is defined by B, = {x | x ¢ X and B(x) < 1}.

] B

The unit sphere, denoted S is defined by S, ={x | x ¢ X

B8’ B

and B8(x) = 1}.

1.3.6 Definition

If (X, 8) and (Y, p) are normed linear spaces, the symbol
L(X, Y)  the linear space of all linear maps from X to Y
which are continuous with respect to the norm topologies. The norms
B and p generate a natural norm o on L(X, Y), called the

supremum or sup norm, defined by a(f) = sup {p (f(x)) | x ¢ BB}’

where f e L(X, Y). It is well known, for example see Royden [19],
that if (Y, p) 1s a Banach space then L(X, Y) together with the

sup norm is also a Banach space.



Assoclated with a normed linear space, X, 1is the space of
continuous linear functionals on X. This Banach space, denoted X*,

i1s called the conjugate or dual space of X. The sup norm on X*

is called the dual norm and is denoted 8% to indicate its relation-
ship with the norm B8 on X.
Similarly, we denote the dual space of X*, by X**, and its

sup norm by B**,

1.3.7 Definition

Let X be a normed linear space. The mapping ¢: X -+ X**,
defined by (¢(x)) f = f(x) for f 1in X*, 1is called the natural
embedding of X into X** ¢ maps X 1isometrically into X*#

and, when ¢ 1is onto X**, then X 1s said to be reflexive.

1.3.8 Definition

Let (X, p) be a normed linear space. The weakest topology of
X under which all the linear functionals of X* are continuous

will be called the weak topology of X. The térms w-open, w-contin-

uous, etc. will refer to the weak topology of X.
If X is thedual space of some normed linear space Y, then the
weakest topology of X wunder which all the linear functionals of

¢(Y) < X* are continuous, will be called the weak * - topology of X.

(The mapping ¢ 1s the natural embedding of Y into X*). When
referring to this topology we will prefix terms with w*. It should

be noted that the w*-topology 1s only defined on dual spaces.

10



1.3.9 Theorem (Alaoglu)

Let (X, B) be a Banach space. The dual unit ball, Bgxs is
compact in the w*-topology.

For a proof of this theorem see [19; p. 173].

We will now consider ideas and results obtained by interrelating
the topological and algebraic properties of normed linear spaces.
First, we will consider implications of the Hahn Banach extension
theorem on normed linear spaces. If the prenorm p, ﬁsed in the Hahn
Banach theorem (p. 6) is continuous in the norm topology then f
and its extension F are both continuous linear functionals and so,
it is evident that in normed linear spaces, the basic separation and
support theorems determine the existence of continuous linear functionals
with the appropriate properties.

The following corollaries are immediate results of the Hahn Banach

theorem applied to a normed linear space (X, B).

1.3.10 Corollary

Let Y be a subspace of the normed linear space X. Then B
restricted to Y 1is a norm on Y and we have that for every element

f in Y* correspondsa g in X* ‘with
BX(g) = B*(f); flx) =gl(zx), x € Y.

1.3.11 Corollary

Let Y be a subspace of the normed linear space X and let

x € X be such that

11
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inf {B(y - x) | y e Y} = ¢t > 0.
Then there is a functional f e X* with

flz) = 1; BMf) =% Fly) =0, ye¥.

1.3.12 Corollary

Let x be a vector not in the closed subspace Y of X. Then

there is a continuous linear functional f & X* with
flx) =1; fly) =0, y e Y.

1.3.13 Corollary

For every x # 0 in the normed linear space X, there is an

f € X* with
B*(f) =1 and f(x) = B(x).

This proposition shows that there are enough functionals in the dual
space X* to distinguish the points of X, Any set of functions
with this property is called total. In view of the following defini-
tion and theorem, this proposition implies that the weak topology on
X 1is locally convex. Similar proofs show that the norm and weak*-

topologies are also locally convex.

1.3.14 Definition

A topology on a linear space is said to be locally convex if it

possesses a base consisting of convex sets.

1.3.15 Theoren

If Y 1is a total linear space of linear functionals on X, then
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the weakest topology on X for which the elements of Y are continuous

is locally convex.

1.3.16 Theorem

For every x 1in a normed linear space (X, B),
B(x) = sup {| f(x) | | fe Bgul

1.3.17 Definition

A normed linear space is called separable if it contains a count-

able dense subset.

1.3.18 Theorem

If the dual space X* 1is separable, so is X.

We will now turn our attention to the closed unit ball and the
unit sphere. It is obvious that every element in a normed linear
space is the product of a non-negative scalar and some element of the
unit sphere. 1In this sense, the unit sphere completely characterizes

the norm.

1.3.19 Definition

Let (X*, 8*) be the dual space of (X, B). Then f € X* 1is

said to be a normalized functional if B*(f) = 1, that is, f ¢ SB*'

Since the unit ball in convex and the unit sphere is the set
of its bounding points, Corollary 1.2.17 and the comments follow-
ing definition 1.2.13 assure the existence of normalized support

functionals to the unit ball at every point of the unit sphere.



14

1.3.20 Definition

A norm B 1s said to be smooth if there is a unique normalized
support functional at each point of SB.

1.3.21 Definition

A norm B 1is said to be rotund if SB contains no line segments,

or equivalently, every point of SB is an extremal point.

A characterization of rotundity is given in the following lemma.

1.3.22 Lemma

Let (X, B) be a normed linear space. Then B8 is rotund if
and only if for every pair of non-zero elements x, y € X that satisfy

B(x + y) = B(x) + B(y) we have that x = ty for some scalar ¢t > 0.

1.3.23 Theorem

Let (X, B8) be a normed linear space, and let p be a continuous

norm on X. Then, if p#* is rotund, p is smooth.

Proof:

Assume p* 4is rotund and p 1is not smooth. Then, for some
Xg & Sﬁ there exists two different normalizgd support functionals
Ff1 and f> at Xj. Since f; and f, are different it follows
that f; 1is not a scalar multiple of f,. However, it can be

shown that p* (£l4§~f24= 1. Therefore,

p*(f1 + f2) = o*(F1) + o*(f2)
so, by Lemma 1.3.22, f; = tf, for some ¢ > 0, which is a con-

tradiction.
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1.3.24 Theorem

If p* 1is smooth, then p 1is rotund.
Proof:
Suppose p* 1is smooth and p is not rotund. Then, for some
x, y € Sb, ELE%E- is in Sp. Therefore, there is a normalized
support functional f at ELE%H- and it follows that f 41s also
a normalized support functional at x and y. But then ¢(x), ¢(y)

€ X** would be different normalized support functionals at f,

which contradicts the smoothness property of p*.

1.3.25 Theorem

A norm defined as the sum of two norms, one of which is rotund,
is rotund.

Proof:

Assume p and w are norms, and p 1is rotund. Define the norm
a by a(x) = p(z) + w(xz). Let x, y e X such that x # 0, y # 0

and a(x + y) = a(x) + a(y). Then

plx) + wlx) + ply) + wly) = plx + y) + wlx + y)

IA

plx + y) + wlx) + wly)
Cancelling we get:
plx) + p(y) < olx + yJ.

Hence p(x + y) = p(x) + p(y) which implies that & = ty for some

real ¢t > (0, and the theorem is proved.



The following definitions and propositions offer a very useful

characterization of unit balls.

1.3.26 Definition

Let (X, B) be a normed linear space. For ACX, define 49,

the polar of A4, by

A0 ={f | fex*, | flx) | <1 for all =z e A}.
Similarly, we define the polar of B C X*, by

BO={zx | xeX, | fltx) | <1 for all f e B}.

The following list of facts concerning polars follows almost

immediately from the definition. A and B can be subsets of X or X*

unless otherwise specified.

1.3.27 Lemma

i) If A € B then A9 D BO,

i1) 4 C(a0)°.

iii) (4°)% includes the convex balanced hull of A.
iv) For scalar t # 0, (tA)O.s %—AO.

v) If A € X*, then A0 is closed.

1.3.28 Theorem

The polar of the unit ball in (X, p) is the unit ball of X*,
The converse is also true.
Proof:

Only the converse need be proved, since from the definition of

the dual norm we get immediately that (Bp)0 = Bp*.

16



From this, and the fact that 49)° > 4 for any subset 4, we
see that (B, +)0 = (8,9 —>B
e that o) = o — Bp.
To prove containment in the other direction, let x € (Bp*)o,
and suppose x £ B,, then p(x) > 1. By using Corollary 1.3.13 of
the Hahn Banach theorem, there exists a continuous linear functional
f such that p*(f) =1 and f(x) = p(x), hence | f(x) | > 1. But

this is a contradiction, and thus we have proven that (Bp*)o = Bp.

1.4 Differential Calculus

We shall now give a summary of the concepts of differential

calculus on Banach spaces wused in this paper.

1.4.1 Definition

A real or vector valued function f on a Banach space X 1is

said to have an upper Gateaux differential at x e X, denoted f'x,

provided

_lim flx + tu) - flx)
(f'xz)u = by T

exists for all u ¢ X.

‘We say that f 1s upper Gateaux differentiable at x if f has

an upper Gateaux differential at . If f 1is upper Gateaux differ-

entiable at every non-zero element of X, then f is upper Gateaux

differentiable.

1.4.2 Lemma

If a continuous norm p on (X, B), a Banach space, is upper

17
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Gateaux differentiable at each point x ¢ Sps then p is upper
Gateaux differentiable and (p’' (tx))u = (p'x)u for each ¢t > 0 and
every u t X.
Proof:

Using the linear property of p, we have immediately, since

t > 0, that

lim p(txe + su) - p(tx)
s~0* s

(p" (tx))u

lﬁn+ plx + %—- ul) - plx)

oo

= (p'x)u .

This fact, and the result that every non-zero element of X is the
product of a positive scalar with some element of Sp imply the
desired result.

It is obvious from this proposition that the existence of a diff-
erentiable norm on X 1is equivalent to the existence of a norm which

is differentiable at every point of Sge

The following results are due to James [8] and Mazur [14]. We
first show that the differential of a continuous norm is a continuous
prenorm. Then, using this prenorm in the Hahn Banach theorem, we
characterize the support functionals at x & X with respect to the

upper Gateaux differential of the norm at .



1.4.3 Lemma

Let (X, B) be any arbitrary Banach space and p a continuous
norm on X, Let x € X, then p 1is upper Gateaux differentiable
at x, and

1) (p'z) (y +2) < (p'x)y + (p'x)z,

2) (p'z) (ty) = tlp'x)y for t > 0,

3) (p'x)y < p(y), and

4) -(p'x) (-y) < (p'x)y,
for every y, z € X.

Proof:
If t; > t, > 0, then for y e X

plx + tiy) - ol(x) plx + toy) - pl(x)
t1 t2

tr « plx + tyy) = t3 - p(x + toy) + (£t - t3) - plx)
- t1 ¢+ ¢

> 0, since it follows from the subadditive property of the norm that,

ty » plx + t1y) - t1 « olx + try)

p(tox + titoy) - p(ti1x + t1toy)
> ~-(t] - t3) - p(x).

It also is a consequence of the same property that,

plx + tyi - plx) > —p(y).
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plx + ty) - pl(x)
t

increasing function of ¢, which is also bounded below. It follows

is a monoﬁonically

Thus we have shown that the ratio

that (p'x)y exists for every y.

1) Let s > 0, then for Yy, 2 € X we have

20(x + -g— (x + z))

=pl(x +8y +a + 2)

1A

pl(x + gy) + plx + 82)

and so
g .

p(x',"z

(y + 3)) - p(x)
8.

plx + sy) - p(x) + p(x + s8z) - p(x)
g s

IA

which implies that

2. (p'z) (M‘.g——z—) < (p'x)y + (p'x)z.

By using property 2) of this theorem we immediately get the desired
inequality.
2) Suppose t > 0, then for y € X, we have

plx + tsy) - plx)
8

x
p(% + 8y) - p(%-)

= t .
)

This implies that (p'x) (ty) =1t - (p'_%Jy; hence, by lemma 1.4.2, we



have
(p'x) (ty) =t - (p'x)y.

3), 4) These inequalities follow immediately from the subadditive

property of the norm.
We note, in passing, that property 2) implies that a norm is diff-

erentiable at x 1if the norm is differentiable gt each X € Sp-

1.4.4 Lemma

Let (X, B) be any arbitrary Banach space and p a continuous
norm on X. If x9, yo € X and a is a real such that
-(p'zg) (-yg) < a < (p'xg) yg, then there exists a continuous linear

functional f on X, such that p*(f) =1, f(xg) = p(xg) and
flyo) = a.
Proof:

Consider the set of elements

C={x | x =txy + syogl, t, s eR

and define g on C by gf(x) = tp(xy) + sa. We note that (C is, in
fact, a linear subspace and that g 1s a well defined continuous
linear functional on C.

Let y be an element of (, then y = tgxg + 8gyg for some

to, 8 € R, and for r > 0, we have

plxg + ry) - pl(xg)
r

1 + tgr rs
=tg - D(:Co) + ——;——Q— [D(mo +T%I_‘t_o—. yo)

- p(mo)
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from which we get

(p'xgly = tg - olzq) + (p'xg) (sgyo/-

But, since sgpa < gg * (p'zglyg = (p'xg) (sgyg/
and

gly) = tg - plxg) + sSpa
we have g(y) < (p'xyly.

Now by lemma 1.4.3, p'xyg and g satisfy the hypothesis of the Hahn
Banach extension theorem, so there exists an f € X*, such that

flx) < (p'zg)x for all x € X and f(z) = g(x) on C. It follows

A

that f(xg) = p(xy) and f(yg) = a. Further, by the previous lemma,
f(x) < p(x) for all x € X which implies immediately that p*(f) = 1.
It follows directly that if xp € Sp then f 1is a normalized

support functional of xg.

1.4.5 Definition

A function f on a Banach space X to a Banach space Y

is said to have a Gateaux differential at x X, provided

lim flx + tu) - flx)
t+0 ¢

(f'z)u =

exists for all u e X. It follows from Lemma 1.4.2 that a norm p has a Gateaux
differential at x € X if and only if (p’ (»‘-)i(c;)—«?u exists for

every u € Sp).
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1.4.6 Theorem

ff (X, B) 1is a Banach space, and p 4is a continuous$ norm on
X, then, if p 1is Gateaux differentiable at zp € X, p'xg is a
continuous linear functional, with p*(p'xg) = I and (p'xglxg = p(xg).
Proof:

Consider any yp € X; using lemma 1.4.4, we can

find a continuous linear functional f such that,
o*(f) = 1, flzg) = o(xg) and Flyo) = (p'z0)yo-
From this we get
t t f(y) < o(xg * ty) - plxg); for t > 0.

Hence

- p(xq) < fly) < p(xq +§li - p(xg)

plxg - ty)
-t

which implies
- (p'xg) (-y) < fly) < (o' (xp))y

for all y.
Since p is Gateaux differentiable at xg we immediately get

f =p'rg and the theorem is proved.

In the following proposition, we demonstrate the intuitive
classical notion of the equivalence of differentials and unique tangents.

1.4.7 Lemma

Assume p is a continuous smooth norm on (X, B8). Then ¢ 1is



Gateaux differentiable on Sy
Proof:
Suppose p 1is not Gateaux differentiable at xg € Sp. Then

there are reals, a and b, and yg € X such that,
(p'xo) yo 2 a > b 2 -(p'xg) (-yg).

Then, by lemma 1.4.4, there are normalized support functionals f, g
at xg9 such that f(yg) =a # b = g(yp). But this contradicts the

smoothness property of p.

1.4.8 Definition -

Let (X, B) be any arbitraryBanach space and assume p 1is a
continuous smooth norm on X. The mapping 1v: Sp -+ Sp* s called

the support mapping, assigns to each x ¢ Sp the unique normalized

support functional at .

1.4.9 Corollary

Assume p 1is a continuous smooth norm on (X, B). Then (y(xzg))y
= (p'mg)y for all y e X and =z € &,.
Proof:

By lemma 1.4.7, we see that (p'xply exists for every y e X,
and, by corollary 1.4.6, p'ry 1is a normalized support functional at
Zp. Smoothness immediately implies the conclusion of the theorem.

It is also true that a continuous Gateaux differentiable norm is

smooth.
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1.4.10 Definition

Let (X, B) and (Y, p) be any two Banach spaces. The function

f: X > Y has a Fréchet differential at xy € X, provided there is

f' xg € L(X, Y) such that for every uy > 0 there is a 6§ > 0 such
that B(x - xg) < 6§ implies

plficy - fixg) - (F'xp) (x - xg)] < u - Blx - x29).

We will say that f is differentiable at xy 1if f has a differential at

The Fréchet differential is the Gateaux differential for which
the limit is uniform with respect to direction, and so, if a function
f 1s Fréchet differentiable at x e X, then f 1s Gateaux differ-
entiable at x and the differentials are equal.

If f 1is Fréchet differentiable at all points of X, then we
get amap f': X > L(X, Y), given by x » f'x, which is called the
Fréchet derivative of f. Note that the differen:iability of f is
independent of the choice of equivalent norms on X and Y.

Since L(X, Y) 1is a Banach space it is possible to consider
continuity and differentiability of f' and hence higher order deriva-
tives of f.

Let Ln(X, Y) denote the Banach space of continuous zn-multilinear
maps. Define Ly(X, Y) to be Y. Now, since Lp+1(X, Y) 1is
naturally isometric to L(X, Ln(X, Y)), with its sup norm, we may
consider the n-th derivative §f~ f (if it exists) as a map

sy Ln(k, y).

Lo
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1.4.11 Definition

The function f: X > Y 1is said to be of class Cn, 0 <n< =

on X, 1if f 41s n-times Fréchet differentiable on X and
(n)
f

f 1s of class (9. If f 1is of class " for all n, 0 < n < =,

: X »ILr(X; Y) 1is continuous. If f is continuous on X, then

then f 1is of class c”.

The following propositions illustrate the strong similarity

between infinite dimensional calculus and calculus of the real line.

1.4.12 Theorem

Let X, Y, Z be Banach spaces, and let f: X > Y 'be differen-
tiable at x € X, and let g: Y + Z be differentiable at f(x) ¢ Y. Then

g of: X2 is differentiable at x € X, and (g o fl'x = g'(fl(x)) o f'(z).

1.4.13 Theorem

Let (X, B) and (Y, p) be Banach spaces. Then,
1) if f: X > Y is a constant, f'(x) = 0 for each z e X;
2) if f: X+ Y 1is a continuous linear map, f 1is differen-

tiable and f'(x) = f for each x € X.

1.4.14 Definition

By a Hilbert space we mean a Banach space (X, B) on which there

is defined a function (x, y) from X x'X to R with the following
properties

1) (txy + sxy, y) = tlxy, y) + s(zy, y)

(1L (z, y) = (y, x)

(111) (z, z) = [8(z)]>.
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We call (x, y) the inner product of x and y. Since B8(0) 2 0

with equality only for x = 0, we have 0 < [B(x - ty)]z

= (x - ty, x - ty)

(x, ) - 2t (x; y) + t%(y, y).

If ¢t > 0, we have 2(z, y) < t~1 [B(x)]2 + t [B(y)]%. Setting

t = g%ﬁ%-, we obtain (x, y) < B8(x) - B(y), and we see that equality
can only occur when y =0 or x =ty for some scalar t > 0.

" This inequality is variously known as the Schwarz or Cauchy - Schwarz

inequality.

As an example of a Hilbert space consider the Banach space 22,

the set of all real sequences x such that Z | z, |2 < «, with
| 5 2\% .
the norm p defined by p(x) = | ) | T | . The natural inner

f=-2

product making £2 a Hilbert space is defined by (x, y) = Z LYy
k=1



CHAPTER 11

A SMOOTH NORM

2.1 Introduction

V. Klee in [11] proves the following: if X is a Banach space-
whose dual space X* 1is separable, then there is an admissible norm
p on X such that the dual norm p* on X* is rotund and such that
whenever {fﬁ} is a sequence in X*, f € X* and fﬁ +~ f 1in the
w*-topology of X*, and p*(fh) + p*(f), then p*(fn - f) »~ 0, that
is fﬁ ~ f in the norm topology of X*. Klee's proof is indirect in
the sense that hé uses a construction, due to Kadec [9], of such a
norm for 0[04 1] and the fact that every separable Banach space is
isometrically isomorphic to a subspace of C[0, 1].

The principle result in this chapt?r is a direct and constructive
proof of Klee's theorem, which uses a modification of Whitfield's [20]
approach, suggested by Rainwater [16]. To this end, we define two
norms, o* and w* on X*, the separable dual of a Banach space
(X, B}, which generate a third norm p?* that has the properties of
Klee's result. The norm o* on X*, derived using the separability
property of X dis rotund and continuous with respect to the given
norm B* on X*. The separability of the dual space X* 1is used
to generate the equivalent norm w?*. The norm p* is defined as the

algebraic sum of the above norms, and we will show that it is the dual

28



of an equivalent norm p on X and that its inherited properties
satisfy the hypothesis of Klee's theorem.
Many of the following propositions are slight generalizations of
ideas used in the construction and may be useful in their own right.
The proofs that certain functions defined in this chapter are, in
fact, norms are elementary and will be omitted. On the other hand, we
will attempt to establish some of the more obscure properties of these

functions, such as semi-continuity, which we now introduce.

2.1.1 Definition

A real valued mapping f of a Banach space X into the reals

[t

is called (w-, w*-) lower semicontinuous if {x|x e X and f(x) < t}

is closed in the norm (w-, w*-) topology on X for each real ¢. The
following result is useful characterization of semicontinuity: f is
lower semicontinuous if and only if for each sequence {xn}(: X, with
x, >z we have 1im inf f(xn) > filx).

If -f is lower semicontinuous, we call f upper semicontinuous.

2.2 The Norm w*

2.2.1 Lemma

Let (X, B) be a Banach space and A a bounded subset of
X. Define the real valued function w* on X*, the dual of X,
by w*(f) = sup {|f(x)|| x € A}, Then w* is w*-lower semicontinuous.
Proof:

Since A 1is bounded, we have that w*(f) exists for every

f e X*,

29
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Let {gn} be any arbitrary w*-convergent sequence in X%, that
is g, > g (weak*), and suppose y > 0. There exists x4 € 4
such that | g(xg) | > w*(g) - %; Also, by w*-convergence, there
exists a positive integer N such that if n > N then lgn(x0)|>lg(xo)l— %-,
but w*(gn) > | gn(xo) 1 for every n, so for n > N we have

w*(g, ) > w*(g) - u, hence lim inf w*(g ) 2 w*(g) and the theorem is

proved.

2.2.2 Lemma

The geometric sum of positive real valued uniformly bounded

w*-lower semicontinuous functions on X* 1is w*-lower semjcontinuous.

L4

Proof:
Assume wn* are positive real valued uniformly bounded

functions on X*, which are w#*-lower semicontinuous. Define w* on

X* by w*(f) = ) 27" wn*(f7 and let {fh} be any sequence in X*
n=1
such that jh + [ (weak?*).

Suppose we are given u > 0. Then, since the mn* are uniformly

bounded, there exists a positive integer M such that
M -n U
wr(f) s ) 27w Af) + 5
n 2
n=1

Further, since the wn* are w*-lower semicontinuous, we can choose,

) H
* * .
for every 7, a N(n) such that if m > N(n) then w, (fﬁ) 2w, (f) 5

Choose N = max {N,,, |1s n s M}. Then, if m > N, we have
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ES

-n

w*(f ) 2

v

w*n (fm)

EEM

v

-n
2 [w*n(fV

I
tojw
—

1

v

ﬁbﬂE: ﬁbﬂ
(\CIR =

- .
. 27wt (f) -

WHF) - 5 = 5 = wA(f) -,

v

hence, Llim inf m*(fk) > w*(f), which proves that w*  1is w*-semi-

continuous.

2.2.3 Lemma

Let {hn} be a cauntable set of continuous linear functionals
in the unit sphere of X*, the dual space of a Banach space (X, BJ.

Let B = {z | ¢ B, and | hn(x) | < %-}.and define the functions

B
wn* on X*, by w*n(fv =sup {|f(x)|| = ¢ Bn}. The functions w*n
are equivalent, w*-lower semicontiruous norms on X*.

Proof:

1 1
= (- (- L .. g % *
Since = BB , Bn BB’ we héve > B*(f) < w n(f) < B*(f)
for every f e X*, hence m*n is an equivalent norm on X* for

every n. Each m*n satisfies the hypothesis of lemma 2.2.1 and is,

thus w*-lower semicontinuous.

2.2.4 Lemma

The geometric sum of equivalent norms, which are uniformly
bounded above, is an equivalent norm.

Proof:

Assume w, ~are admissible norms defined on a Banach space (X, B)



and that they are uniformly bounded. Then there are constants

a, > 0, b > 0 such that

a, - Blx) < wn(ac) s b - Bl(x)

for every x € X and every n.

o
Consider the function w defined on X by w(x) = ) 2" wn(x).
‘ ) L) n=1.
It is certainly a norm and, since w(x) < Z 2" b . B(x) < b - Blx)
n=1
. 1 aj .
and w(x) > E—wlﬁx) 2 - ot B(x) for every x € X, it is admissible

on X. »

If a Banach space (X, B) has a separable dual space, then the
unit sphere of the dual space contains a countable dense subset.
Denote such a set by {hn}’ and define the norm w* on X* by,

w(f) = Y 27wt (f),
n=1 t

where the norms w*" are defined as in lemma 2.2.3 using the dense

set {hn} above. Since m;(f) < B*(f) for each n, w* is an equivalent

w*~lower semicontinuous norm on X%,

In the following lemma, we consider an additional property of the

norm w*.

2.2.5 Lémma

Consider the equivalent norm w* defined above. Suppose {fh}
is a sequence in X* such that f, > f (weak*) and w*(fh) > w*(f);

then there exists a subsequence {fé} C:.{fh} such that

32
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Zim A #*
G U an() exists for each 7, and o (f?

Proof: _ , _
Consider {wl*(fh)}; it is a bounded set of reals and

sz ot (f ).

hence has a cluster pointor is finite. Therefore, we can choose a subsequence

. el 1 1 < lim  4epl f it
of {fh}. f my? f'mz, cees f’ms, ... such that wr *f ms) exists.

Similarly, we can choose a subsequence {fzm } of {flm } such that
8 8

lim A7 02
wp (f'ms) exists, and so on.

Denote the sequence flml’ mez’ f2m3’ «ces Dby {f}}. Clearly,

lim
e w, (f ) exists for every n.

Furthermore, because of the w*-lower semicontinuity of the wn*,

we have that wn*(f7 < lim inf w *(f ) =1limw *(f ) for every n.

Also

w(f) = § 27" w *(f)s

and

I
~18

Wt (f) = Zim-w*(fs) " lim w *(f ),

n=1

hence w *(f? ltm w *Cf ) for every n, which concludes the proof.

2.3 The Norm a*

We now develop those concepts involved in the development of the

norm a?* mentioned in the introduction.

2.3.1 Lemma

Let (X, B} be a Banach space and &x; a fixed element of X.
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Define the real valued function ag* on X* by ag*(f) = [flxq)]2,
Then ap* is w*- lower semicontinuous.
Proof:

Let {fh} be a w*-convergent sequence im X* such that f - f
(weak*), Then there exists a constant ¢ such that 'fh(xo)l < t
for every n.

Suppose d > 0; and assume, without loss of generality, that
u < 8t. Then, by w*-convergence there exists a positive integer N
such that, if n 2 N, then | f,(xp) | + -4&5 > | flzg) | > 0.

Thus, if #n > N, we have

£

. 2
(x0)]2 + Jfﬂg:ﬂ) [ - v, ber 2 [f(x0)]?

LS,

n

SO

. 2

v

[f(.'ro)lz - U3

v

v

hence,. 1im inf agﬂfh) a%(f? and the theorem is proved.

By a similar prool. it can be shown that the square root of a
w*-lower semicontinuous function is w*-lower semicontinuous. Using
this fact and lemma 2.2.2, it is evident that the norm o* on X*
defined in the following lemma is w*-lower semicontinuous.

2.3.2 Lemma

Assume (X, B) 1is a separable Banach space. Then its unit sphere

contains a countable dense subset, say {yn}. Define a* of X*

by,



ar(f) = | I 47 5oy 2| *
n=1

Then a* 1s a continuous norm on X*.
Proof:

Obviously o* is a prenorm, since a*(tf) = |t| a*(f), a*(f) 2 0,
and a*(f + g) < o*(f) + a*(g) for f, g e X* and ¢t e A.

Suppose a*(f) = 0 for some f e X*., Then _f(yn) = 0 for every

. - . g

n. Let xy be any non-zero element in X; then B(zg) € SB.

Further, suppose u > 0. Then, since f 1s continuous, there exists

a real number & > 0 such that if B% -x) <§, x X, then
g )\ _ RN |
| fkg(xo)) ftz) | < Blxg) " But {yn} is dense in g’ hence there

: (=% _ _ )
exists 7y such that B(B(xo) Yng' 6. Combining these results,

[z
=0 |- — K
we have that I f\B( ) f(yno) I < Blag)? which imp‘lies that

| flxq) |_< p. Now, since M and xy are arbitrary, we see that
f is .identvvi‘c':aily zero on X, which proves that a* is, in fact, a
norm.

Also, since | f(z) | B*(f) - 8(x),

A

<3

o*(f) =( I 47" riy,)?
n=1

A

( uf 4'",3**(,1’)2)li

n=1

IA

B*(f)
for every f e-X*, which proves that o* is continuous with respect

to B*,

35
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2.3.3 Lemma

The norm a* on X*, defined above, is w*-continuous on.
bounded subsets of X*,

Proof:.

The norm a* is w*-lower semicontinuous everywhere on X*,
hence Wé have only to show that it is w*-upper semicontinuous on
boundéd sets, since a function which is w*-upper and'w*—lowgr”semi—
continuous is w*-continuous.

Let {f?} be a bounded w*-convergent sequence such that iy > f
(weak*) -and suppose u > 0. Then, since {f{} is bounded, there
exists a positive integer M such that:

[oe]

I a0 )12

n=1
< %' 4-n [ 2 :
n=1

for all |{. Further, by a proof similar to lemma 2.3.1, we know that
[f(xg)]?, where z; is a fixed element of X, 1is a w*-upper semi-
continuous function on X*, So, we can choose, for every #n, a
natural number ¥ such that if { 2 N , then
(n) ~ (n)
[fr ()12 < [f(x )12 + 5 L.
)] n - n 2 2

Choose N = max {N(n)l 1 <n <M. Then, if ( = N, we have

M
[a*(£5)]% < niz Ly (= )12+ 3
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| ¥

M
-n 2 4 B
n£=1 4 [f(xn)] I T

In

1A

La®(f)]% + u.
So, given § » 0, and since o* 1is a non-negative function, we
can define
=2+ a*(f) - 6§+ 82 >0
and using the above argument, get
a*(fs) £ a*(f) + & for ¢ 2 N,

hence ao*(f) > lim sup a*(fk), and so o* is w*-upper semicontinuous
on {f¢} which is arbitrary hence o* has this property on bounded

sets.

2.3.4 Lemma

The norm o* on X* is rotund.
Proof:
Let f, g be non-zero elements of X* such that a*(f +g) =

a*(f) + a*(g). Then we have,

] ~138

a7ty ) |- | gy) |

n=1

. o]

F[ LT e,

=7 4" [fy )12
=, n n=1

n=1

We observe that {] fly,) | /2" and {] g(y,/ l/2n} are, in fact,

elements of the Hilbert space L2, The factors on the right of the
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equality are the respective norms of these elements and the terms on the
left is the inner product of these elements. The Cauchy - Schwarz
inequality for inmer products immediately implies that there exists a
real constant ¢ 2> 0, such that ¢f =g. It follows from lemma 1.3.22

that a* is rotund.

2.4 p and p?*

Suppose (X, B) 1is a Banach space, whose dual space, X*, is
separable. Then X 1is separable, and as we have done above, we can
fix countable dense subsets of the respective unit spheres, and define

{

the associated norms w* and a* on X%,

On X* define another norm p* by
pA(f) = w*(f) + a*(f).

Clearly, p* is w*-lower semicontinuous, and by theorem 1.3.25, rotund.
Also, since. pX(f) = a*(f) + w*(f) < 2B*(f) and p*(f) 2 w*(f) > é-B*(f?
for every f € X*, p* is an equivalent norm on X*.

In the following lemmas, we will show that this norm, p*, is,
in fact, the dual norm of an equivalent norm p on X.

The following lemma, which is actually a generalization of

theorem 1.3.28, has, to some extent, motivated our use of the concept

of w*-semicontinuity.

2.4,1 Lemma

Let (X, B) be a Banach . space and suppose A4 < X* 1is a convex,

balanced and w*-closed set, Which has the origin as an internal point. Then

(AO)O = A.
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Proof:

By lemma 1.3.27, we immediately see that (40)0 D A4.

Let f e X* - A. Then, since 4 is w*-closed, f and A can
be strictly separated (theorem 1,2,&6).'Thatis, there exists xg € X
and a real number ¢ > 0 such that f(xg) >t and g(xg) < ¢t for
all g in A. It follows that | g(xy) | <t for all g in A4,
since A 1is balanced, and it follows that L is in 4°.

But | fY%ﬂJ | > I, hence f 4is not in (490, -and since f
is arbitrary we have (490 4.

Since the dual unit ball is convex, balanced and w*-closed, by
Alaoglu's theorem (theorem 1.3.9), this lemma immediately implies

' S* 00 _ Sx
that ( B_) 8

2.4.2 Lemma

Assume (X, B) 1s a Banach space and that B is a convex,
balanced subset of X, which has the origin as an internal point.

Define the real valued function "¢ on X by
p(x) =inf {t | t > 0, t € R and t-! z ¢ B}.

Then p is a prenorm on X.
froof:

We first show that p is subadditive. Let x, y be elements
of B and suppose r > p(x) + p(y), then r =s + t where s > pr)
and t > p(y). s-lz and t-ly are in B. Then, since
B is convex, we have

(x +y) _(x + y)
' r T (s + t)




_s(s~lx) + t(t-ly)
- (s + t)

40

is in B, and it follows that p(x + y) < r, hence plx + y) < pl(x) + p(y).

From the definition we see that op(tx) = tp(x) for ¢t 2 0.
Now, since B isbalanced we have that -tx € B if and only if
te € B and so p(tx) = p(-tx) = -t p(x) = |t]| p(x) for ¢t < 0.
This establishes the homogeneity property of »p.

Obviously, since the infimum is taken over positive scalars,
p(x) > 0 for all z in X, and, thus, the proposition is proved.

This prenorm is often called the support function of the set -B.

2.4.3 Lemma

Suppose (X, B) 1is a Banach space, and assume that p* 'is an
admissible norm on X*, the dual of X. Then the support function.
p of '(Bp*)o is an equivalent norm on X.

Proof:

The fact that (Bp;e)0 is convex,; balanced, and has the origin
as an interior point, is an immediate resuié:;f the elementary proper-
ties of polars; therefore, the above lemma shows that p is a prenorm.

Since p* is an equivalent dual norm on X*, there exist

constants ¢} > 0 and ecp > 0 such that
ey B*(x) < p*(x) < ey B*(x) for all x e X*,

hence

ey * B B*Cz'Blp*C: e, « E g# and, using

‘the properties of polars proved in lemma 1.3.27 we have



(e, + B g)® DB J0 Dle, - B ;)0
so
P 0 o—~21_ . (g )0
et (B B*) D (B p,‘) P (B B*) .
By theorem 1.9, we then have
1 1

e . 0 —
= BB (B p*) Dcz BB

and it follows that p is a norm, for if p(x) = 0 for some x € X,
then B(x) = 0, which implies that x = 0.
§
Clearly, p is a admissible norm on X, since %T . B(x) 2 p(x)

> a5 " B8(x) for every x e X.

Recall the norm p* defined on the separable dual space X*, at
the beginning of 2.4. If we define p, as above, to be the support
function of the polar of the unit ball of p*, then, by the above
lemma, p is an equivalent norm on X. Further, p* is w*-lower
semicontinuous. This implies that its unit ball is w*-closed;
therefore, theorem 1.3.28 and lemma 2.4.1, together, imply that p#%*

is indeed the dual norm of p.

2.5 Properties of p and p?*

To prove Klee's theorem we have oniy to show that p*

has the desired convergence property.

We digress somewhat and prove an elementary theorem due to Phelps

41
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[15], which asserts the intuitively obvious fact that if the kernel
of two functionals, with equal norms, are sufficiently close, then

either the value of their sum, or the value of their difference is small.

2.5.1 Theorem

Suppose U > 0 and that (X, B) 1is a Banach space, If f and
g are in the dual, X*, and if B*(f) = B*(g) =1 and f(x) = 0,

x e B

*
implies that | g(x) l s %3 then either B(f - g) < ¥ or

_ B
#

B(f +g) < u.

Proof:

By the Hahn Banach theorem, we can choose #%# in X* such that
h=g on f- and B*(h) = sup {Ig(BB N fi')l} - Then B*(h) < E}
Furthermore, since g - A =0 on f‘L there exists t eR
such that g - A =t = f. (lemma 1.2.10). Hence B*(g - tf) =

* B
B*(h) < 5 -
Suppose t > 0. If ¢t 21, then t-! <1 and B*(g - f).

g*(1 - t71) g + t7L (g - tFf)]

A

1-t-l+ ¢l . grg - tf).

B*(tf) < B*(g) + B*(g - tf)

Also t
so 1 -¢"1

[1 +8*(g - tf] = - B*(g - tf)

A

A

B*(g - tf).

Hence B*(g - f) < 2 - B*(g - tf) < H.
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If 0 < t < 1, then B*(g - f)

IA

B(g - tf) + B*((1 - t)F)

A

A

B*(g - tf) + B*(g) - B*(t + f)

A

2 - B¥(g - tf) < n
If ¢ < 0, the same proof, using (-t) * f shows that B(f + g) < e.

We are now ready to prove that the norm p* on the.separable

dual space. X*,” has the convergence property of Klee's norm

2.5.2 . Theorem

If (X, B) 1is a Banach space, such that its dual (X*, g*) is
separable, then X* admits a dual norm. p*, which is rotund and
which satisfies the following convergence property; if {fﬁ} is a
sequence such that p*(fh) +~ p*(f) and fﬁ + f (weak?*), then
o*(f, - £~ 0.

Proof:

Consider the norm p?*, previously defined; it is rotund and is
the dual of an equivalent norm on X. It only remains to show that
it has the convergence property-

Let {fh} be a sequence such that p*(fh) > p*(f) and’ f% > f
(weak*). We can assume without loss of generality that B*(fﬁ) =1
for every m, because p*(fﬁ - f). - 0 if and omly if p*tgf?%fy*

5?7§%) + 0 for f # 0. If f = 0, then the theorem is trivially

true.
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Since p*(fh) > p*(f), {fﬁ} is bounded, therefore a*(fh) > o*(f)
since o* is w*-continuous on such sets. It follows that w*(fh) > w¥(f).
Suppose p*(fﬁ - f) does not converge to zero, then neither does

B*(fﬁ - f), hence given 0 < § < 1, there is a subsequence, still
dencted {fﬁ}, such that 6*(fﬁ - f) > 8. Also, using lemma 2.2.5, we
can choose another subsequence, still denote {fﬁ},. such that
w*n(f) =.1lim w*n(fh) for each .
Consider the set {hn} associated with the norm w*n (lemma 2.2.3).
B> hence there are infinitely many #»n such that
1 $

§
* - . —_— 9 - e & = 1 * -
B*(f hn) < g5 choose one so that ng £ F Since w no(f h O) <

It is dense in S

* -
B*(f hno), we have

€
*
—
kb
S

A

BX(f - hno) + w*no(hno)

1A

®|os
S|~

A
o

Now, since w*no(fﬁ) > w*nO(fV, we can choose a positive integer

M such that w* (f ) < é-, if m > M,
ng *m, 4

‘ S
Furthermore, for such M, Z—> w*no(fﬁ) > | fh(x) I, for X € Bno,
(lemma 2.2.3), and since. f;]\ BB C Bno, we have satisfied the hypothesis
, S §
. . . R * - S * S
of theorem 2.5.2, therefore, either B8 (fh hno) <35 or B (fﬁ + hno) <7 -

if the

®| o

But & < B*(f, - f) < Br(f, - hno) + B*(hno - f) < %‘+

first is true. Since this is impossible we have that B*(fh + hno) 5‘%
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for m > M.

Since B*(hn ) = 1, we can choose xg € BB such that

5 5 a
hno(xo) >1 -5, then =28 (f‘m + hno) > fm(xo) + hno(aco) > fm(xo) + 1 - >
so fm(xo) < -1+36, for m > M.

It follows from. the w*-convergence of {f&}, that f(xg) < - 1 +6,

and we have

1 3 $ .
7 < a2 - 7 § = (1 - EJ + 1 - &)

8
< hno(xo) - flzg) < B*(hno -7 <3

which is certainly a contradiction, and the theorem is.proven.
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CHAPTER III

EXISTENCE OF A DIFFERENTIABLE NORM

3.1 Introduction

Using Klee's norm Restrepo [17] showed the existence of an admis-
sible, Fréchet differentiable norm on a Banach space which has a separ-
able dual,

In this chapter, we reach the same conclusion by using a proof,
due to Cudia [5] which avoids some of the more difficult concepts of
Restrepo's theorem. To this end, we develop two theorems, both import-
ant in their own right. The first theorem shows that the support map-
ping, v (p. 25) of the unit sphere of a smooth norm on a Banacé¢h space
X 1is continuous (if the w*-topology is considered in X*). The
second theorem,a modification of an ingeneous proof by Cudia, shows
that, if the support mapping of the unit ball of a smooth norm is cont-
inuous, the norm is Fréchet differentiable.

We conclude the chapter with a third theorem in which we show that
Restrepo's result follows as a consequence of the above theorems and

the norm defined in Chapter II.

3.2 Theorem

Let (X, B) be a Banach space and assume that p is a continuous

smooth norm on X. Then the support mapping ¥v: Sp - Sp*,. which
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assigns to each x € Sp the unique normalized support functional at
&, 1s continuous if the norm topology of p 1is considered in Sp
and the w*-topology is considered in Sp*(

Proof:

Let x be any element in the unit sphere, 3 and let {xn}Cl.Sp

0?
be any sequence converging to & in the norm topology.

Assume the Y(xh) does not converge to y(x) in the w*-topology,
then there is a w*-neighbourhood, U, of vy(x), such that for each 7,
there is some m > n and Yﬂgﬂ) is not in V. The subsequence {Ya%w)}
has a subsequence, still denoted {yﬁgﬂ)}, which converges to some
g € EL; (the closed unit ball of p?*) because,ﬁp* is w*-compact (theorem

1.3.95'and hence sequentially compact.

But,

- (Yﬁgn)) ﬁgﬂ -z |

] Y(mh) (xﬁ) - ycxm) (x) |

i

,[ 1 - y(qm) (x) |

A

p*(y(,xm) . p(xm. - x)

A

p(xm -x) > 0,

therefore Lim yégn) (x) = g(x) =1, and g 1is a normalized support
functional at & different from vy(x). This, however, contracdicts

the smoothness property of p; hence, y(xn) + v(z) (weak*), which
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implies that <y 1is continuous as specified above.

3.3 Theorem

Assume p is a continuous, smooth norm defined on a Banach space
(X, B). If the support mapping, y: §, » Sp* is norm to norm cont-
inuous, then p is Fréchet differentiable on SD relative to Sp.
Proof:

First we note that, since p 1s smooth, p 1is Gateaux differentiable
on Sy relative to 3,. That is, for x, y € Sp

lim p(x + ty) - plx)

t>0 t = (p'z)y

exists.

Also, for any x, y € X and any real ¢, the real - valued function

of the real variable s, 0 < 8 < 1,
F(s) = p(x + tsy)

is absolutely continuous. Hence, by standard theorems of real analysis

(Royden [19], p. 90), F(s) has a finite derivative almost everywhere

on [0, 1], F'(s) is Lebesque integrable on tO, 1], and

plx + ty) - p(x) = f; F'(s)ds, for any x, y €¢ X and any real ¢t.
Therefore

lim p(x + tsy + try)- plx + tsy)
"0 r

F'(g)

p'(x + tsy) (ty)
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exists for s 1in the complement of some set (depending on x, Yy, and

t) of Lebesque measure zero. 'Thus for each x, y € Sp and real ¢,

1) ' plx + ty) - p(x)

£ - (p'x)y l

1 .
< Io | Co'(x + tsy)) (y) - (p'x) y | ds.

Now, if x and y areon £ and 0 ¢ s s I, then if |£| < 1,

o

z - X + ts

P p(x + tsy)
x + ts
.<.p(x-x+tsy)+px+tsy-p(x+{tsy)

p((plx + tsy) - 1)x) , pl(p(x + tsy) -1)tsy)

|te| + +

: plx + tsy) p(x + tsy)
lo(x + tsy) - o(x)| , |ts] - | olx + tsy) - plx)]

< lte] + plx + tsy) * p (x + tsy) '

2)

|ts| + |ts]?

s |te] + plx + tsy)
lts[ + ts[f

< |ts| + TI = TEs]]

: t| + [t]2
s el + 1T -

Let x5 € S, and choose p > 0. Since y 1is continuous in the
norm topologies, there is a §&(xg, M) > 0 such that with 2 € Sy and
plxg - z) < 8§(xg, u) then p*(y(xg) - y(2)) <W . According to in-
equality (2) above, there is a n(xg, u) > 0. such that if

|t| < nlxg, w) <1  then,



xg + tsy . '
o (p(x + tay) -xo) < 8(xqg, w)

for all y e S5,. Now let to be a fixed real number such that
Itol < n(xg, u) and let yo be any arbirary element of Sp. Then

except for a set of Lebesque measure zero

’ (xo +_tgsy0)
\plxg + tgsyg)

Yo

exists, and so, by dorollary 1.4&9,

(xq + tosyo) N
Y oz + tosyg) 70

| tzg + tgsyg) .
olzo + tgsyol [0

hence

(p! (xqg + tgsyg)) yo - (p'(xg)) yo

, [{2qg + tgsyq) 1
plxy + tosyg)iyo

- (p'(zg)) yo

(.'L‘Q + tosyo)

blxg + tosyo) 0 ~ (v(z0)T yo

for almost all s, since for any positive real »r, (p'(x))y = (p'(rx))y.
Using the hypothesis of continuity, we see that the integrand in

(1) is less than ¥ for almost all s. Hence by (1),

plxg + toyg) - olxg).
: o .

- (o' tzo))yol <3



and so, for all t such that |[t| < n(zqy, wu)

- (p'(xglyo | < ﬁ

plxg + ty) - pl(xg)
t

Now since n(xy, M) is independent of yq which is arbitrary,

the theorem is proved.

It is an easy consequence of this theorem that p 1s Fréchet diff-

erentiable everywhere and, indeed, that p is of class Cl.

3.4 Theorem

Assume that (X, B) 1is a Banach space, whose dual is separable,
Then X admits an equivalent norm p of class cl.-

Proof:

Consider the norm p* on X* defined in the second chapter. It
is the dual of the norm p whichis,admissible and smooth; therefore, the
support mapping vy: Sp + Sp* is continuous if the w*-topology is
considered in Spy#* (theorem 3.2).

Let x be any element in Sp, and let {xn} - 5. be a sequence

such that z, > x. Using the properties of p and p*, developed in

theorem 2.5.2, it follows that
y(xn)-* ¥(x), (weak*)

and

p*(y(xn)) + o*(y(x));

and consequently that
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p*(Y(xn) - y(x)) -~ 0.

Thus the support mapping,

Yo

is continuous in the norm topologies,

and the above theorem immediately implies that p is of class Cl.
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CHAPTER IV

DIFFERENTIABLE NORMS AND DENSITY CHARACTER

4.1 Introduction

The conclusions of this chapter are essentially the converse of
those of the previous chapter; that is, we will show that the existence
of an admissible Fréchet differentiable norm on.a separable Banach
space X, implies that the dual space, X*, is separable. Indeed,
the first theorem we prove here is the converse of theorem 3.3.

In it, we prove that if p dis a continuous, Fréchet differentiable
norm, then the support mapping of its unit sphere is continuous in the
norm topologies.

Following the above theorem, we cite a modification of a signific-
ant result, due to Bishop and Phelps [1; 2], in which they prove that
every Banach space is subreflexive.

We subsequently give a proof of the principal theorem of this
chapter and conclude, by indicating some of the important results
which follow as a consequence of the ideas developed here and in the

previous two chapters.

4.2 Theorem

Let (X, B) be a Banach space and assume p 1is a continuous’

norm on X and that p 1is Fréchet differentiable on the unit sphere



of p, then the support mapping vy Sp > S,% 1s continuous in the
norm topologies.
Proof:

This proof is based on the work of Phelps [15].

Since p 1is Fréchet differentiable on the unit sphere of p, it
is Gateaux differentiable there. It follows that p 1is smooth and the
support mapping y 1is well defined.

If y 1is not continuous at some point X € Sp, then there exists
a sequence {xn}Clsp. such that x, >z - but p*(y(xn) - Y(m)) does not
converge to zero.

Also, for some u > 0, there is a subsequence, still denoted by
{xn}, such that p*(y(xn) - y(x)) > 2 « y, for each 7, and x - .
Thus, for each #n, there is some element Y, € Sp such that (Y(xn) -

Y(xz)) y, 22w

= (1 - Y(xﬂ) x)

Define a new sequence, {zn}, by z v "

Obviously, p(zn) + 0, since

A

|7 - y(xn) z | < p*(y(xn)) . p(xn - x)

IA

pﬂxn - x) » 0.
Also,
plx + zn) - pl(x) - y(x) 2

> (Y(xn)) (x +.zn) -1~ v(x )zn

v

(y(xn) - y(x)) z, + Y(xn)-x -1

1l - y(axn) x
22 U - v + Y(xn) x - 1
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>1- yﬂrn)x
hence

l plx + 2y) - plx) - y(x)z,

p(zn)
> JY(xn)x - Ll
= (z_)
piz,
> i . Ay (x,)xe - 1

|1 -y(xn) x | - oly,)

v

u, for all n.

§

But v(x)zn = (p’x)zn and we have a contradiction to the fact that o

is Fréchet differentiable at X, which proves the theorem.

4.3 Theorem

Let p be a continuous norm on a Banach space (X, 8). The set
of normalized support functionals is dense in the dual unit sphere op.
Proof:

Suppose f 1is an element in the unit sphere of p* and that we
have an arbitrary constant u > 0.

Define the set A by
A={z|zeX flzx) =0, and ofx) <3

and let (C be the convex hull of the union of the sets 4 and the unit

ball Bp, and suppose there exists an element Xy in the ball Bp,

which is also in the boundary of C. Since (€ has a non-empty interior,
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it follows, by the support theorem 1.2.17, that there exists a functional
g in S,* such that sup {g(x) | = € C} = g(x).
It follows that g(xp) = 1 = p(xp), hence on %.. A, we have
| gtz) | < %- and so by theorem 2.5.1, either p#*(f - g) < u or
p*(f + g) < u. Since g and (-g) are both normalized support functionals,
the theorem is proved if we show that Bpf\uC is non-em;;ti.é
Choose =2 in Bp such that f(z)> 0 and let a = - H

f(z)

Define a partial ordering on the set Z = {x | = € B, and flx): 2 f(z)}
as follows: x > y if

i) f(z) > f(y)

ii) pl(x - y) s a(f(x) - f(y)).

Assume that W 1is a totally ordered subset of 2Z. By (i), the
net of real numbers, {f(x), x € W}, is monotone (and bounded), and
hence converges to its supremum. From this fact and (ii) it follows that
W is a Cauchy net. But X is complete and so ¥, in fact, converges
to a point y in Bp. By continuity of f and the norm, we have
for every x in W that f(y) > f(é) and p(y - =) < al(fly) - f(x)),
thus y is an upper.bound for W. It follows, by Zorn's lemma, that
there exists a maximal element xg of Z.

Since xg € By C C, we need only show that &xy is in the boundary
of C.

If not, then g 1is in the interior of (C, and there exists

t > 0 such that xy + t3 is an element of C. Also, from the



definition of C,
and a constant s, 0 < 8 < 1

Thus

there exists elements y in B,

such that x¢ + tz = sy + (1 - s)x.

f(z) < flxg) < flxg + ta) = sfly) < fly),

and so Yy € Z.

Also
Yy - %o =
thus
ply - x )
However,
fly - x9) =

[\

SO

(1 -s8) (y -x) + taz,

(1 -8) ply -x) +1t

A

IA

Py

~
I

s) (p(y) +pl(x)) + ¢

A

(1

s) (1+§)+t

< (1-8+t) (1 +-f-).

(1 -38) fly) +¢t . flz)

(1 -s + t) f(z)

ply - xg) < alfly) - flxy))

hence y > xq,

in the boundary of C.

which contradicts the maximality of xy, thus xy

and x* in A4,
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4.4 Density Character

4.4.1 Definition

The density character of a Banach space X, denoted dens X, is

the minimum cardinal number of a dense subset of X, or equivalently,

it is the maximum cardinal number of a discrete subset of X.
The following theorem implies the converse of theorem 3.4.

4.4.2 Theorem

If a Banach space (X, B) admits an equivalent norm p of éiass
C', then dens Y= dens X*.

Proof:

Suppose a norm p on X fulfills the above hypothesis, then, by
theorem 4.2 the support mapping Y: Sp + Sp* 1is well defined and
continuous. Clearly, the image of 'y 1s the set of all normalized
support functionals.

Let D be a dense subset of Sp with card D = dens X, and let
f be any arbitrary element in Spi. Also, choose U to be any
‘neighbourhood of f.

By the previous theorem, the set of'normaiized support functionals
is dense in S* hence, since Y’l(u) is open, by continuity, and
D 1is dense in Sp, it follows that there exists x e D /7 y-leu),
with y(x) e U. Since f and U are arbitrary, this implies that
Y(D). 1is dense in Spt. Thus, dens X* = dens Sp* = card y(D) = card

D = dens X. Since dens X < dens X* 1is always true, the theorem is proved.
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This theorem completes our first main objective of presenting a.

simplified but compréhensive proof of Restrepo's main result.

4.5 Theorem (Restrepo)

A separable Banach space (X, B) admits an equivalent norm p of

class (' if and only if (X*, B*) is also separable.

4.5.1 Corollary

Let (X, B) be a separable Banach space. Then, if both B and
B* are of class (', (X, B) 1is reflexive.

A more direct application of this theorem answers the question of
existence or non-existence of admissible C'-norms on well known

separable Banach spaces.

4,5.2 Corollary
The topology of ¢y can be defined by a norm of class (.
(¢p 1is the Banach space of all sequences {xn} of real numbers such

that x » 0, with the norm B defined by B8(x) = sup {xn}).

4.5.3  Corollary

The topology.of C[0, I] cannot be defined by any norm of class
¢l(cl[o, 1] 1is the Banach space of continuous functions on [0, 1]

with norm B(z) = sup {x(¢) | 0 < ¢t < 1}).

4.5.4 Corollary.

There does not exist an admissible Fréchet differentiable norm

for £'. (L' is the Banach space of all sequences {xn} such that



Y Ja | < ®, with norm B(x) = x |).
n
n=1 ' n=1
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CHAPTER V

DIFFERENTIABLE FUNCTIONS AND ROUGH NORMS

5.1 Introduction

Thus far in this paper we have established that the existence of
an admissible Fréchet differentiable norm, on a separable Banach
space, 1is characterized by separability of the dual space. Also, in
the previous chapter, we considered more general Banach spaces and
proved that the existence of such a norm implies that the density
characters of the space and its dual are equal. It follows from the
results of this chapter that the converse of the previous statement is
not true in general. We will now consider an alternate characterization
of the existence of admissible Fréchet differentiable norms, in terms
of admissibility of rough norms.

Using the concepts of Leach and Whitfield [13], we will prove, by
a construction, that if the dual space X* 1is strictly denser than the
space X, then there exists an admissible rough norm on X. Also,
we will show that the existence of an admissible rough norm on a Banach
space X implies that there does not exist any real - valued Fréchet
differentiable functions on X with bounded non-empty support. -Cons-

sequently, we obtain the main conclusion of the previous chapter.

5.2 Rough Norms

In this section a norm which is rough (and thus nowhere Fréchet
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differentiable) is constructéd for a Banach space X, provided X*

is strictly denser than X.

5.2.1 Definition
Let. A be any set, then A will be called large (with respect to
a Banach space X), if card A > dens X; otherwise A4 will be

called small.

5.2.2 Definition

A norm, p defined on a Banach space X has a uniformly discontinuous

upper Gateaux differential, p’, if there exists u > 0 such that for

every & € X and &6 > 0, there exists x;, o and y in X such
that p(xq - x) < 8, p(xy - x) < 8; p(y) =1 and (p'xy - p'2x1) y 2 H.
We will use the adjective rough to mean the property described

here.

5.2.3 Theorem.

If (X, B) 4is a Banach space such that dens X < dens X%,
then, given r > 0, there exists u > 0 and a subset E of X*
such that Z intersects every open ball of radius » in a large set
and if f, g e F and f #g then B8*f - g) > u.

Proof:

Let E; be a subset of X*, which is maximal subject to:

i) E| contains the origin of X*,

ii) If f e Ey, then -f e EF;.

iii) If f # g € Eyp, then B*(f + g) > 1.



Such a maximal set evidently exists by Zorn's lemma. It is also
maximal even if the condition f e E implies -f € E; 1is omitted.

For any.real number ¢, let Et ={t . f l f e Eipl}. Since

E} B, is dense; it follows that card E; = .dens X*, hence F; is
zZige,—;o there exists a positive integer #» such that E; intersects
the open ball of radius #n about the origin of X* .in a large set.
Denote the ball. by Bn(O)'

Let % be any element of X* and let Bn+%(h) be the open ball’
of radius n + %- with center h. Let f e By f\ Bn(O)' Then,
(f + h) ¢ Bn+%(h)' Now, either f + h e E%. or (f + h) £ E%. In
either case, by the maximality of El/2 there exists g € El/2 such that
BX((f + h) - g) < %: (in the first case, choose g = f + h). Further,
B*(h - g) 576*((f + h) - g) + B*f) < é:+ n and we have that
g € B, (h) N By .

The above gives a correspondence between the elements of
Eq (] Bn(O) and 'Bn#%{] E%. This correspondence is one-to-one; for,

if fi1, fo e E; [\ Bn(O) and f1 # fo, and they correéspond to

gis go € E%/”\ Bn+%(h)’ respectively, then

B*(gy - g2) =B*((f1 - f2) + g1 - (b + f1) + (h + o) - go)

> BA(Ff1 - F2) - B*(gy - (h + F£1)) -B((h + F3) - go)

and we. have that g1 # g2.
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This one-to-one correspondence implies that card (Z; N Bn(O)) <

1 intersects every open ball of
2

card (El/2 N Bn+%(h)); therefore Z

. 1 .
radius »n + 7 ina large set.

(

Choose a positive integer m  such that »r > %3 then, by ana-

logous reasoning, we have that E_ 1 intersects every open ball
7 i 2nF1) 1

of radius p— in a large set. Setting u = H??E&:fiju proves the

theorem.
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Under the same hypothesis, define a real-valued function p on (X, B)

as follows; let F={f | feE 1 and B*(f) < 1}
G(2n+1)
E 4 is as defined in the above proposition, and define P
4(2n+1)
on X by

olx) =inf {t | f(x) <t for all except a small set of-
f's in F}.
The following lemma will prove useful in later theorems concerning

the function p.

5.2.4 Lemma

For every « in X, the set {f | f e F and f(x) > p(x)}
is-small.
Proof:

Let &« .€ X, then, by the definition of the function p, it is
obvious that, for each positive integer #n, the set {f | f e F and.
flx) > plx) + %} is small. It is also easy to see {f | f e F and

flx) > 0@}t = O Ff| FeF anda fl@) > ofe) +1} and is small,
n=1
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since the coutnable union of small sets is small.

5.2.5, Theqrem‘

The function p 1is an equivalent norm on (X, B).
Proof:

Suppose pf(x) < 0 for some x e X, then there exists a constant
t < 0 and a small subset G of F such that g(t) >t for g e G
and f(x) <t for f e F - G. By property (ii) of FE;, we have that
f e F - G implies that -f € G hence card (F - G) < card G < card (F - @)
which is a contradiction. Hence, p(x) > 0 for all x in X.

Obviously, for real t, p(tz) = |t| p(x), since f(tx) = tf(x)
for all f din F..

Suppose p(x + y) > p(x) + p(y) for some x, y in X. Then the:
set {f | feF and flx +y) > plx) + p(y)} is large. This set is
a subset of {f | f(x) > p(x)}\J {f | f(y) > o(y)} which must also be
large. But this implies that at least one of the set in the union is
large, which contradicts the previous lemma. Thus, p(x + y) £ plx) + ply)
for all x, y € X and p 1is a prenorm.

Let f be any element of F, then, for all x in X,
Flx) < B*(f) + B(x) < B(x) which implies that p(x) < B(x).

Let x be any element of X and f be a linear tangent functional
at x, that is, f e SB* and f(x) = B(x). The set F intersects
the open ball of radius é~ about %-f’, in a large set, and for each

g in this set, we have;

(-i—f— g) (x) < B*(%f'— g) . Blx) <—§-S(m),
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hence g(x) > %=B(x). It follows, by lemma 5.2.4, that p(x) > %-B(x)

for all x e X and the theorem is proved.

5.2.6 Lemma

Let G=1{g | geFand p*(g) > 1}, then G is a small subset
of F,

Proof:

Let D be a small dense subset of X, and for each & €D
define P(x) ={f | fe F and flx) > p(x)}.

Let g be any element of (, then there exists an element x
in D such that g(xy) > p(xg), hence g e P(xy). It follows that
¢C U{pP(x) | « e.D}. But, by lemma 5.2.4, each of the P(x)'s
is a small set, hence \U{P(x) I x € D} is small, which implies that

G 1is small.

5.2.7 Theorem

The norm p has a uniformly discontinuous upper Gateaux differential

o'
Proof:
Recall from theorem 1.4.3 that, for x, ¥ € X and any scalar §,
(1) plx +su) > plx) + s - (p'x)u.
Let x € X and & > 0 (assume without loss of generality that
Z - (52:
5<m). The subset F—{f[fEF-G and f(x)> p(ac)-g}

is a large set, so we can choose f, g € F such that f # g. The dual
norm p* satisfies p*(f) > B*(f) for all f e X*, -so, in particular,
. 1 .
A _ o R S
we have p*(f - g) > Ilon 7 ) and we can thus choose u € X

1
p(w) =1 and (f - glu > 205 + 17 °
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Now, if ¢ > 0,

plxe + t - wu) > p*(f) « plx +t - u) > flx + ¢t - u)

. 52
> plx) +t ¢+ flu) - 7.
From (1), by letting & = -t and « =x + t'* u we get
olx) > ple+ t » u) -t « (p'(x+t . wu)
hence

2
oz +t « u) + o) > ol + ¢ - u)+p(ac)+t-f(u)—§2——

-t - p'(x + ¢t « ulu,

so
' 82
p'(x + t » ulu > flu) - EE
for t >0
Similarly,

S
-plle -t wWu > - g(u), -3z
for ¢ > 0.

Adding, we get

2
(p'(x +t -« u) - p'(x -t « u)u = flu) - glu) - 2—

1 §2

2 qlen + 1) " F °

for ¢ > 0.
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. .1 §2 1 .
Since ¢ > 575 7 1) we can choose ¢t < § such that E <g 5 1)

Thus we have demonstrated the uniform discontinuity property of p'’, with

1

U=‘m&nd x1=x—t-u and x2=x+t-u.

5.3 Bounded Non-empty Support

The main purpose of this 'section is to prove that if a Banach
space X admits a rough norm, then there does not exist any Fréchet
differentiable real-valued functions on X, with bounded non-empty -

support.

5,3,1 Definition

Let f be a real valued function on a Banach space X. The

support of f 1is the closure of X - f or, equivalently,

{x | f(x) #0 and x e X}.
The property defined in the following theorem is equivalent to the

condition of uniform discontinuity.

5.3.2 Theorem

Let X be a Banach space with norm p such that p'’ is uniformly.
discontinuous, then for every. x in X and 6 > 0 there exists an

. Itl
element v 1in X such that p(v) < 2 and pl(x + ¢t « v) > p(x) + u - 5 8,
where U1 1s any number satisfying the uniform discontinuity condition
and ltl < p(x).
Proof:

Given x € X and ¢ > 0, we can choose x;, » and u from X,

so that p(x; - x) < %—, plxy, - x) < 2', p(u) = 1, and (p'xy - p'xy)u >



X

ToxT then p() < p(u) +

Let v =u - ((p'xy + p'xo)u)

. ,
[N} ; o xZ)“l° By (1) of the previous theorem,

(p'ey)u 2 pley + u) - p(xy) < plu) = 1.

Similarly (p’x2)u < 1, hence 0 < pl(v) 2.

In

If p(v) =0 or 2, then (p'xy)u = (p'xz)u, which is a contradic-
tion of the above condition, hence 0 .< p(v) < 2.

Suppose t is a real such that |t| < p(x) and let

’ 4
S=1_t. (px1‘+pxl)u)

2(px)

then ¢ < & < 2 and we have

x4+t V=8 -2+t .-u

I

(i) s - (21 +§:- u) + s . (x - x1)

(ii) =s.(x2+§—_l-u)+s~(x-x2)

Now, by (1) we have

\%

(iii) plxs + gu) plxy) + —z— o' (xy)u
~and, similarly,

(iv) plx; + g u) plxy) + g—.p "(xy)u.

v

Assume ¢ = (0, .then by (i)

plxe + t « v) 2 p(s - (23 +§- ul)) - p(s « (x - x1))-
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> 8 - (p(xy) +'§ « (plxq)u) - s - % (by iv)
28 ¢« (p(x) +.t (p'xy)u) - s - %

2 o(x) + L. (o'my - olmpdu- s . 5

>p(x)+t-%f6.

Assume ¢t < ¢, then by (ii) and (iii),

ple +t = v) 28 - (px) + ¢ - (p'xz)u-s-%

(-t)
2

> plx) + (p'xy - p'xp)u - s - %

> pl@) + |t] - L -8
which is again the desired inequality.

5.3.3_ Theorem

SuPpoée a Banach space X has a norm. p with a uniformly dis-
continuous upper Gateaux differential p'. If f 1is a real valued
Frechet differentiable function on X and f(0) = 0, then there
exists « in X such that I < pf(x) < 2 and f(x) < pl(x).

Proof:
Let p be a number which satisfies the uniform discontinuity

condition and choose a sequence {xn} < X by induction to satisfy:
(l) Xo = 0

(2) f'(xn) < p(xn)

(3) olwyp - ) <1
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(4) plepp) 2 olx ) + L. oolmye - x )

@

1

where M = sup {ply - xn) | y e X and z,. =y
satisfies (2), (3), and (4)}
Assume. p(z ) < 1, for all n, then {p(xn)} is bounded above.
Also, by definition, {p(mn)} is a monotone increasing sequence. It
follows that {pﬁrn)} converges and is thus a Cauchy sequence.

Also, by (4), if m > n, then

IN

p(mh - xn) plx, - Tp1) + ..o + (Tppy - x, )

N
I
~
—
o
8
|
$
1
i
N—
+

eoe + (pxyp1 - pxn))

- (elz ) - plz )),

n
T_"Oo

hence {xn} is also a Cauchy sequence. X 1is a Banach space, therefore,
there exists x in X such that @, > x, p(x) <1 and f(z) <p(x).

Since f 1is Freéhet differentiable at x, there exists a constant
§ > 0 such that,

. lou)

F@ +u) - f(@) - (F')u s u - B

p(u) < §. We may also assume that 6 < 7 and & < 2 (px).
By the previous theorem, there exists v 1in X such that

o(v) < 2 and

olx +t . v) > p(x) +u - l%L -y

| o



whenever |t| < p(x).

Choose t = (sgn: (f'z)v) - g-, Then

S e

p(x + t » v) > p(x) +u *
p(t « v)

> pl(x) + u .

and

1A

flx+ ¢t - v) < flx) + (f'x) (t - v) + u

IA

flz) +t - (f'z)v + u -

f(‘f) +u - p(t8' v)

A

and we obtain the following inequalities,
(2") flx +t « v) - plz + ¢t~ v) < flx) - plx) < 0,

(3") p(x +t.v-2x) <1,
and
'Y plx +t > v) - p(z) > g. o(t « v).

But p and f are continuous at X, therefore, Lppy = x +t v

satisfies (2), (3) and (4) for large =, hence M =2 (x + ¢t~ v - xn),

for large n. It follows that Mh >y %-, for all large »n, since,

plx +t + v -x) >plx+t - v) - plx)

> s
U'8:

72
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hence p(Xyp1 - xn) >y e 3%-, for all large n, by condition (5).
This certainly contradicts the convergence assumed for {xn}.
Therefore p(xn) > 1 for some n; let ng be the smallest such

integer, then x, satisfies the requirements of -this theorem.
0 : 4

5.3.4 Theorem

If a Banach space (X, B/ admits an equivalent norm p such that
p! dis a uniformly discontinuous upper Gateaux differential, then there
does not exist a Fréchet differentiable real-valued function f on X,
with bounded non-empty support.

Proof:

Suppose f 1is a Fréchet differentiable real-valued function, with
bounded non-empty support, S. Then, since S 1is non-empty, there
exists some element . x in S, such that f(x) # 0. Also, since S
is bounded, there exists a scalar r > 0 such that S 1is a subset of
the open ball of radius r» and center x.

Define g: X > R by

B 2« flr « x +.x)
glx) =2 - 7% ,

then g 1is the composition of f and several Cw functions, hence g
is Fréchet differentiable and g(0) = 0 and g(x) = 2, whenever p(x) > 1.
Further gf(x) > p(x), whenever I < p(x) < 2 which is a contradic-

tion of the results of the previous theorem.

5.4 Differentiable Norms

The following proposition follows as a consequence of the above
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theorem and the fact that the composition of a norm with a real function
of class Cm, which has bounded non-empty support, is in the same
differentiability cldss as the norm and has bounded non-empty support.
The existence of such a function on the reals is elementary,“and the

proof ‘is omitted.

5.4.1 Theorem

If a Banach space (X, B8) admits an equivalent rough norm, then
there does not exist an equivalent Fréchet differentiable norm for X.

This theorem, in conjunction with the construction of the second’
section of this chapter gives an alternate proof of theorem 4.5.2.

For non-separable Banach spaces, the condition dens X = dens X*,
although necessary, is not sufficient to prove the existence of an
admissible Fréchet differentiable norm. For example, using the fact
that the usual norm on £! is rough, one could take the cartesian
product of £! x H, where :H is a Hilbert space with dens H > dens £ =(£1%),
together with the norm defined as the sum of the component norms in £!
and in H. Clearly, dens (£! x H) = dens (£! x H)* , and the norm
is rough. Thus, by theorem 5.4.1, £! x H does not admit a Frechet
differentiable norm.

Certainly any space with 21 or CEO, 1] as a subspace does not
admit a norm of class C!l. As a matter of fact, in order tliat a Banach
space admit a Cl—norm, it is easily seen that not only the space but
also all its subspaces must have the same density character as their

respective duals.
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It is not known whether this condition is sufficient to imply the
existence of an admissible C!-norm on the space. One might reasonably
conjecture that such is the case. In‘particular, it is conjectured
that all reflexive spaces admit 'a Cl-norm. A corollary to the follow-

ing theorem implies that this conjecture may indeed be true.

5,4.2 Theorem

Let (Y, B) be a Banach space that admits a rough norm, then

there is a separable subspace of Y that admits an equally rough norm.

Proof:

Let p be a rough normon Y, and ¢ > 0 any number satisfying
the uniform discontinuity condition of p'.

Now, define a sequence of finite - dimensional subspaces of Y
as follows:

Let X; be any l-dimensional subspace of Y, then given X5, X3, ... Xn,
choose a finité sequence, {xi} C:'Xn’ T =1, 2, «uu, m s such that
p(xi) =1, for every <, and for all 2z in JYn with p(8) = 1 there

y)

exists an. © such that p(z - xi) < prll

Using the rough property of p, for each 1 < 7 < ms choose

1
' " . : — ' L
w ', x and u, in Y such that p(ui) =1, p(xi xi) <
1 )
" L [ N oY) ;
pﬁxi - xi) <o and (p @, ol )ui > H. Define X;4; as the
subspace generated by Xn’ {af}, {af}, A{url, oo, {xé 1, {x% }, {um 1.
n n n
Let X = Lim Xn = ( C) Xﬁ). Clearly, X 1is a subspace of Y.

n=1



Since finite dimensional vector spaces are separable, we have that

for each’ n there exists a set Cn which is countably dense in Xn'

Let D = { C} Cn}’ then D 1is countable and dense in X, hence X is
n=1
separable.

To complete the proof, we shall show that o restricted to X

is a rough norm..

Let y be any non-zero element of X and &8 > 0 and set

= —i d 61 = _S_ Now, there exists a itd: int r n
Y1 oy an 1 oly) s e positive intege 0
such that %—- < 81, and further, since {Xn} is an increasing
sequence, there exists #n 2 ny such that p(y; - &)< %E for some.

x e~Xn, with p(z) = 1.

We know, from the inductive process, that there exists xio e;Xn
. — 1 , ]
such that: p(x. ) =1 and pl(x - x. ) < =. Associated with x. ,
70 79 n 710

"

there are elements xéo, xto, and uio in X,p C X such th§t

2 1
. o —x! ) <= R < = d Tt - Jx! . 2z
p(x$0 xio) ll p(xto xto) ~ an (o xto 0 io)uio U,
hence.

A

" ot P _ "
o(yy - xio) p(yy - x) + pl(x - xio) + p(xio xio)

Similarly, p(y: - xéo) < 871,

Let y' = xéO'. e (y) and y" = xgb'. p(y) and u = uio’ then

76
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ply —y') =ply - ply) - :céo . ply)

ol(y) - oy - xéo)

A

p(y) - &

Similarly, p(y = y')

1A

S. Also, p(u) = p(uio) = 1 and we get

(o'y"” - p'y"Ju = (p '(xirilo . ply)) - p'(méo . p(y)))uio

el -~ p'x! .o
(p xZO o io)u%o >,

which concludes the proof.

5.4.3 Corollary

If a Banach space Y admits a rough norm, then Y has a separable
subspace.with a non-separable dual.
Proof:

By the above theorem, Y has a separable subspace X which admits
a rough norm. It folldows from theorem 5.4.1 and theorem 3.4 that X*

is non-separable.

It follows that no Banach space for which every separable subspace
has a separable dual, admits a rough norm. In particular, we have the
following:

5.4.4 Corollary

No reflexive space admits a rough ndrm.



It is not known whether theorem 5.4.2 can be generalized to show
that a Banach space that admits a rough norm has a subspace with any

prescribed density character that admits a rough norm.
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CHAPTER VI

CP - SMOOTHNESS

6,1 Introduction

In the latter part of the previous chapter, we related the question
of existence of Fréchet differentiable-functions, with bounded non-
empty support, to that of existence of an admissible norm of class (.
Using the same basic approach, we will develop the concepts of CP-
smoothness, due to Bonic and Frompton [4], and consider the problem
of approximating a continuous norm by one of a higher differentiability
class.

In this development, we will define the notions of ¢P —smooth top-
ologies on Banach spaces and illustrate how they might be useful in
characterizing the existence of admissible norms of any differentiability
class.

We end this chapter by summarizing some of the conclusions of the

paper.

6.2 Smooth Functions

Denote the set of functions f: X > R which are p times Fréchet

differentiable and f(p) is continuous, by Cp(X, R). Clearly, the

elements of " Cp(X; R) are of class CF.
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6.2.1 Definition

A Banach space X 1s said to be Cp-smoqth, 0 < p < », 1if there

is a Cp(X, R) - function on X with bounded non-empty support.

6.2.2 Definition -

The Cp;topology on X, denoted P is the topology obtained by

>

taking as a sub base all sets of the form’
{f-Y(a, b) | £ e CP(x, R); a, b € R'},

where R' denotes the extended reals.

The Fp—topology of a real Banach space X, is related to the
product space topology over the reals. Let Rf = R, for each
f e Cp(X, R), and define a mapping 7: X - 1 {Rf | F e Py by
T(x) = W{f(x) | f e C¥}. Now, since the dual space X* is total and
x* C cP(x, R), we have that if T(xz) = T(y) then f(x) = f(y) for
every f € cP and, in particular, for every f € X* and so « = y.
Hence T 1is a one~to—-one embedding; consedquently, X may be. regarded

as a subset of II{R f e cP}. It is then evident that the I'P-

JC‘ l
topology on X is identical with the relative topology of X as a
subset of this product space.

Denote the weak and norm topologies of a Banach space (X, B) by
'* and T respectively.

B

The following theorem is an immediate.result of the fact that

x* Cc(x, R)C ... Px, R) . ... ¢%X, R) and B e CO(X, R).
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6.2.3" Theorem

Let (X, B) be a Banach space, then the weak, norm and rP
topologies have the following relationship:

1) 10 = FB;
2) el C 1P, 0 < p < =

3) 17 1P, for every p 2z 0;
and. 4) 1* C_T .

The following theorem suggests that a study of rP topologies may.
be useful in establishing the existence of admissible norms of different

differentiability classes.

6.2.4 Theorem

If B 4is an element of Cp(X; R), then P = FB.
Proof:

By the previous theorem, rP . PB, hence, we need only show

containment in the opposite direction.

Let U € FB and let' x be some element in. U. Then there exists
§ > 0, such that the open ball, denoted S, with center x and
radius ¢ 1is contained in U. Certainly, g~ 1(-§, 8) is a rP_

neighbourhood of the origin, so, by proposition 1, p. 9 of Robertson
[18], « + B-'(-8, 8) is a IP-neighbourhood of x.  But

x + 8*1(-6, §) =5, and the theorem is proved.

6.2.5 Corollary

If p 1is an equivalent norm on the Banach space (X, B8), then
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Pp = PB’ henhce if p € Cp(X; R), FB = rP,

Since every continuous linear functional is I'*-continuous, we

have the following:

6.2,6 Theorem

The continuous linear functionals on (X, Pp), 0 <p < =, and

(X, T#*) are precisely the continuous linear functionals on (X, FB).

We note, without proof, the following important property of the

rP topologies.

6.2.7 Theorem=

For p, 0 £ p < «», the weakest topology on X which makes every

element of Cp(X; R) continuous is the rP topology.

From the definition, a base element of the Pp-topology, 0 < p £ =,

is of the form,

{z | t, < f(x) < &3 tys Sy € B and

froe P(X, R), k=1, 2, ... nk

In the following theorem we indicate.an .equivalent base for the rP
topologies.

6.2.8 Theorem

I’ has a base of sets of the form {z , flx) > 0, f> 0, and. f'e Cp(X} R).
Proof:-

Consider 'a base element of the Fp-topology. It is of the form
{x | ty < f%(x) < 85 ty, 8, € R; and

i € P(x, R), k =1, 2, ... , n}.
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Choose ¢ in Cw(Rn, R) such that ¢(ry, v, ... , 2,) > 0 if

t, <» for all k, and ¢ = 0 otherwise. Let d map X

kS Tk T %
into X' be defined by d(x) = (x, 3 ... , x). Clearly d is

continuous linear isomorphism, so
F=9¢0(fi xfoxioo xf)od
is in CP(X, R), and
Ax | t, < f(x) < &, for all k} = {x | f(x) > 0}.
The following two theorems are important generalizations of some
of the ideas used in the previous chapter and, in the same sensé, are

used to develop a partial characterization with regards to the existence

of admissable norms of higher differentiability classes.

6,2,9 Theorem (Bonig.and Frampton).

The norm topology, FB, of a Banach space X 1s equivalent to the
rP topology, induced on X by the functions in Cp(X; R), 4if and
only if X is (P-smooth.

Proof:

Suppose X is Cp-smooth, U 1is any open set in X, .and & is
in U. Let f e Cp(X, R) be a function with bounded non-empty -
support. By composing f with Cm—maps, as we did in theorem 5.3.4,
we can find g e CP(X, R) with g(z) #0 and {z | g(z) # 0} C. U..
Since TIP c ro, Cp(X, R) open sets are open and we have- that the

norm topology is equivalent to the Fp—topology.
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Conversely, assume that the two topologies are equivalent. Then,
using a construction similar to that in the proof of theorem 6.2.8, define
a Cp(X, R) function with bounded non-empty support on X, It follows

that X is Cp—smooth.

6.2.10_ Corollary

Suppose X 1is a Banach space which admits an equivalent norm
contained in Cp(X; R), then X is CP-smooth.

The contrapositive of this corollary is useful in proving the non-
existence of admissible norms of higher differentiability classes.
For example, consider the following:

6;2111. Theorem

If p 4is not an even integer and % > p then ILF and £F
do not admit norms of class o
Proof:-
Kurzweil [12] showed that if p 1is not even and # > p then Lp
and £F are not ¢"-smooth.
It is not known if the convérse of corollary 6.2.10 is true. However,
we feel that this is a reasonable conjecture, or, at least, some simple

modification of CP —smoothness might yield the converse. The following

theorems certainly support this conjectures..

6.2.12 Theorem
The Banach space ¢y 1is Cw—smqoth. (This was proven by Bonic

and Frampton (310



The following theorem was proved by N. H. Kuiper. (See Bonic.and

Frampton [4; p. 896]).

6.2.13 Theorem.

o0
The Banach space c¢(p admits an equivalent C -norm.

6.2.14 Theorem

If p dis an even integer, then the usual norms of 2P ana P
aré of class C . A proof of this result can be found in Bonic. and
Frampton [4].

The following result follows from corollary 6.2.10.

6.2.15 Theorem

If p is an even.integer then £ and IF are ¢ -smooth.

As we have illustrated above, cordllary 6.2.10 provides an easy
way of obtaining smooth functions on a Banach space, via the norm. 1In

the following, we consider further applications of this method.

6;2¢16.‘Theprem

. . ) -2}
A finite dimensional Banach space is ( -smooth.

6.2.17 Theorem

85

If X* 1is separable, X is ¢l-smooth. -This follows as a .consequence

of theorem 3.4 and corollary 6.2.10.

6.2.18 Corollary

If (X, B) 1is a separable Banach space, then TI_ =Tl if and

only if X* dis separable,



6026197 Theorem

A Hilbert space is ¢ -smooth.

Bonic.and Reis [4; p. 897] have shown that if a Banach space and
its dual space admit Cz—norms, then it is a Hilbert space. In view
of the above conjecture, it is likely that if a Banach space and its

dual are C?-smooth then it is a Hilbert space.

6.3 Summary

In this and the previous chapters, we have considered several
properties which might be satisfied by a real Banach space. We have
used these properties to characterize, at least to some extent, the
existence or non—existence of admissible Fréchet differentiable norms.

For a separable space we established that a Cl-norm is admitted
when and only when its dual is also separable. There is, however,
no characterization of those separable spaces that admit a Cp—norm,

p > 1. We have also established for separable spaces that an admis~
sible rough norm exists if and only if the dual is non-separable.

The non-separable space is more difficult. However, we have shown
that the existence of a Frechet differentiable norm implies that the
density character of the space and all its subspaces are equal to the
density character of the respective dual spaces. It is also necessary
that neither the space nor any of its subspaces admit$s a rough norm.
We do not know if a complete characterization is possible in these

terms; although, the evidence seems to infer that it 'is, or at least,
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that some modification of these properties might be useful in achieving
such a characterization.

We have also established that, if there does not exist a Cl(X, R)
function with bounded non-empty support on X, there does not exist
an admissible Fréchet differentiable norm for. X. It is still an
open question whether the existence of a Cl(X, R) function with
bounded non-empty support implies the existence of a admissible cl-

norm. However, this seems to be a reasonable conjecture. Similar

results hold for functions and norms of higher differentiability classes,

as we have seen in our study of CP _smoothness and we indicated
evidence inferring that the above ‘conjecture may, in fact, be true in

this situation as well.
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