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ABSTRACT

The Photon Number Density Operator
BY
Thomas Melde

A new operator is introduced to represent the density of photons in configuration space. It
has some features in common with operators previously introduced by Mandel and Cook but
has better transformation properties.

The operator is introduced first in the Coulomb gauge where only transverse photons are
necessary to describe physical states. It is the first component of the four vector obtained by
contracting the electromagnetic field tensor with the vector potential. It is also shown that in
the free field case the corresponding photon current and the photon number density operator
satisfy a continuity equation.

In the Lorentz gauge, longitudinal and scalar photons are allowed and the operators are
defined in respect to an indefinite metric as proposed by Gupta. The Coulomb gauge operator
expressed in the new metric cannot give the right number of ghost photons for arbitrary states
and has to be discarded as a valid photon number density operator in the Lorentz gauge. It is
shown that the photon number density operator in the Lorentz gauge differs from the one in
the Coulomb gauge by a divergence term. The total number of photons for physical states is
the same for both operators. The ghost states, which are the longitudinal and scalar photon
states, in respect to the old metric are different for the two operators.

The form of the photon number operator in the Lorentz gauge using the new metric can
be substantiated by symmetry arguments. The new operator is able to count the ghost state
photons in respect to the old metric in a free field and in the case of two fixed charges present.



(&) W N =

W N =

W N = W

W N = N W N 7] W N 'S

AW =

Table of Contents

Introduction

Out of the darkmess ...... ... ... i e e
The dawn of modem physics ... ... ..o i

The position of light today ........ ... ... ..

Principles of Quantum

Electrodynamics in the Coulomb Gauge
Maxwell’s equations and the reciprocal space ................
Normal varables................ ... ... .. ... .. ...
Second quantization in the Coulomb gauge ..................

Photon Number Density Operators in the Coulomb Gauge
Mandel’s Photon Number Operator for a finite Volume. . ... ..
Cook’s Photon dynamics ...........c.covvieiiiiiiiininennnnn..
Inagaki’s Photon Wave function .............................

A new Photon Number Density

Operator in the Coulomb gauge
Some comments about the notationused .....................
The photon density operator proposal in the Coulomb gauge .
The continuity equation for photons in the case of a free field
The case of a field with matter interaction ...................

Lagrangian and Hamiltonian

formalism in the Lorentz Gauge
The Lagrangian formalism in covariant notation .............
The normal modes in the covariant notation .................

................

The potential four vector and the Hamiltonian in configuration space

expressed inthenew basis set..............................

Quantization of the Radiation Field in the Lorentz Gauge
The indefinite metric .............. ... .. ... iiiiiiiiiiiinn.
A new class of photons .................... e
The subsidiary condition ....................................

The photon number density in the new metric

The Photon Current Four Vector in the new metric...........
Mean values of the photon number operator .................
Mean values of the operators in respect to the old metric. .. ..

................

Interaction of the free field with two fixed charges in the covariant notation . . .

11
11
14
16

18
19
22
24

27
27
29
31
32

36
36
40

43

45
45
49
51

53
53
55
56
57



N = \O W =

Covariant photon number density
Modifying the proposed operator ............ ... it

Symmetry arguments........

The number of Photons in the case of two fixed charges present .............
Mean values of the new operator in the old metric...........................

Conclusion

Results in the Coulomb gauge ............. ... .. .. . ..

Results in the Lorentz gauge

References

61
61
62
64
67

71
71
72

75



Chapter 1
Introduction

Kunst gibt nicht das sichtbare wieder, sondern macht sichtbar.
(Art does not reflect the visible, but makes visible.)

-Paul Klee

1 Out of the darkness

Vision is probably the strongest of our senses and it is no surprise that we are eager
to understand the concept that allows us to see and distinguish objects. Early theories
thought of the eye as a testing device sending out signals to investigate the world
around us. Greek philosophers however concluded that the eye is merely a detector
that depends on signals sent by the observed object. Those signals are known as light
and objects can either reflect or emit them.

But what is the nature of these signals? One of the first observations was the
fact that light appears to travel in straight lines and objects throw shadows. This
behavior suggests that light consists of particles travelling the distance between the
observed light emitting object and the eye with some velocity. If another object
which cannot be traversed by the particle is in the way, it is impossible for our eye
to observe the light emitting object. Newton supported this theory because he could
not observe with his equipment that light would bend around comers and therefore
would follow a curved path.

Robert Hooke, a contemporary of Newton, suggested that light is some kind
of oscillatory behavior in a medium that yet had to be found, which made a far
more complicated theory necessary to explain the nature of light. In the year 1687
Christiaan Huygens used this idea and formulated indeed a wave theory of light.
Newton’s reputation and the simplicity of the theory however was reason enough that
the corpuscle theory was predominant for some time.

Another question of interest was the velocity with which light can travel. The
first attempt to measure the speed of light was probably made by Galileo Galilei,
but with his equipment he only could show that light travels extremely fast. He



nevertheless predicted a finite value for the speed of light. The first value given
for the speed of light is the one of Ole Roemer, who used solar data to obtain a
value of 2 x 10°2. In the year 1849 Hippolyte Fizeau conducted the first terrestrial
measurement and his result is the value accepted today. The riddle of the speed of
light was solved, but the question of the nature of light was still unanswered.

In the early 1800s (approximately at the same time as Fizeau’s experiments)
the wave theory of light was able to explain the observation that light can in fact
bend around comers and Young performed interference experiments that could not
be explained with Newton’s particle theory. At the end of the century Maxwell
formulated his famous set of equations and predicted the existence of electromagnetic
waves, which travel with the speed of light. In the same century Heinrich Hertz was
able to show the existence of the proposed waves. The nature of light had to be an
electromagnetic wave.

2 The dawn of modern physics

It did not take long to destroy this new confidence in the description of the nature
of light, because in the year 1900 Max Planck was able to explain the black body
radiation problem with an approach that contradicted classical physics. He concluded
that the vibrational energy of the oscillators in the black body problem is discrete,
or quantized as he called it, with a smallest possible finite unit of energy. Albert
Finstein used this revolutionary idea to explain the photo-electric effect in the year
1905 and treated light as a stream of Planck’s energy quanta, which he called photons.
The concept of photons is more similar to the particle approach and the confusion
was evident, sometimes light seems to behave like a wave and sometimes like a
particle. The only explanation was that both theories are models of something more
complicated and are only valid in special cases.

At the same time Einstein published his theory of special relativity, in which
light plays an important role. Photons in this theory have zero rest mass and their
finite speed is the fastest speed with which information can be transmitted. Simul-
taneously the theory of quantum mechanics was developed independently by Erwin
Schroedinger and Wemer Heisenberg and the basic principles for modemn physics
were bormn. The theories are completely abstract models and by far more difficult to
understand than the classical theories. It seems that the more completely a model
can describe nature the more difficult it is to understand it. Feynman even suggested
that “nobody understands quantum mechanics”, but because the theory is so powerful
most undergraduate students in physics are confronted with it today. In quantum
mechanics physical states are described by wave functions in abstract spaces and
observable quantities are represented by quantum mechanical operators. This and the



fact that certain measurements can only be performed up to a given uncertainty are
the main concepts of the first quantized system.

In the year 1927 Dirac published his paper on The Quantum Theory of the
Emission and Absorption of Radiation which was the foundation of a systematic theory
of quantized fields. This is known today as second quantization and once again light
played an important role in this development. A year later Dirac coupled his theory
of radiation with a relativistic theory of the electron and Quantum electrodynamics
was born. Photons could now be interpreted as the excitation modes of the free
electromagnetic field in this new theory and the description of the nature of light
once again changed.

3 The position of light today

The particle aspect of the photons still constitutes difficulties, because as a particle the
photon should be localizable in space and time like every other elementary particle and
it would be possible to define a quantum mechanical position operator for photons.
But photons have zero mass and Newton and Wigner [1] showed that particles of that
kind are not strictly localizable. Modern physics tries to solve this problem, because
in experiments photons are detected on a daily basis and experimentalists think of
them in a way as point like. Jauch and Piron [2] suggested that photons are weakly
localizable particles following an approach to describe photons, which was developed
by Mackey [3]. It is based on the so called representation theory, which is an
abstract mathematical model describing positions with projection operators. Amrein
[4] investigated this approach and its consequences and was able to define operators
describing the number of particles in a given small volume of space in relativistic
quantum field theory. He also compared this operator with a similar operator given
carlier by Mandel [5] for the photon field. Amrein’s approach however is not the one
investigated in this thesis.

Mandel’s photon number operator was the first of its kind and it was followed
up by Cook [6][7], who extended the operator and was able to give a continuity
equation for photons. Recently Inagaki [8] published a paper reformulating Cook’s
photon dynamics in conventional quantum mechanics and giving an interpretation
why Cook disregarded negative frequency solutions. All those approaches will be
briefly discussed in this thesis.

Initially Quantum electrodynamics was studied in the Coulomb gauge where the
longitudinal modes of the field could be replaced by the Coulomb interaction. Only
transverse photons were necessary to describe the physical system, but the system was
not relativistically invariant. The covariant theory introduced a new kind of photons,
the scalar photons, and treated the four kind of photons symmetrically. The scalar
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photon however makes a change in the sign of its commutation relations necessary and
it was proposed that the roles of emission and absorption operators for scalar photons
should be reversed. This would destroy the symmetry of the theory and leads to
difficulties. Suraj N. Gupta [9] used a different approach to solve this problem in a
paper published in the year 1950. He introduced an indefinite metric and modified
the gauge condition for physical states. The difficulties in the physical interpretation
were solved, because in his theory only the transverse photons are observable and the
longitudinal and scalar photon states are allowed to have negative norms. As long
as no constraints are applied, those unphysical states which Michio Kaku [10] calls
Ghosts are allowed to propagate in the theory.

In this thesis a new photon number operator will be introduced in the Coulomb
gauge first and in the Lorentz gauge later. The Lorentz description will be more
complicated, because longitudinal and scalar photons will be allowed. In the Lorentz
gauge an indefinite metric as proposed by Gupta will be used. It also will be shown
that the proposed operators will yield the same result as the usual photon number
operators in the appropriate limits. It is also hoped that the description in the Lorentz
gauge will give a better understanding of the role of scalar and longitudinal photons
in physical situations.
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Chapter 2
Principles of Quantum
Electrodynamics in the Coulomb

Gauge

And now jfor something completely different.

-Monty Python's Flying Circus

In this chapter a brief introduction to the theory of Quantum electrodynamics will
be given. The concept of Maxwell’s equations and Fourier transformations are the
starting point and the quantization of the field will be explained in the second part of
this chapter. The quantization will be performed in the Coulomb gauge first and in
the Lorentz gauge in a later chapter. Throughout the thesis SI-units will be used.

1 Maxwell’s equations and the reciprocal space

This section gives an introduction to the basic principles needed to develop quan-

tum electrodynamics. It starts with the definition of Maxwell’s equations and their

transformation into reciprocal space. Then the normal variables of the field will be

derived, because they are the natural starting point for a quantization of the field.
Maxwell’s equations in real space are

V-E(x,t) = e—lop (r,?) (2.1.1)
V-B(r,t) =0 (2.1.2)
V X E(r,t) = —%B (r,t) (2.1.3)

10 1 .
VxB (I‘, t) = —g &E (I‘, t) + w‘] (I‘, t) (214)
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As usual E(r,t) is the electric field, B (r,t) is the magnetic field, p(r,?) is the
charge density and j (r,¢) is the current density due to matter. It is possible to show
from Maxwell’s equations that the charge density and the current density satisfy the
continuity equation

0 .

5:0 (r’ t) +V J (ra t) =0, (2-1-5)
which expresses the global conservation of charge. The fields E (r,¢) and B (r,?)
can also be written in respect to the vector potential A (r,¢) and the scalar potential
U (r,t) as

B(r,t) =V x A (r,?) (2.1.6)
E(r,t) = —g_tA (r,t) — VU (r,1?). (2.1.7)

With those definitions Eqn.(2.1.2,2.1.3) are satisfied and Eqn.(2.1.1,2.1.4) are given
as

1 o)
AU (r,t) = —gp (r,t) — V-é—tA (r,t) (2.1.8)
1 . 10
OA (r,t) = 8073 (r,t) — |V -A(r,t) + gaU (r,t)|, (2.1.9)

where 0= 120 — A and A = V>

This is a system of coupled second order differential equations, the equations
of motion. The potentials are not unique and it is possible to perform transformations
that leave the fields invariant. They are known as gauge transformations and they are
of the form

A(r,t) — A (r,t) = A(r,t) + VF (r,?) (2.1.10)
U(r,t) = U (r,2) =U (r,t) — %F (r,?), (2.1.11)

where the scalar function F (r,?) is arbitrary. It is therefore possible to choose
different gauges to describe the same fields. The most commonly used gauges are
the Lorentz gauge

10
VA @)+ 45U (1) =0 (2.1.12)

and the Coulomb gauge
V-A(r,t)=0. (2.1.13)

All the equations defined so far are global equations, that means the field at
one point in space is dependent on points in its neighborhood and this neighborhood
can be extended to the whole space of definition. It is possible to transform the set
of Maxwell’s equations into a set of strictly localized equations. This is achieved by
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performing a Fourier transformation and the space of this Fourier transform is called
reciprocal or momentum space. The Fourier transformation is defined as

1 .
£(k,t) = 5 | &°rE (r,t) e ™~ (2.1.14)
(2m)2 /
where 1
E(r,t) = 5 | &PrE (k,t) e (2.1.15)
(Zﬂ') 4 /

This Fourier transform is of the same form for all fields. The gradient operator V in
real space transforms into multiplication by ¢k in reciprocal space after performing
the Fourier transformation and Maxwell’s equations in reciprocal space are

ik-E (K, ) = glp (k, ?) (2.1.16)
0

ik-B(k,t) =0 (2.1.17)
ikxE (k, t) = —%B (k, ) (2.1.18)
KxB (k, ) =~ O£ (ks 8) +—j(k, ¢ 2.1.19)

? ,)_czat 1) 8002'7 : )7 (2.1

the continuity equation is

ik-j (k,t) + -%p (k,2) =0 (2.1.20)

and the relationships between the fields and the potentials are given by the equations

B (k,t) = ikx.A(k, 1) (2.1.21)

£ (k,t) = —%A— ikl (k, ) . (2.1.22)

This means that for every given wavevector k the field at this point in the
reciprocal space is described by the four Eqn.(2.1.16,2.1.13,2.1.18,2.1.19). For the
magnetic field Eq.(2.1.13) yields the fact that the longitudinal component of the
magnetic field is identically zero. The longitudinal part of the electric field is zero
only in the special case of the free field. In the case of a given charge distribution the
longitudinal part of the electric field is due to the Coulomb interaction of the charges®.
Since this Coulomb interaction is dependent on the positions r,, of the particles o and
therefore is not a dynamical variable of the field, the global system field + particles
at time ¢y can be expressed completely in terms of the set of dynamical variables

! A rigourous treatment can be found in Ref.[11, p.11]
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{&€1 (k,t0), B(k, %) ,ra (to) ,To (to)} - It is then only necessary to express Maxwell’s
equations in terms of the transverse fields and one gets for Eqn.(2.1.18,2.1.19):

2Bk 1) = ~ikx£. (1) (2.1.23)

9 1 (k1) = iPkx B (i, 2) — 151 (K, 2) (2.1.24)
ot €0

It is important to notice that only the transverse part of the current appears in
Eq.(2.1.24).

2 Normal variables

In the last section Maxwell’s equations in reciprocal space were developed. It was
shown that only the transverse parts of the field are dynamical variables and that
Maxwell’s equations in respect to these variables are strictly localized. Maxwell’s
equations are a set of coupled differential equations and therefore one is tempted to
find a new basis in which the equations are independent of each other. This new set
of variables is called normal variables. It is possible to rewrite Eqn.(2.1.23,2.1.24) in
a different form and to find the eigenfunctions of the system in the case the transverse
current equals zero. The equations can be written as

égl (k,t) = ic’kxB (k, t) — ljl (k,%), (2.2.1)
ot o
o o
kx &B (k,t) =k"E) (k,t). (2.2.2)
Sums and differences of Eqn.(2.2.1,2.2.2) yield
% (€1 (k1) £ exxB (k, 1)) = +iw (&) (k,t) £ exxB (k,t)), (2.2.3)

with the angular frequency w = ck and the unit wave vector x =X. The normal

variables are then defined as
1

a(k,t) = “oN (B)

€1 (k,t) — ckxB (k, t)] (2.2.49)

8k, t) = _ﬁ (€1 (K, 2) + crxB (k, )], (2.2.5)

where N (k) is a normalization coefficient, which has to be chosen later. The real
character of the fields in real space makes it necessary for them to satisfy the condition

B(k,t) = —a" (~k, 1) (2.2.6)
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and it is now possible to express the fields £, (k, ¢) and B (k, ¢) in respect to the new
complete set of independent variables « (k, ¢) as

& (kt) =N (k) [a(k,t) — a" (—k,1)] (2.2.7)

B(kt)= z'/\—/—c(k—) [k x a(kt) +k x o (—k,t)] (2.2.8)

The global system of the fields and the particles at time ¢, is therefore de-
scribed by the complete set of independent variables {a (k,%0),Ta (%0),Ta ()},
where a (k,%o) is complex. The time evolution of the normal variables is described
by the equation

a(k,t) +iwa (kt) = k,t), (2.2.9)

)

280N (k)j_L (
where Maxwell’s equations and the definition of the normal variables have been used.
For the free field these equations are easily solvable. The normal variables still span
a two dimensional space orthogonal to the wavevector k for every given wavevector
k. It is usual to simplify the notation and introduce the orthonormal basis {s, e, n} ,
where £ and € describe two unit vectors transverse to the wavevector direction, .
Expanding o (k, ¢) in respect to this basis yields

a(k,t) => ea. (kt), (2.2.10)

where o, (k,t) = - a(k,t). For an even more concise notation o; can be defined
in the following manner:

o (k) — one (2) — o (2.2.11)
In respect to this new set of variables the fields in real space can be expanded as
AL =3 A, [aee™T + afee] (2.2.12)
E, = izgwi [aisie"ki'r — afsie_iki'r} (2.2.13)
1
B= Z B, [aimixeieiki'r + aik; X sie_iki'r} , (2.2.14)

where the constants &, B,, and A, have to be defined later and w; is given by the
equation w; = ck;. The longitudinal part, A, of the vector potential A is arbitrary
and depends on the gauge. It is not a dynamical variable, because it only contributes
to the longitudinal part of the electric field, which itself is not a dynamical variable.
The relations between the electric field and the vector potential are
o

Ei=—5 Al (2.2.15)
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E| = —g—t—A” —VU (2.2.16)
In the Coulomb gauge Eq.(2.2.16) simplifies to the expression E| = —VU, because
Ay = 0 and therefore E| depends only on U and E; depends only on A in this
gauge. Other gauges are equally possible and in a later chapter the Lorentz gauge

will be chosen.

3 Second quantization in the Coulomb gauge

As seen in the preceding section the general system in the Coulomb gauge is defined
by the particle variables and the field variables. The first quantization as usual
treats the position and momentum variables as operators with certain commutation
relations. The second quantization transforms the normal variables to operators with
certain commutation relations. For the particle variables the usual quantization will
be used, which interprets the variables r; and p,; as operators with the commutation
relations

[Pais78;] = [PairPgi] =0 (23.1)

[rais P3s] = ih6asbis (2.3.2)

and z, 7 = z,y, z. Second quantization is achieved by interpreting the normal variables
defined in the last section as operators, which satisfy commutation relations.

The normal variables o; and o are now replaced by the destruction operator
a; and the creation operator a:f with the commutation relations

[ais @] = [al, af] =0 (2.3.3)

|ai, o] = & (23.4)

With this new interpretation the physical fields can be expanded in terms of the new
variables and one obtains

A =) A, [a,isieﬂ‘i'r +al sie_iki'r] , (2.3.5)
E,=i) &, |aee™™ — alee™| (2.3.6)

and
B= ZB‘% [CL{K,',;XSieiki.r + azli,; X 8i6_iki'r] (237)

with

hwi % w; (25
Ewi={ } , B, =%  and A%:gz. (2.3.8)

[&4 5
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The longitudinal part of the vector potential A however depends on the gauge and
since the Coulomb gauge is used it has to satisfy the equation

A =o0. (2.3.9)
The scalar potential U is simply given by the electrostatic potential

>

«

(2.3.10)

47r50 [r — raf

Since we are in the Coulomb gauge the vector potential A is identical to the per-
pendicular part of the vector potential A ) following the condition given in Eq.(2.3.9).
Therefore the index | for the vector potential A will be omitted in the remainder
of this chapter. If the theory is restricted to the free field, the Hamiltonian A7 and
the momentum P are given by simple operator expressions. They can be found in

Cohen-Tannoudji [11, p.174] and are given as
1
Hp = 529 / &r [E? (r) + B (r)] = 3w (a}‘ai + 5) (2.3.11)
and

Pr=¢o / &rE (r) x B (r) = Y fkiala; (2.3.12)

Since the i-th state in the Hamiltonian represents a harmonic oscillator the states
of the free field can be expressed by Fock states of the form |..., n;, ...) and the creation
and destruction operators obey the usual relations

al oy, Y=V 1|y +1,.0) (2.3.13)
G Lo ity ) = 7 Loy — 1, ) (2.3.14)
@i ]y 0,...) =0 (2.3.15)

If all n; are equal to zero the state is called the vacuum and every state of the system
can be expressed in respect to the vacuum state following the usual rule

T
I -9 Ty - —( ) > (2'3-16)

The so defined states are natural elgenvectors of the Hamiltonian and the momentum
operators and the corresponding eigenvalue equations are

1
Hp oyt = 32 (it 5 ) Py, ) (2.3.17)

PR[...,ni,...> = Znihkil...,ni,..). (2318)
This completes the short introduction of Quantum Electrodynamics in the Coulomb

gauge and in the next chapter this theory will be used to investigate the problem of
defining a suitable photon number operator for the quantized field.
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Chapter 3
Photon Number Density Operators in
the Coulomb Gauge

The answer to the great question of..Life ,the Universe and Everything...Is... Forty-two.

-Douglas Adams, "The Hitch Hikers Guide through the Galaxy”

In the previous chapter the radiation field was quantized and annihilation and creation
operators for the field variables were introduced. The excited states of the system are
obtained from the vacuum by applying the creation operators for the different modes
several times. The state obtained in this manner has the form

l'fll, - > s (3019)

with n; describing the number of times the creation operator of a specific mode and po-
larization has been applied to the vacuum. The energy of this state is > _; (m + %) hw;
and therefore is raised from the vacuum by the amount }_; n;/w;. Similarly the mo-
mentum is raised by the amount 3>_; n;hk; and therefore this state can be interpreted
as a state with n; particles, with the energy Aw; and the momentum #Ak;. These par-
ticles are called photons and they describe the excited modes of the quantized fields.
Naturally the ground state has no excited modes and therefore is the state with no
photon present.

The total number of photons in any state can be found using the number operator

N = Za}ai. (3.0.20)

as given in Loudon [12, p.134]. That this operator indeed counts the photons present
in a state can be seen when one lets the operator act on the state given in Eq.(3.0.19).
The so defined photons are Bosons, because the field was quantized with commutators
and the number of photons in a specific state can exceed one. The question arising
is “how many photons are at a given point in space at a given time?”. The answer
to this question is not trivial, because the photon has zero mass and Newton and
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Wigner [1] stated in 1949 that a elementary system of this kind is not localizable.
That means there does not exist a probability amplitude for the position operator
of the photon. This is a slightly different question than the one investigated in this
thesis, but the same problem arises. In this chapter some proposals for photon number
density operators, that were given earlier, will be investigated.

1 Mandel’s Photon Number Operator for a finite
Volume

In 1966 Mandel [5] suggested that the operator
e = / At(r,t) - Ar,H)dz (3.1.1)
Vv

represents the number of photons in a finite volume V at a given time ¢. He described
this operator in terms of the detection operator A (r, %), which is not equal to the vector
potential A (r,?) used in the last chapter. The detection operator is defined as

-~ 1 .
A(r, t) = E%‘ Z &k’)\sk’/\ez(k-r—ckt). (312)
{k.A}

As usual the unit polarization vector ¢y , satisfies the orthogonality relation
€k " B’ = O\ v (3.1.3)

and the integration volume is L3, The usual photon number operator is

A=Y al, - (3.1.4)
kA

as given in Eq.(3.0.20).

First 1t will be shown that if the integration in Eq.(3.1.1) is over the complete
space V it coincides with the number operator defined in Eq.(3.1.4). It is possible to
substitute Eq.(3.1.2) into Eq.(3.1.1) and one gets

i

" 1 A i(icor—

Ny = f —3 Z ag \Ex \E (le-r—ckt) ((301))
vV Lz O}

1 ~ i(k-r—c
. [_L§ E Ay A€k N\E (k kt):| d?’x
2
{le, A}
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Performing the product and rearranging the terms this yields

" 1 AF 4
vy = —'—L3/ E a;r(,)\ak/,)\/ (315)
V / rf
{11’ AN}

i [(k—k' yr—c(k—k )t]

- 3
XEL x * 8’ N E d’r.

Integrating over the whole space L*® and using periodic boundary conditions give the
identity

if (k=K' )r
/ O] s 5 - L7, (3.1.6)
V ¥
which gives a Delta function in the above expression and simplifies it to
. 1 A A .
nLS,t == E Z alh(,/\ak/’)\lak,)\ - 6k,,)\,6\k,k/ M L3. (31.7)
{xx' A2}
The sum over k and kK reduces to a sum over k and one achieves
s, = Z &L,A&’k,xsi,)\ B2 S\ (3.1.8)
{k,)\,)\'}
which is equal to
figsg= Y @l \aun (3.1.9)
{kA}

using Eq.(3.1.3). This is the definition of the number operator as given in Eq.(3.1.4),
which completes the proof. It should be mentioned that this result is only valid if
the integration space is the total (normalization) volume L* and periodic boundary
conditions are applied.

Another relation to Eq.(3.1.4) is given by the expectation values. For simple
Fock states of the type |..., 7y 5,...) it will be shown that the expectation values are
simply related by the expression

(v = (£5) () (3.1.10)
Substituting Eq.(3.1.1) into this expression
(Tove) = (coes Mg py | ot |y Tpe ny o) (3.1.11)
gives

(Fovia) = {oory U ry | ]VA*(r, 2) - A(r, )dPr |y 1 p, 00 (3.1.12)
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It is possible to take the integral outside and after substituting the detection operators
Eq.(12) yields

. 1 o .
<nv,t> = E/‘/C--,nk,/\,---l Z aLAakf,,\fsk,A-sk/’X (3.1.13)
{k,k',A,A’}

i|(k—X")r—c(k—k
e [( yroelk )t] ooy R py -on) AT

Using the fact that only the destruction and creation operators have an effect on the
states gives

k -x ) -r—c(k—k, )t]

N 1 . i
<ln"/,t> = Ei L Z ek,)\ - 8k,,/\,e |: (3.1.14)
{x,K' AN}
X (oo Ty e G A 7 ooy T o) AT
Allowing the operators to work on the states leaves one with the equation
~ 1 * i (k—k,)-r—c(k—k,)t
(hyg) = I fv DTN [ ] (3.1.15)

{k,k’,s,s’}

3
X, /nk',sl VAL +1 <, T, sy ...|...,nk,s + 1, aeny nkr’sr — 1, > d’r.

The orthogonality relation for quantum mechanical states allows one to express this
as

(k-k')-r—c(k—k')t]

R 1 N i
<nV,t> = Zg /V Z Exa S’ NE [ (3.1.16)

{k,k’ ,)\,,\'}

X\/_T;";'\/mé((...,nk,k’--')’(“"n’c!)‘+l""’n , ,—1,..,))d35~

KA

where the Kronecker delta is equal to one, only if £ = &" and A = \". Therefore the
equation simplifies to

. 1
vy = 5 [ X eacevne
{xx' AN}

X, /nkr,)\, RVALIBY + 16(k,k/,/\,)\l)d3r'

Because the operators have to work successively this coincides with

() = 25 [ 3 s fown — 1) + 1, (3.1.18)

{k,A}

i[(k—k')-r—c(h—k')t] (3.1.17)
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which gives the equation

(Pov,e) = Z T = <n> (3.1.19)
? fonr

and completes the proof.

The expectation value was calculated in respect to the simple Fock state |..., 72 5, ...).

A simple Fock state is obtained by operating on the vacuum state with creation op-
erators as described by Milonni [13, p.333] and he mentions at the same place that
those states have a definite photon number.

Difficulties in the theory arise if the commutation relations are investigated.
The Mandel operators 7i and 7iy; always commute, but they nevertheless do not
necessarily have the same eigenvectors. Two operators 7y, ;, and 7iy, ¢, with disjoint
space-time regions do not strictly commute, which is due to the difficulty of localizing
photons in space-time [5, p.1072]. To further investigate the defined operator fy;;
Mandel restricted his calculations to a finite volume, which is large compared with
the wavelengths of all modes of the set {(k, \)}. With this restriction in mind he
approximated the orthogonality relation for two different modes k, k as

* ~ * . —
Ek’)\ . &Tki,)\f ~ 8k/,)\ 8k’,)\’ = 6>\,>\I, (3120)

which basically means k ~ k . This approximation is only possible if the investigated
wave vectors are nearly the same.

2 Cook’s Photon dynamics

Mandel was not able to give a continuity equation for his photon number operator,
which is expected to be possible, if 71y, is a photon number operator.

In the year 1982 Cook [6],[7] presented a different approach with two vector
field operators. He introduced them as

T(r) = (2L%) 7% ename’™” (3.2.1)
kA
and K
P(r)= (2L3)_é Z(E) X Epaaae™ ™. (3.2.2)
k,A

In contrast to Mandel he used the Heisenberg picture and therefore the time de-
pendence is in the annihilation operator a,,. The first one is identical to Mandel’s
detection operator, except for a multiplicative constant. The second one is more
complicated, but it can be written in a more obvious fashion as

®(r) = (2L3)_% Zsk)\’ak/\eik'r, (3.2.3)
Y
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where )\’ is always the opposite value of A and ) is as usual 1 or 2. Therefore it is
the same vector operator as in Eq.(3.2.1) , only with the opposite polarization vector

akA,-
These operators can be used to construct a detection operator which Cook
defined as

D(r) = ¥i(r) - T(r) + D/ (x) - 2(r). (3.2.9)

This operator is positive definite and hermitian and therefore a good candidate for a
quantum mechanical operator, as one would expect. Furthermore integration over the
quantization volume gives the number operator 7.

/ drD(r) =S al, - o (3.2.5)

Because Cook used the Heisenberg picture it is possible to derive an continuity
equation for photons using the Heisenberg equation of motion for ay, , which is

given by ;

it
where H is the Hamiltonian of the system. Following a similar calculation as in
Cohen-Tannoudji [11, p.181] one obtains the relation

[, H] , (3.2.6)

ary =

: : +‘(2W)%J (3.2.7)
= W — 2
127'9 kN T 2 P kA0
where
Jier = /u;,A(r) -§(x)d’r = (wea(r) | §(r)) (3.2.3)
and

uk)\(r) = L_%ak)\eik‘r.
The function uy »(r) is normalized and can be regarded as the transverse mode func-
tion. Therefore Jy » is the projection of the electric current density on the transverse
mode function. With these equations it is possible to derive the field equations.
The first two equations state that the vector field operators ¥ (r) and ¥(r) are
transverse
V-¥(r)=0 (3.2.9)

V- @(r)=0. (3.2.10)

Two more equations can be derived, if one calculates the time derivatives 2 ¥(r) and
2&(r). It is a straightforward calculation and the result is

V x U(r )+33¢( )= 15, (G2.11)
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V x &(r) - 13\1;(1«) —sz, (3.2.12)

where S; and S, are defined as the hermitian source terms

= [ L (Fa0) < ea

T2 ’ d3k: k k ’ - 4
S,(r) = /d3 = x [ x i) ) etk 3.2.14
2(1') (271,)3 r (hwk)% k (k’ J(r )) ( )
The hermitian source terms look complicated, but one simple case is in the absence
of matter, because then they reduce to zero.

It also can be shown that D satisfies the continuity equation
GD+V-C=Q, (3.2.15)

where
Q=S,-®+d"-S, +i(S,- ¥ —T'.8S,) (3.2.16)

is the operator describing the interaction of the photon field with the sources and
C=c(¥ x® -2 x ¥) (3.2.17)

is the photon current density.

As one can see, this continuity equation is not equal to zero on the right hand
side. Therefore this equation should be called a weak continuity equation for photons
in the presence of matter and the extra terms can be interpreted as sources of the
photons. For free photons the right hand side vanishes and the regular continuity
equation is achieved.

3 Imagaki’s Photon Wave function

Recently Inagaki [8] used Cook’s photon dynamics and reformulated it in conventional
quantum mechanical terms. Only free photons were investigated, therefore the source
terms S; and S, in Eqn.(3.2.11,3.2.12) are equal to zero. Furthermore no statement
is made yet, if the negative frequency part in the plane wave expansions of ¥(r) and
% (r) should be disregarded like Cook and Mandel did in their detection operators.
First the photon wave function ¥ is defined as

s [ W
¥ = { > }, (3.3.1)
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which is a six-component column matrix and has the physical meaning of a probability
amplitude. The probability density is then expected to be the scalar product of ¥
with itself. The scalar product of two functions © and E is defined as usual:

(OF) = / 0" (r) - B(r)d*r (3.3.2)
Therefore the probability of finding a free photon at position r and time ¢ is given by

(BT = / T (x, 1) - B(r, )dr = / [B*(r, ) ¥ (r, t) + B (r,t)® (r, )] d®=.
(3.3.3)
This defines the probability density as

D(r,t) = ¥*(r,t)¥(x, t) + P*(r,t)P(r,1) (3.3.4)

and clearly it coincides with the one given in Eq.(3.2.4).

Before the current can be defined it is necessary to find a Schrodinger equation
for the given wave function. It is pos_sjble to rewrite Eqn.(3.2.9,3.2.10,3.2.11,3.2.12)
in respect to the new wave function ¥ (r,t) as

v (@) = | v -‘I’qffé)t) } =0 (33.5)
" 0 -1 T-V 0
[ I o } Oy (r,t) = c{ 0 T.v } W(r,t), (33.6)

where I equals the 3 x 3 unit matrix and T is a three-vector with 3 x 3 matrices as
components,which are given as

(:n)jk = —isijk with (Z,j,k’ = 1,2, 3) (337)
0 —I .
1 0 from the left on both sides of Eq.(3.3.6) defines the
Hamiltonian H for a free photon:

Multiplying by —2h

0 —-T
H—-c{;T 0 } (3.3.8)
where p = —tAV is the quantum mechanical momentum operator. Another useful

definition is the velocity operator

. 16,
_api

H=c[ 0 —Tj] (3.3.9)

Vj T] 0
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Now one is able to define the photon current C(r,t) as
C(r,t) = <‘f’]v|‘f’> = ¢(¥*(r,t) x ®(r) — D*(r) X ¥(r,1)) (3.3.10)

and with all this it is straightforward to show that the density D(r,?) and the current
C(r,t) satisfy the continuity equation

&D(x,t) +V - C(r,t) = 0. (3.3.11)

Inagaki was able to define a wave function for a free photon with the property
that the usual probability density definition leads to the same operator as in the Cook
theory[7] and the photon current is defined in the usual way too. He also argued
that the negative frequency parts in the plane wave expansions can be disregarded as
unphysical, although they are necessary for the completeness relation for the plane
wave solutions. Furthemmore it is shown that the second quantization of this theory
coincides with Cooks theory.

The operators described in this chapter are all fairly complicated constructions
and it is difficult to investigate their behavior under Lorentz and gauge transforma-
tions. In the next chapter a new operator will be proposed which will be easier to
work with and allows a generalization to a covariant form.
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Chapter 4
A new Photon Number Density
Operator in the Coulomb gauge

I’'m not suggesting that the play is without fault; all of my plays are imperfect, I'm
rather happy to say- it leaves me something to do.

-Edward Albee

In this chapter a new photon number density operator will be defined with properties
similar to the ones defined in the previous chapter. This operator will be written in
terms of operators whose equations of motion and properties under transformations
are well known. It also will be possible to define a photon number current density
and both operators will satisfy a continuity equation in the case of the free field. In
a later chapter it also will be shown that those operators define a four vector with
interesting properties. But for now the theory will be restricted to the Coulomb gauge
and the free field.

1 Some comments about the notation used

As in Cohen-Tannoudji[11, p.171], the fields E, B and A are given in respect to the
creation and destruction operators a}and a; as

1
hw; |2 s
ES_+) (I‘) =ZZ I:mj, a,-sie’kz'r (411)
h z ik;r
AP (1) =§: {ZEOL%J a;ee’* (4.1.2)

B -3 LML} 7 aulls X ) (4.1.3)
0

— C
1
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E|(r)=A(r) =U(r) =0. (4.1.9)

In the free field case no matter is present and the fields are purely transverse. In
the rest of this section the index L will be omitted. Furthermore only the positive
frequency parts in the plane wave expansions of the fields are considered.

The commutation relations for o}and «; are

lais ;] = [al, af] =0 (4.1.5)

(@i, af| = 8i5. (4.1.6)

The task of this chapter is to find a photon number operator density, which is
described in respect to already defined quantities. It is desirable to have an equality
between the new total photon number operator and the old one, which is

N = Zaza,i. 4.1.7)

Before the new operator can be given it is helpful to introduce simple basics of
covariant notation, because this notation is needed to motivate the form of the new
operator. A more complete introduction will be given in a later chapter when the
operator will be introduced in covariant form.

A four vector A“ in covariant notation uses Greek letters in contrast to the
ordinary notation, which uses Latin indices. The contravariant components of the

four vector A* are defined as
A
7 8
A = ( ! ) : (4.1.8)

where A is the ordinary spatial potential three vector and the scalar A; is equal to the
ordinary scalar potential divided by the speed of light % The covariant components
A, are related to the contravariant components A# by the equation

A, =gu.A, (4.1.9)

where g, 1s the diagonal metric tensor ( goo = +1,911 = g22 = 933 = —1) and
repeated Greek indices are summed over. The standard free field Lagrangian density
L3} written in this notation is

EQCZ

L=~ FuF" (4.1.10)

where
F,.=9,A —38A, (4.1.11)
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is the electromaguetic field tensor and derivatives are J, = ( vat ) The electro-

magnetic field tensor can also be written in the form

0 —E _Bs _E
E c C [
2= 0 —-B, B
=g 5 o A (4.1.12)
E _B B, 0

In the rest of the thesis this notation will be used, unless otherwise stated.

2 The photon density operator proposal in the
Coulomb gauge

In this section the new photon number density operator will be defined and it will
be shown that in the appropriate limits it equals the usual photon number operator.
But first it will be shown how the new operator was found. In the Lagrangian theory
symmetry transformations and conservation laws are closely related to each other
following Noether’s theorem. In a recent paper Hawton and Melde showed [14]
that a photon number current four vector could be seen as a direct consequence of
a hypothetical phase change symmetry of the Lagrangian and can be given by the
contraction of the electromagnetic field tensor with the vector potential, £** A4,,. This
contraction is given by the equation

0 —E _Es _E 124
B o _B, B, _A
L1/ — % Y =
F* A, £ B o _b aE 4.2.1)
E _B, B, O —A,
which equals
IE.A
LE,U + B.A, — B,A
L _ 2t % y <y
FY4.=\| 95U ~ B.A, + B.A. (4.22)
c%E,,U + B, A: — B: A,
and this result can also be written in the form
1E. A
Y — c
F A“_(C%EU—BXA)' (4.2.3)

The achieved four vector gives the form of the new photon number density
current four vector X, but this operator is not quantized. Quantization requires to
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split this operator in negative and positive frequency parts and to normal order them.
It is also necessary to require that the operator is hermitian and normalized and the
quantized operator therefore has to be

€o ( c (EH-A(“ —AO). E(+))
< )

Xe= Tl 2 (BO) x A 4 AC) x BO _ 1 (E(—)U(+) _ U(—)E(+)))
(4.2.4)
The photon number density operator pp 18 therefore defined as
— AW _AC) L EW®
pr=—— (E A AG) .EM). (4.2.5)

It has to be shown now that the integration over the definition space [ p, dz is
equal to the usual number operator N. Starting with the equation

/ py dac = —‘?—2 / (EO-A® — AD E®)de (4.2.6)
1

it is possible to write this as

/ ppde = / E o L3\/‘J (4.2.7)

><( a"e*eij - ;e 1”—af

*  —ik X ik;i-r
g;e - a;eet )d:v

where Eqn.(4.1.1,4.1.2) were used. Rearranging the terms gives

f ppde = Z f \/‘;_ﬂ (4.2.8)

X ( aj sJ z(k —kj)r __ a;_rajsr . sjei(kj_ki).r) d

The only space dependance appears in the exponents and the integration over the
whole space gives some delta functions. Performing this integration one yields the
expression

/pp dx = —% JZ, % (—a}aie;‘. -8, — alaer - aj5ﬁ) (4.2.9)
which simplifies to
/pp dr = —% z (—a;-'aisf g, — alaer - z«:i) . (4.2.10)
This is equal to the photon numberloperator
fpp de =Y ale, =N (4.2.11)

which completes the proof.
Therefore it is shown that it is not inconsistent to interpret p, as the photon
number density.
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3 The continuity equation for photons in the case of a
free field

In this section it will be shown that the photon number density current operator
satisfies a continuity equation in the case of a free field. Following the form of the
four vector the photon current density is naturally defined as the hermitian operator

. _.8002

T
To show that this operator and the photon density operator p, satisfy a continuity
equation of the form

(B x A® + AD x BW). (4.3.1)

5P +V 5 =0, (4.3.2)
the time derivative of the photon number density will be calculated and compared to
the gradient of the photon current density.

The equation for the time derivative of the photon number density operator

yields

O _ 0 ( %0 (pE) A A @
op = (—Z_h (ED-A® —AC . E )) . (4.3.3)
Using the product rule for the differentiation and keeping the same order of the terms
gives
0 % |(Ope)).a® L gO. (2
= - 2= . A A 3.
P 7 {( E A7+ E (4.3.4)

S [(F ). @ 1 a0 [Paw
o l(2a0) w0 4ac (28

and substituting Maxwell’s equations for the respective terms gives the expression

g‘w = 2[&(VxBO) AW _AC .S (VXBW) (435
__zf% [E(—). (_E(+)) _ (_E<—)) .E<+)] .
But collecting all terms this yields
gt-pp — —% [(VxBO).AM — AC) . (Vv x BW)]. (4.3.6)

Next it will be shown that V - j, leads to the negative of this expression. In-
serting the expression for the current gives

goc?

Vg =V (BO x AP + AD) x BW) (4.3.7)
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which is equal to

goc?

Vo= (V- (B9 x A®) 1 V- (A9 x BW)]|. (4.3.8)

Using a well known formula for the gradient operation this can be expressed as

Vi, = %"; [(VxBD)-AH —BO) . (VxAW)] (4.3.9)
+22 (7 % AC) - BH A (V x B

2

and collecting all terms gives

V-j,= 8;’: [(VxBO). AW — A0 (Vx BW)] (4.3.10)

remembering that V x A® = B®). Adding the terms in Eqn.(4.2.6,4.2.10) yields

gpp +V-j, = (4.3.11)
%‘; [(V=xBO).A® —AC) (v x BD)]
+% [ (VxBO).A® 4+ AQ) . (v x BH)],

which is obviously equal to zero and it is shown that for the free field the continuity
equation given in Eq.(4.2.2) is valid.

It is therefore possible to define a photon number density and a photon current
operator, described in respect to well known operators, that satisfy a continuity equa-
tion in the case of the free field. The transformation properties of this operator are
simple, because only well known field equations were used to define the new photon
number density operator. It is believed that this operator is a good alternative to the
ones described in the last chapter. In a later chapter this operator will also be given
in the Lorentz gauge, but in the next section a simple case of interaction with matter
will be investigated.

4 The case of a field with matter interaction

In this section the proposed photon density and photon current will be modified to
allow the interaction with matter. It is not possible to use Maxwell’s equations in the
same way as it was done in the last section, because now the interaction terms have
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to be included. The annihilation operators now satisfy the differential equations in

reciprocal space .

ha; = hwia; — ———7- 441
tha 280N J ( )
The general solution of this equation can be derived with the Ansatz
a; ~ e*“", (4.4.2)
where w can be positive and negative, and Eq.(4.4.1) yields
(th (iw) — Fw;) a; = —mﬁ, (4.4.3)
which gives for the annihilation operator the expression
1
i = i« 4.4.4
“ (wi + (A)) 280NJ ( )
Furthermore it can be assumed that the driving force is of the form
Ji~ et (4.4.5)
and Eq.(4.4.4) gives ;
a; = ———— Ae™? 4.4.6
(Wi +W) ) ( )

where A is a proportionality constant. If the matter is not dense as was argued in a
paper by Hawton[15] the frequency shift Aw = w; — w is very small and the driving
force only contributes significantly if w is negative. Thus, if the driving force satisfies
ji ~ e~ !t the annihilation operator has a big contribution and if it satisfies j; ~ e'l*l?
the annihilation operator has a small contribution. In the same way one can show
that the creation operator has big contribution if j; ~ e!*!* and a small contribution
if j; ~ eIt jg valid. It is therefore possible to say that the part of the driving force
that is proportional to e—*I* only contributes to the annihilation operator and the part
that is proportional to e **“* only contributes to the creation operator. In this special
case it is therefore possible to split the driving force term in negative and positive
frequency parts that solely contribute to the annihilation or creation operators. Now
it is possible to investigate the existence of a continuity equation for this special case
of matter interaction.
It is necessary to return to Eq.(4.2.4) and the photon current
2

ip = 57% (B<—> x AW 4 AC) x BO) — % (EOT™ — U<—>E<+>)) . (447
Next it will be investigated, if the so defined photon density and photon current
satisfy a continuity equation. In Maxwell’s equations the charge density and the
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current density are obviously not equal to zero anymore. The separated equations are
of the form

V-E® () = —p<+>( t) (4.4.8)
V-EO) (r,t) = —l—pH (r, ) (4.4.9)
€0
V x B&) (r,¢) = 10k (r,t) + —1—j<+> (r,t) (4.4.10)
’ cz Ot ’ goc? ’
18 1
-) -~ %p=) ELEPTED)
V x B (x,¢) 2 8tE (r,t) + oy (r,?) (4.4.11)

and the other Maxwell equations behave in the same manner.
Now it is possible to calculate the continuity equation g—t,op +V -j,. Starting
with the first term and substituting the expression for the density in this term one

yields
%Pp = _j_;. {(%E(—)) A L EO. (%A(H)] (4.4.12)

0 o
QNLAO) . EH _AO . [LE®
1 (aa ) m a0 (3E)

Following the same calculation as in the last section this is equal to

o, _ _& =) . A 1(><+>
1
- . @) A s
Zh[A (VXB ) 80A j }
where 5 5
A =E®. (§A<+>) — (EA(‘)) -E®™ (4.4.14)
and rearranging the terms gives
o _ & ). 1 PONG
Spp = Zh[ A ERERICWN +A] (4.4.15)
_ % YA A )
m[c ((VXB )A A (VXB ))]

Now calculate the second term of the continuity equation.
Substituting the new expression for the proposed photon current density operator
the second term is equal to

V-j,=V % (BH x A £ AC) x B®) 12 (EQU® — U<—>E<+>))

¢ (4.4.16)
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and in this expression the first part will yield the same result as it did in the last
section. Therefore it is only necessary to calculate the term

E= v-% {—Elg (E<—)U<+> ~ U<—>E<+>)J (4.4.17)
which is equal to
g = —:7‘; [(V-EQ)U® + EO - (VUD)] (4.4.18)

+2 [(VUO) - E® +UO (V-EW)].

Using Maxwell’s equations this can be rewritten as

= o= _&o {l (p(—)U(+) — U(*)p(+)) _EC).E® L ECO . EW (4.4.19)
ih (2]
2 p@  [FAa®) - [PAC). g®
*in {E (at ot
which is equal to
= %1 ope _po @ ]
o= | — o —-uU —A 4.4.20
th [80 <p P ) ( )

with A defined by Eq.(4.3.14).
Combining all these steps yields the final result

gt_ oo + V5, = ?% HO-A® — AC) 54 L UOH _pOU] (@421)
It is easy to see that the free field case is a special case of this equation, because if
the charge density and the current equals zero the right hand side vanishes.

It is furthermore possible to simplify the right hand side of Eq.(4.3.21), if it is
written as (A(_) S 4 p(—)U(“L))T — A 4 p(0U ) which shows this term is
purely imaginary and therefore the right hand side of Eq.(4.3.21) is purely real. Note
that neither the negative, nor the positive frequency parts themselves were assumed
to be purely real, or purely imaginary. In the case of matter present the photon
number and current operators are not satisfying a continuity equation anymore. A
term describing the photon matter interaction has to be included which acts like a
source or a sink for photons in physical space. Cook’s theory had a similar result and
therefore it is not surprising that the extra terms appeared.
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Chapter 3
Lagrangian and Hamiltonian
formalism in the Lorentz Gauge

There is nothing worse than a brilliant image of a fuzzy concept

-Ansel Adams

In this chapter the covariant formulation of quantum electrodynamics will be in-
troduced. It starts with an introduction to the covariant notation and Lagrangian
formalism in this new description. A new Lagrangian density will be introduced and
new physical variables will be derived from this Lagrangian density. The theory will
also be described in reciprocal space and the normal modes will be extended. Later
in the chapter important physical variables will be expressed in respect to a suitable
basis and problems like negative energy states will be shown. At the end of the
chapter the field will be quantized and the problems solved.

1 The Lagrangian formalism in covariant notation

Before the vector potential A can be expressed in the Lorentz gauge and the theory
can be quantized, it is necessary to formulate Lagrange’s and Hamilton’s formalisms
in covariant notation. The four vector notation was already introduced in an earlier
chapter, but nevertheless it will be included in this chapter, because it is the starting
point for a covariant theory.

The potential four vector A* in covariant notation uses Greek letters in contrast
to the ordinary notation, which uses Latin indices. The contravariant components of
the four vector A* are defined as

w_ [ As
A= ( i ) (5.1.1)

where A is the ordinary spatial potential three vector and the scalar A; is equal to the
ordinary scalar potential divided by the speed of light, £. The covariant components

Cc
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A, are related to the contravariant components A* by the equation
A, =g A, (5.1.2)

where g, is the diagonal metric tensor ( goo = +1,911 = g22 = gs3 = —1) and
repeated Greek indice are summed over. The standard free field Lagrangian density
L% written in this notation is

2

£ = _e‘f F, F™ (5.1.3)
where
lau/== u14u'—‘ékf4u (5.1.4)
18
is the electromagnetic field tensor and derivatives are J, = Cgt ) Now it is

possible to formulate the Lagrange formalism in this notation.

In the covariant formulation U (r) and A; (r) are treated symmetrically, but the
standard Lagrangian does not depend on U(r) and therefore U (r) does not possess
a conjugate momentum. A new Langrangian density for the free field £z, which
depends explicitly on U (r) and is manifestly covariant has to be defined. Consider
the Lagrangian density

8062

br=—"p

(BA) (& 4), (5.1.5)
as defined in Cohen-Tannoudji [11, p.365], which is clearly covariant and depends
explicitly on U(r). It is interesting to note that this Lagrangian density only involves
first order derivatives of the potentials and quadratic terms of A,, which insures
that the derived Lagrange equations will be linear in the potentials. This Lagrangian
density also can be written as

Lr= % A’ -y (8:4;) — (%) + (VU)z} : (5.1.6)

The spatial and scalar parts in this equation have opposite signs and this situation
followed naturally from the definition of the Lagrangian density given in Eq.(5.1.5).

Furthermore one cannot expect the Lagrange equations in respect to this La-
grangian density to be the same as Maxwell’s equations, which were derived from
the standard Lagrangian, without imposing a subsidiary condition. If interaction of
the field with particles is allowed, one has to add the interaction Lagrangian density

L;=—j, A (5.1.7)
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where j, is the current four vector (cp,j). The Lagrange equations regarding the
Lagrangian density £ = Lg + L; are easily calculated and the result is the set of
symmetric equations

DA = —]—2j (5.1.8)
€pC
1
aU = —p (5.1.9)
€0
where 0= 125 — A is the d’Alembertian.
On the other hand Maxwell’s equations in covariant form are
1
DA=—j—VA (5.1.10)
EpC
1 é)
oUu = — —A 5.1.11
60p+ 8t H ( )
where 1 5
= —— -A. 1,12
A c28tU+VA (5.1.12)

There is a choice of the potentials for which Eqns.(5.1.8,5.1.9) coincide with Maxwell’s
equations, These are the potentials that satisfy the subsidiary condition
10

which is, written in the covariant notation,
9, A" = 0. (5.1.14)

This defines the Lorentz gauge.
It is possible to derive an equation of evolution for A from the Eqns.(5.1.8,5.1.9)

and the result is 1 5
OA=— ‘j+=p]=0 5.1.15
s (V J+ &p) ; ( )
where the conservation of charge was used. Furthermore A can be calculated using
Eq.(5.1.9) and the following result is achieved

A=-v.E+2 =0 (5.1.16)

€o
This ensures that if A = A = 0 is true at the initial time, then A = 0 is true at all
times. Finally it has to be mentioned that there are still some gauge changes allowed.
The potential A;L = A, —0,f still satisfies the Lorentz condition, if Of = 0. In every
Lorentz gauge the new Lagrangian density yields the same equations of motion as
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the standard Lagrangian density, which makes the new Lagrangian density a suitable
choice for a covariant theory.

It is also possible to write this Lagrangian density in reciprocal space. To dis-
tinguish the Lagrangian densities in the different base representations, the Lagrangian
density expressed in respect to the reciprocal space is £z and A is the Fourier trans-
form of A. The calculation is a Fourier transformation and the result is

Lr=rco[A"- A= A" - A~ AL A, + P ALA,] (5.1.17)

with w = ck. This Lagrangian density describes four harmonic oscillators, three
associated with the spatial components and one with the time component of the
potential four vector. The time component oscillator has again the opposite sign of
the spatial component oscillators.

The Lagrangian for the radiation field has therefore the two representations

Lr— / Prlp— f‘ Pl (5.1.18)

where [* denotes integration over half the space. This happens, because the potentials
A; and A, are necessarily real, which implies that their Fourier transforms satisfy the
equations
A; (k) = A5 (—k) (5.1.19)
As (k) = A% (—k). (5.1.20)
The system is therefore completely defined if the vector potentials are known in one

half space.
The conjugate momenta 7; and 7, are defined by the equations

oL .

™= A;-R = g0 A, (5.1.21)
oL :

Ty = A;R = —co A, (5.1.22)

and equations analogous to Eqn.(5.1.21,5.1.22) for the conjugate momenta m; and 7
have to be true. The sign difference between the spatial equations and the scalar
equation is important and will give rise to some difficulties.

The subsidiary condition in reciprocal space is

1
kA= —m, (5.1.23)
gpC
It is also possible to write the radiation field Hamiltonian density in reciprocal space,

HR, as

_ 1 1
Hgr =& gfn'* -4 WA - .A-?ﬂ': s — WAL - A, (5.1.24)
0 0
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Furthermore it is possible to write Hamilton-Jacobi equations, which give the time
evolution of the vector potential and its conjugate momentum. The set of equations
for the configuration space parts is given by

_8Hr 1

1 = = 5.1.25

A; o - j ( )

: OHr
my = _8A; = —EQWZAJ‘ (5126)

and for the scalar parts it is given by
A= 1 (5.1.27)
87r§ Eo

: OH

gy = — 8/1? = gouw’ A,. (5.1.28)

Once again it is important to see the sign difference between the right hand sides of
the equations in respect to the three space variables and the scalar variables. In the
next section the normal modes for this system will be defined.

2 The normal modes in the covariant notation

In chapter two the normal modes were a set of equations that describe the system
completely and evolve independent of each other following an equation of the form

a+iwa=0 5.2.1)

in the absence of sources. For the spatial part one can define the normal variables

Eg 2
&; = ﬁw_ [ Aj + e—oﬂj} . (5.2.2)
Using Eqn.(5.1.21,5.1.22,5.1.25,5.1.26) it is possible to show that these variables
satisfy an equation like the one in Eq.(5.2.1).
Because of the plus sign in 7, the normal variable for the scalar part is defined
slightly differently. It is necessary to define the normal variables for the scalar part
as

€p 7
= R 523
o T [W.A 807:' } ( )

and this equation satisfies Eq.(5.2.1) too.



41

Now it is possible to express the vector potentials in respect to this new ba-
sis. The potentials A; and A, are necessarily real, which implies that their Fourier
transforms satisfy the equations

A; (k) = A (k) (5.2.4)
A, (k) = A (—K) (5.2.5)

and analogous equations for the conjugate momenta 7; and m,. This condition can
only be satisfied if the vector potentials expressed in respect to the new basis, are of

the form
A; (K 8) = 4 /5% [ (1, 2) + o (—k, 9] (5.2.6)

A,k t) = 4 /2; [, (k, #) + o, (<K, 9)] (5.2.7)

Therefore the potentials in real space are given in normal variables by
1
(2m)3

AJ' (ra t) =

/ APk A; (k,t) e*T (5.2.8)

which can be expressed as

Aj (I‘, t) = /dsk, 2—8;w—h(‘27r—)3 [aj (k, t) -+ oz;f (—k, t)] eik'r (529)
3 h ik-r * —ik-r
Aj (I‘,t)=/d k, W [aj (k,t)ek +aj (k,t)e ] (5210)

where k was changed to —k, which is possible, because the integral is symmetric.
In a similar way the scalar component becomes

—_ 3 _—h._ o e'ik-r a* e—’ik-r
A, (r,8) = / Phy o (277)3[ s (ks 2) €% 4 o (k, #) e+ (5.2.11)

In respect to the free field, o; (k,t) = «o; (k) e ** follows from Eq.(5.2.1) and the
expansion of the potentials in travelling plane waves is given by

h
2eqw (27)°

or

A (r,t) = / d?’/c\ [aj (k) "< 4 (k)e—“k'Hﬂ] (5.2.12)
73

o, (k) et 4 o (k) e kT 5.2.13
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This appears to represent four degrees of freedom in reciprocal space for every
wavevector k, described by the normal variables o, with 7 = (1,2, 3) and o.

No special coordinate system has been chosen yet, but it is usual to choose the
following. Assuming the unit vectors  and £ form a right-handed coordinate system
together with the unit wavevector « = X, one can choose as a basis for the spatial com-
ponents the two transverse normal variables o, (k) = ¢ - a (k) and o (k) = & - a (k)
and the longitudinal normal variable o (k) = - a (k) = 1 (ko + kyay + k., .
The free potential therefore has for every k four normal modes of vibration described
by the set

{ac (k), 0y (k), o (k),a (k) } (5:2.14)

After quantization these four modes will correspond to four different kinds of photons,
as will be shown later. As will be seen later it is possible to choose a coordinate
system that is even simpler than this one using the form of the subsidiary condition.

Using the subsidiary condition defined in Eq.(5.1.13) and the expansion of the
potentials in normal variables one can show that the subsidiary condition for the
Lorentz gauge can be expressed as

A :
V-A+ 2= /d?»k ——h———gz (ko —ka,) ™Y L ce. =0  (52.15)
c 2eqw (21)

where c.c. means complex conjugate and k - a =ko;. This can only be satisfied, if
the coefficient of every exponential is identically zero and the subsidiary condition
takes the simple form

o (k) —a,(k)=0 vk (5.2.16)

The very simple form of the subsidiary condition suggests another basis transformation
to write this condition in an even more simple form. If the two new normal variables
ag and a4 can be defined as

)

1
% =75 (u + ag), (5.2.18)
the new notation yields for the subsidiary condition the expression
ag = 0. (5.2.19)

It should be mentioned that any gauge transformation modifies only the normal vari-
able oy, which makes this set of basis vectors very useful, because gauge transfor-
mations will have no effect on the transverse modes of physical states.
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3 The potential four vector and the Hamiltonian in
configuration space expressed in the new basis set

Before closing this section the potential four vectors and the Hamiltonian in configu-
ration space will be expressed in this new set of basis vectors. In covariant form the
potential four vector of the free field can be written as

/ \L:;; a, (k) € + af, (k) e R (5.3.1)

where k* is the four vector ) and w = c k]|, satisfying
Kk, = 0. (5.3.2)
In Eq.(5.3.1) the coefficients oy, (k) are still undefined. If the four vectors

e* = (0,¢) (5.3.3)
& = (o, a’) (5.3.4)
k" = (0, k) (5.3.5)
n* = (1,0) (5.3.6)
are considered, the coefficients o, (k) are defined in the new basis system as
a, (k) = a. (k) e, + oy (k) g, + oy (k) Ky, + 0 (K) 77, (5.3.7)

which yields using Eqn.(5.2.17,5.2.18)

ay, (k) = ac (k) &, + oy (K) 8 +— k) (k. + 1) + 10 (k) (0. — k)] (5.3.8)

\/— [ovg (
The potential is therefore represented by three independent parts correlating to the
transverse-, the g- and the d-component of the modes. The transverse component
AT (x¥) is given by the equation

h

AZ (") = /d?’k' W {[ae (k)e, + o (k) aﬂ] e v 4 c.c.} . (539
To find the component corresponding to the g-mode it is helpful to observe the
following properties.

First it is seen that x* + 77“ is equal to (1,x) = 1 (k, k), which are just the
components of the four vector £-. Now it is possible to deﬁne a function f (*) with
the property that

Of =a,Ff =0, (5.3.10)
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which basically describes gauge transformations. The function f that satisfies Eq.(5.3.10)
can be written as

vy 3 h 1 - —ik,x”
f) = —/d k 200 (2n) 2 [zag (k)e + c.c.] . (5.3.11)

Comparing this equation with the Eqn.(5.3.1,5.3.8), the g-component of the vector
potential can be expressed as

AZ (2¥) = —8.f () (5.3.12)

and the g-component has the explicit form of a gauge term ( which explains the use
of the letter G for the component).
Finally the d-component is written as

Dy b 3 h ) o kv _ ek’ —
A2 )= 75 | P s gy e 0 2409 ] =0
(5.3.13)

where the subsidiary condition Eq.(5.2.19) is taken into account. The electromagnetic
field tensor F,,, is
F,, =0,A —38,A, (5.3.14)

which is the same as

F, =08,A] -8 A =F_, (5.3.15)

because the gauge term does not contribute to the field tensor, as can be seen using
Eq.(5.3.10). This shows that for states satisfying the Lorentz condition the electro-
magnetic field without sources 1s purely transverse, as it should be.

The Hamiltonian in configuration space is

hw
Hp = fd3k? [(a:ae + a.0l) + (azlaef + asfa:,)] (5.3.16)
Fiw
+5 (oyay + yay) — (aba, + agal)].

This equation shows that the energy of the radiation field can become negative,
because of the opposite sign of the term associated with the time component. This
appears to be a problem, because it allows scalar photon states with negative energy.
It will be seen later however that it is possible to construct a theory in which the
subsidiary condition prevents this from happening for physical states. The introduc-
tion of the longitudinal and scalar photons create a new subspace of photons, the
so called 1s-space. This space does not describe physical photons and therefore the
states representing this space will be called ghosts. In physical observables however
no ghosts should be present. In the next chapter the field will be quantized and a
photon number operator in covariant notation will be given.
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Chapter 6
Quantization of the Radiation Field in
the Lorentz Gauge

A play should give you something to think about. When I see a play and understand
it the first time, then I know it can't be much good.”

-T. S. Eliot

Considering the free radiation field, problems arise in the quantization of this field,
because of the introduction of scalar and longitudinal photons. In this section the
problems will be shown and one way to solve them will be suggested. A new metric
will be introduced, which is not positive definite and allows scalar photon states with
negative norm. The new class of d- and g- photons will be introduced and properties
of the physical states in respect to those new photons will be described. Also a
new basis representation for the physical kets in respect to the new metric will be
introduced and the subsidiary condition will be investigated in the new and the old
metric.

1 The indefinite metric

For the spatial part of the system the three orthogonal unit vectors k, ¢, are chosen
and replacing the normal variables with the creation and absorption operators for the
free field the following commutation relations are achieved

[ai (k),al (k)] — 6,;6 (k - k’) (6.1.1)

|as (k) (K)] = =6 (k—K). (6.1.2)

The minus sign in Eq.(6.1.2) yields some difficulties as will be seen later. It arises
from the fact the conjugate momentum of the scalar part of the vector potential has
an additional minus sign as was seen in the last chapter. With a commutation relation
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like this it is not possible in the theory used to construct a basis for scalar photon states
with positive definite norms. However, this would be necessary to allow a probability
interpretation and one has to construct a theory that is able to define observables in a
way that they satisfy the commutation relation given in Eq.(6.2.2) without the minus
sign.

The subsidiary condition for physical states cannot be written as

a (k) —as(k) =0 vk, (6.1.3)

because the longitudinal and the scalar part of the given four vectors are in different
subspaces, Eq.(6.1.3) can never be true. Here ¢; (k) is the longitudinal spatial part
k- a (k) of the annihilation operators. A weaker subsidiary condition has to be used
to obtain physical states. For the free field one can use the condition

[ (k) —as (k)] |¥) =0  Vk A physical [T) (6.1.4)

which states that the operator [q; (k) — a, (k)] working on any physical state |¥) must
give zero. This procedure was first suggested in a paper by Gupta [9] and later also
used by Bleuler[16] . A special state is the vacuum and it seems natural to require
that every annihilation operator a, (k) working on the vacuum |0) should give zero.
This state satisfies Eq.(6.1.4) and therefore is a physical state.

Next the photon states will be described as states created from the vacuum with
the creation operators for the different kind of photons and the problem arising for the
scalar photons will be shown and solved. The spatial photon states can be constructed
from the vacuum as usual with the creation operators af, az,, a;’ and the obtained state
is

a " al, " al ™

neln,ny!

|n€, ns'? nl) =

If the same procedure would be used for the scalar part every state with an uneven
number of scalar photons would have a negative norm. For example the state

%) = af (k) [0) (6.1.6)

has the norm
(T|¥) = (0] a, (k) o}, (k) |0) = — (0[]0}, (6.1.7)

where the commutation relation Eq.(6.1.2) and the fact that the annihilation operator
working on the vacuum gives zero was used. The norm of the state with one scalar
photon has therefore the opposite sign to the norm of the vacuum state. This does
not allow a probabilistic interpretation in the underlying Hilbert space. The positive
definiteness of the norms of the Hilbert space has to be abandoned to allow the first



47

excited state of the scalar part. This is done in Cohen-Tannoudji [11, p.387] by
introducing an indefinite metric.
The new scalar product is defined in terms of the unitary operator M as

(@) = (2| M|T), (6.1.8)

with the unitarity condition M = M' = M~!. It also will be possible to construct
this new scalar product in a way that M will change the sign of the scalar part. All
conditions for a scalar product are still valid except the positive definiteness. For a
linear operator A the adjoint in the new metric in relation to the one in the old metric

18
A= MAM, (6.1.9)

where A denotes the adjoint of A in the new metric to distinguish it from the old one.
The operator A is the same in both metrics, but the notion of a hermitian operator in
the new metric is different. An operator A is called hermitian in the new metric, if

A=A (6.1.10)

The new mean value in the state & of an operator A is then by definition the quantity

_ (v]4)Y)
(A ) (6.1.11)

If this quantity is real, then the operator A is hermitian.,
Physical observables are now required to be hermitian in the new metric. The
potential operators A,, which have to be hermitian in the new sense, are now given

by
A, (r) = / &k 2—a)w—7227)5 |2 (1, 1) €™ + 3, (I, ) e 7] (6.1.12)

with the commutation relations
|a: (k) ,3; (K )] = 6,6 (k — X)) (6.1.13)

|as (), @ (k)] = 6 (xk—x) (6.1.14)

assumed to be valid in the new metric and all other operators commute.

All the problems arise because of the minus sign in Eq.(6.1.14) and to construct
a basis for the scalar photons, with positive norm regarding the old metric, one
requires the operator M to satisfy the equations

aj = MaiM = al (6.1.15)
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G, = MalM = —al. (6.1.16)

The only change in the commutation relations regarding the old metric occurs in
the scalar part and the commutation relation for the scalar creation and absorption
operators regarding the old metric is now

las (k)0 (K)] =6 (k- K). (6.1.17)

Now it is possible to construct a basis for the scalar photons, because this commutation
relation is well known and the creation and absorption operators act in the usual
manner. The basis for the scalar photons is given by

(af)

Ins) = N 0s) (6.1.18)
where |0;) is the vacuum state of the scalar photons. The basis vectors are normalized
in the usual manner and the creation and absorption operators in respect to the old
metric yield

al |ng) = Vg + 1|ns + 1) (6.1.19)
@y ) = /g I — 1) (6.120)
a, [0,) = 0. (6.1.21)

With this new basis it is possible to describe states with one scalar photon and a
positive norm in respect to the old metric and the problems mentioned earlier are
solved, but not without paying a price.

The vector potential A, regarding the old metric is now anti-hermitian and
therefore would not be considered a physical observable in the old sense. It is a small
price to pay remembering that the scalar potential is not a truly physical observable
in the first place. The operator M given by the expression

M |ng) = (~1)™ |n,) (6.1.22)

is suitable to define the new metric. Using Eqn.(6.1.19,6.1.16) the action of &, is
found to be '

as|ng) = —vn,+1|n, +1). (6.1.23)
Now 1t is possible to calculate the new scalar product between two scalar photon
states and the result is
gy = (—1)™6, .. (6.1.24)

sna

(k) = (mad M

As expected the norm for the vacuum is positive and the norm for the states
with an uneven number of scalar photons is negative. The space of physical scalar
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photons expressed in respect to the old metric now behaves nicely. In the new metric
the consequences that arise from the negative norms in the scalar states yield no
problem, because states with negative norm are allowed in the new metric. The main
difference between the metrics is that the scalar operators that are hermitian in respect
to the new metric will now be anti-hermitian in respect to the old metric and therefore
would not be considered observables in the old sense. For physical states this will
yield no problem as will be seen later, because of the subsidiary condition.

2 A new class of photons

The simple form of the subsidiary condition for physical states suggests another
basis transformation in the space of photons. In this section the d(ifference) and
g(auge)-photons will be defined and their properties in the old and new metric will
be investigated. The two orthonormal operators representing the new photons are
defined as ;

w@="7 (o — as) (6.2.1)

and _i

V2
The first operator is essentially the subsidiary condition for physical states and the
physical states are constructed so that they have no d-photons. Using Eqn.(6.2.1,6.2.2)
and the definition of the vacuum shows that the vacuum states for the Is-photons and
the gd-photons coincide, which gives the identity

1040,) = 0,0;) . (6.2.3)

a, (g + as) . (6.2.2)

The basis of the state space for physical photons will as usual be given in respect
to the vacuum state in the old metric using the creation operators expressed in the old
metric, because the positive definiteness of the scalar product allows a probabilistic
interpretation of the theory. The orthonormal basis for the space of physical states is

therefore given by the expression
()" ()~ ()7, (6.2.4)

[nem,0gm,) =
A/ nelngling!

and obviously the transverse and the g-photons can be in any excited state. The
g-photon is responsible for the possibility to have gauge transformations in the old
metric, which leave the physical states unchanged. The orthonormality relation in
regard to the old metric for this basis is given by the equation

5 6 . (6.2.5)

4
Mg ns,n NgMNg

7’ 7 ’
<n€n€: 04mq|n, 1 Odng> =90,

’
€
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The scalar product between physical states in the new metric however is differ-
ent. The transverse part remains the same, but the gd- (or Is-) part is not that simple.
It is necessary to explicitly calculate the scalar product (Odnglﬂdn;) in this subspace.

The ket iOdn'g) remains basically the same and can be given in respect to the vacuum
state as a function of the creation operator ag. To be able to give an expression for
the physical bra it is necessary to exploit the remaining properties of the new scalar
product, which give the relation between the kets and bras as

¥) = A|D) <= (¥'| = (9] 4, (6.2.6)

where A is any linear operator. Using this correspondence it is straightforward to
show the correspondence between the physical kets and bras in the new metric and

the result 1s
Qg

Ioﬁ):k-;)—ng-mw:»(()n’[:(olQ. (6.2.7)
' \/@ dTly \/@ 2.

The operator a_z, is simply the new adjoint of the creation operator a_};.
This operator will now be written solely in the notation of the new metric.
Using Eqn.(6.2.1,6.2.2) and Eqn.(6.1.15,6.1.16) gives the equations

Gq = —ia) (6.2.8)
and
a, = ia). (6.2.9)
Furthermore Eq.(6.2.8) gives the relation
abh = —iay (6.2.10)

Using Eqn.(6.2.1,6.2.2) and Eq.(6.1.13,6.1.14) the commutation relation for d-photons
is given as
[ty Ga] = 0. (62.11)

Now it is possible to calculate the new scalar product and using the definition in
Eq.(6.2.7) and the relations given in Eqn.(6.2.8,6.2.10,6.2.11) gives the equation

Vgl (0amgl0am,) = 6,,06,: o (6.2.12)

This result is interesting, because it states that the new scalar product between all
the basis vectors of the gd-subspace of physical kets is identical to zero, unless the
number of g-photons is zero.

Even though it is possible to describe a physical state with a whole class of
physical kets, namely the ones with a fixed transverse part , but an arbitrary gd-
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(1s-) part, only the vacuum of the g-photons gives a non zero scalar product between
physical states. It can be shown that