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Abstract

This thesis is composed of the following five parts: construction of a 6 Degrees of 

Freedom (DOF) biped robot, control system design, analysis of forward 

kinematics and inverse kinematics, walking pattern planning, and PID control 

implementation.

The 6 DOF biped robot is built with aluminum plates, aluminum angles, 

wood, and rubber materials. It has two legs, two feet, and one trunk, each leg 

having three joints: hip, knee, and ankle. All joints are actuated by gear head DC 

motors with built-in encoders.

A microcontroller-and-PC-computer-based control system is designed for 

the biped robot. The control system consists of actuators, sensors, controllers, 

and a PC computer. The actuators are the gear head DC motors with H-bridge 

circuits as drivers and the sensors are incremental encoders built in the DC 

motors. The controllers used are two microcontrollers, one for each leg. The 

microprocessors read and process joint angle measurements from the encoders 

and then transmit them to the PC computer. At the same time, the 

microcontrollers receive control signals from the PC computer and transfer them 

to the H-bridge circuits to control the robot joints. Data transfer between the 

microcontrollers and the PC computer is implemented by two RS232 serial 

communication channels. A control algorithm and walking pattern planning are 

carried out on the PC computer.

Both forward kinematics and inverse kinematics are analyzed based on 

the D-H representation for the biped robot.

Foot trajectories and hip trajectory are calculated by using the 3rd order 

spline interpolation method. Desired trajectories for joint angles are determined 

by the inverse kinematics. Simulation is performed to demonstrate the walking 

pattern.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



PID controllers are designed for controlling the biped robot to walk 

according to the designed walking pattern. The proposed PID controllers are 

implemented on the biped robot.
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Chapter 1 
Introduction
1.1 Motivation

Locomotion is defined as the ability for an object to move from one place to 

another. In the natural setting, locomotion takes on many forms, such as legs, 

wings, fins. While in an artificial setting, locomotion can be achieved by wheels, 

wings, and legs. When the research on mobile robots began, the first obvious 

choice to achieve mobility was the adoption of the wheel. Wheeled robots are 

simple, easy to build, and can be used in a great variety of applications. Even 

though wheels provide a convenient and efficient method for mobile robots to 

move on sufficiently smooth grounds, wheeled vehicles in general are not 

suitable for unstructured environments, such as rough terrain and steep stairs. 

Therefore, more universal locomotion ability is needed. This is why legged robots 

came into play. By observing activities of human beings and legged animals, it is 

obvious that legs can adapt to a great variety of situations. Many legged robot 

prototypes have been produced. There is no doubt that humanoid robots can 

serve in a very wide range of applications: from dangerous tasks such as working 

in harmful environments to entertainment purposes, from house caring to invalid 

people assistance.

1
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1.2 Literature Review

In the past years, many biped robot prototypes have been made. Research on 

humanoid robots has been very active and many famous walking robots have 

been made in Japan. Weighing 7kg and standing 50cm tall, the HOAP-2 is made 

by Fujitsu Automation Co., Ltd. It is a genuine humanoid robot with a complete, 

open architecture, enabling anyone to develop his own software algorithms. The 

humanoid robot SDR-4X II made by SONY is about 580X190X270mm in size 

and weighs about 7kg. This robot can carry on simple conversations with its 

60,000-word vocabulary, recognize color, dodge obstacles in its path and even 

sing. The biped robot ASIMO made by Honda is 130mm tall and 54kg in weight. 

The ASIMO can move carts and other objects around and can deliver drinks on a 

tray.

Some prototypes were also developed in other countries. Weighing 2.6kg, 

and with dimension 402X200X110mm, RBP-DLX02, the biped humanoid robot, 

made by Dajin Robot Co., Ltd, Korea, can walk autonomously. It can be generally 

used in robotics laboratories and robotics classes based on direction change 

available (forward, backward, side walk to left or right, left & right rotation, 

diagonal step). The humanoid robot ROBOTA is made by Computational 

Learning and Motor Control Lab, USA. It is an artificial intelligence doll that offers 

multiple means of interaction, which provide adaptive and learning abilities. The 

humanoid robot JOHNNIE made by the Technical University of Munich, Germany, 

weighs about 49kg and is 1.80m high. This robot can realize an anthropomorphic

2
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walking machine with a human-like, dynamically stable gait, and walk on even 

and uneven ground and around curves.

The biped robot is better than the wheeled robot in mobility. It can move in 

a variety of environments, such as rough terrain, up and down slopes, or with 

obstacles. Therefore, biped robots have been in the research and development 

phase since early 1970s. Many related issues, such as mechanical design, 

electrical design, dynamics analysis, static and dynamic balancing, walking 

pattern planning, and control algorithms, have been studied.

Walking pattern planning is crucial for legged robots. Walking pattern 

synthesis has been investigated intensively. Walking patterns for the biped robot 

have been investigated [1] [2] [3], A third-order spline interpolation is presented 

for trajectory planning. In order to achieve a smooth trajectory for the swing leg, 

the instant velocity change should be decreased, which occurs at the time of 

collision of the swing leg with the ground. Basically, trajectories for the swing foot 

and hip are generated by using third order spline interpolation, which guarantees 

that the objective locomotion parameters attain certain prescribed values. Then a 

continuous trajectory can be determined by using the concept of the spline 

interpolation and zero moment points (ZMP).

Considering walking parameters under the various environments, a 

method is proposed to generate walking patterns for the biped robot in [4], The 

algorithm derives the optimal hip height and uses cubic polynomials to generate 

the hip and foot trajectory. The control of initial and final speeds in a walking 

cycle achieves continuous walking up and down stairs. Then, the walking motion

3
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of the biped can be determined by the hip and foot trajectory, and cubic 

polynomials are used to generate the hip and swing foot trajectory. In order to 

achieve stable walking, both the swing foot motion and whole body motion are 

required to control. Stable walking can be achieved by Center of Gravity (COG) 

control and ZMP control.

Two trajectories (center of gravity and tip trajectory of swing leg) are 

obtained by using the method, which can make a biped robot walk in various 

terrains [5][6]. A COG trajectory is determined based on walking stability. The tip 

trajectory of the swing leg is determined based on environmental information. 

The line inverted pendulum model can be used to generate the COG trajectory. 

The tip trajectory of the swing leg is obtained by using 5th-order spline 

interpolation based on environmental information. It can achieve a smooth 

walking pattern for the biped robot.

In order to walk stably in various environments such as rough terrain, up 

and down slopes, it is desirable to adapt to such ground conditions with a 

suitable foot motion, and maintain the stability of the robot by a smooth hip 

motion [7][8], A method is proposed to plan a walking pattern. By setting the 

values of constraint parameters, it is easy to produce different types of foot 

motion. On the other hand, in order to develop a humanoid biped robot, the 

selection of suitable joint actuators is an important point. To select suitable 

actuators and effectively utilize the selected actuators, the relationship between 

walking patterns and the specifications of each joint actuator must be clarified. A

4
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smooth biped robot swing leg trajectory can be achieved by reducing the instant 

velocity change.

Based on cubic polynomial interpolation of the initial conditions for the 

robot’s position, velocity, and acceleration, an algorithm to control a biped robot 

is proposed in [9] and [10]. For the biped robot, the main features include variable 

length legs and a translatable balance weight in the body. The walking of the 

biped robot is a mixture of both statically stable and dynamically stable modes, 

and relies on some degrees of static stability provided by large feet and by 

carefully controlling the COG position.

A method to generate the specified positions of the body and feet is 

proposed in [11] and [12]. By fixing both the position and the orientation, the 

configuration of the biped robot is established. On a large scale, the biped robot 

must be able to walk in many types of terrain. So, a walking pattern was thus 

developed that allows for the stride length, the single-support balance point, 

turning angle, and the maximum height of the swing foot to be modified 

dynamically.

Virtual model control is another control scheme for the biped robot [13]. It 

can imagine mechanical components to create forces, which are applied through 

real joint torque, thereby creating the illusion that the virtual components are 

connected to the robot. For generating a straight legged walking pattern for a 

biped robot, a new methodology is presented in [14], which includes the knee 

stretch index and the knee torque index. By stretching the knee joints, human-like 

natural walking motion is obtained. Moreover, energy efficiency is improved since

5
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required torque and energy consumption to support the body weight become 

small at knee joints. The model is designed to simulate human walking by 

modulating joint moment and stiffness while using limited feedback control [15]. It 

is intended that this model be a development tool for walking controllers. 

Therefore, an important feature of the model is that no prior limitations are placed 

on joint angle trajectories. First the knee joint angles are determined by using the 

inverse kinematics; and then, by stretching the knee joints, human-like natural 

walking motion is obtained. In order to minimize tracking errors to achieve 

smooth motion, two genetic-algorithm-based tuning methods were developed in 

[16].

The biped is constrained to the sagittal plane, and the motion generation is 

reduced to a problem of controlling the position and velocity of the robot’s center 

of gravity. In many approaches to ensure the stable movement of the robot’s 

center of gravity [17], the model of the robot’s single leg support phase is 

reduced to the model of an inverted pendulum so as to control the robot’s center 

of gravity based on a simple robot model. To maintain the stable waking gait, the 

timing of switching the support leg must be determined strictly.

To guarantee stable walking of the robot and decrease impact with floor 

[18][19], the general rule of designing walking pattern is to make the foot land 

onto the floor with zero velocity with respect to the floor.

By utilizing the zero moment point (ZMP) and equivalent force-moment, 

the physical admissibility of the biped walking is characterized in [20] and [21].

6
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The trajectory of the ZMP on the floor must be inside the stable region of the

supporting sole for physically realizable walking during the single support phase.

1.3 Outline

This section outlines the overall structure of the thesis, and provides a brief

description for each chapter.

Chapter 2 gives the mechanical structure of the biped robot built for this thesis.

On the other hand, it presents the hardware and software design 

procedure. In the hardware aspect, the basic knowledge of H-Bridge, 

microcontroller, and communication circuit is introduced. In the 

software aspect, both communication programs and control programs 

are introduced.

Chapter 3 provides some basic knowledge about robots and describes the 

procedure by which the forward kinematics and inverse kinematics 

are derived. All joint angles can be calculated based on inverse 

kinematics, when positions and orientations of the hip and ankle are 

given.

Chapter 4 explains the walking pattern design theoretically with a walking cycle 

(a single-support phase and a double-support phase) and discusses 

how to use third-order spline interpolation functions to generate foot 

trajectories and hip trajectory. The joint trajectories for the biped robot 

are generated by using the inverse kinematics.

Chapter 5 introduces the design of PD controllers and PID controllers for the 

biped robot manipulator to track the desired trajectories.

Chapter 6 shows experimental results for the PD controllers and PID controllers

7
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Comparison is made between the PD and PID controllers.

Chapter 7 summarizes the outcomes of the project and discusses the future work.

8
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Chapter 2 

Hardware and Software Design

2.1 Mechanical Design

The philosophy behind the biped robot design is that it should be as simple as 

possible, but complex enough to exhibit the basic behaviors that human beings 

have. To this end, a 6 degree-of-freedom biped robot was built. It has two legs, 

two feet, and one trunk. Each leg has three joints: hip, knee, and ankle. To 

reduce the weight, the legs are made with aluminum plates and the ankles and 

hips are built with aluminum plates. Two hips are connected together by a wood 

hip bridge. The control circuits are placed on the trunk, which was made with thin 

aluminum plates. The feet are built with aluminum plates and rubber materials. 

The rubber materials are used to increase the traction between the foot and the 

floor. The structure of the biped robot is shown in Figure 2.1.

9

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Lakehead University

Figure2.1 Prototype of the biped robot

2.2 Hardware Design

The biped robot control system is composed of actuators, sensors, and 

controllers, as shown in Figure 2.2. The actuators used in the biped robot are 

gear-head DC motors. The two hips are driven by GM9236S019 gear head 

motors with a transmission ratio of 19:1 while the ankles and knees are controlled 

by GM8724S015 gear head motors with a transmission ratio of 19.5:1. The 

sensors used in the biped robot are incremental encoders built in the gear-head 

DC motors. The encoders need a 5V power supply and the encoder resolution is 

500 pulses per revolution. The controller consists of six motor drivers, two 

microcontrollers, two communication circuits, and one PC computer.

10
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DC Motor Encoder

Microprocessor
Module

M otor D river 
Module

Serial Port 
Communication 

Module

Figure 2.2 Structure of the biped robot control system

2.2.1 Motor Drivers

There are six identical motor drivers in the biped robot. Each motor driver is 

implemented by a LMD18200T H-Bridge circuit (see Appendix).

The LMD18200T H-Bridge operates at a 12V power supply and can 

supply a 3A continuous current. The output voltage from Outputl and Output2 

are controlled by a PWM signal applied to Direction Input with PWM input 

connected to 5V. The output voltage is OV for a PWM signal of a 50% duty cycle. 

As shown in Figure 2.3. A PWM signal with a less than 50% duty cycle makes 

the motor rotate in one direction and the lower the duty cycle, the higher the 

output voltage. The higher the motor speed whereas more than 50% duty cycle 

makes the motor rotate in the opposite direction and the higher the duty cycle the 

higher the output voltage and the higher the motor speed. A logic high signal is 

used to break the motor through Break Input.

11
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5v
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5v
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Figure 2.3 PWM

2.2.2 Microcontrollers

Two Atmega 16 microcontrollers are used in the biped control system [22]. Each 

leg is controlled by one Atmega16. The pinouts of the microcontroller Atmega 16 

are shown in Appendix.

Three external interrupts are used to count pulses from Channel A of the 

encoders for joint position measurements. Channel B of the encoders is used to 

produce signals for testing the direction of rotation of motors. INT2, INTO, and 

INT1 of Atmega16 are connected to Channel A of the encoder on the first, 

second, and third motor, respectively. PB2, PB7, and PD4 are connected to 

Channel B of the encoder on the first, second, and third motor, respectively.

Three PWM channels are used to generate PWM signals for three motors. 

OCR1B, OCR1A, and OCR2 are connected to Direction Input of the H-Bridge 

for the first, second, and third motor, respectively.

12
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Figure 2.4 The structure of communication circuit

2.2.3 Communication Circuits

Two identical communication circuits are used to transfer data between the 

microcontrollers and the PC computer, as shown in Figure 2.4. Data 

communication is implemented by two MAX232 serial channels. Serial transfer is 

chosen because it simplifies cabling and is supported by a wide range of 

commercial products. Although serial communication does not offer high speed, it 

is satisfactory for the control system with a sampling rate of 100Hz with 9600 bps. 

The circuit for the control system of the biped robot is shown in Appendix.

13
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2.3 Software Design

Two programs are designed for the biped robot. The first program, 

communication program, is used for the microcontroller to process data from or 

to the robot and PC computer. The second program, control program, is 

designed for the PC computer to achieve the walking pattern planning and to 

implement control algorithm.

2.3.1 Communication Program

The communication program is designed for reading the encoder signals, 

transferring data between the microcontroller and PC computer, and sending the 

PWM signals to the motor drivers. It is written in assembly language. The 

communication program is composed of the following modules.

•  Initialization module

The initialization module includes the following parts:

1. Ports initialization.

2. USART initialization.

3. PWM initialization.

4. Register initialization.

•  Counter module

The counter module is responsible for counting the sample data from the 

encoders. It is comprised of three parts as follows:

1. Counting pulses from external interrupt, INTO.

2. Counting pulses from external interrupt, INT1.

14
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3. Counting pulses from external interrupt, INT2.

•  Data processing module

The data processing module is responsible for processing the data from the 

encoders and PC computer. The contents of this module are as follows:

1. Process data from the counter module and send them to the 

communication module.

2. Process PWM data from the communication module and send them to the 

PWM module.

•  Communication module

The communication module is comprised of two parts. The first part receives 

data from the data processing module and sends them to the PC computer. 

The second part reads PWM data from the PC computer and sends them to 

the data processing module.

•  PWM module

It is responsible for generating PWM signals for the motor driver circuits.

The flowchart for the communication program is shown in Figure 2.5

15
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Main Program
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Counter J Data Processing
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T
interrupt ?

 2
return

Send 
data ?

Receive
data

Figure 2.5 Flowchart of the communication program

2.3.2 Control Program

The control program is designed to control the speed and position of the biped 

robot. The control program is written in C/C++. The function of the control 

program is given as follows:

•  Generate and correct the desired trajectories for the biped robot.

•  Generate the duty cycles for the PWM signals.

•  Save the data.

•  Control the walking pattern for the biped robot.

The control program is comprised of the following modules.

16
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1. Initialization module

2. Interrupt module

Interrupt module is responsible for checking interrupt signals from the 

microcontroller. If it has an interrupt signal, the data is received. In the 

meantime, the PWM data are sent to the microcontroller after receiving the 

data from the microcontroller.

3. Desired trajectory design module

In this module, the walking style is designed, which generates all desired joint 

angles for the biped robot. The module is responsible for generating the 

desired trajectories for the biped robot. The desired trajectories of the ankles, 

knees, and hips are determined by using the combination of the inverse 

kinematics and third order spline interpolation.

4. Pattern module

Pattern module ensures the stability of the robot during the walking cycle.

This part is comprised of the following three parts:

•  PD controller implementation.

•  PID controller implementation.

•  PWM data generation

The flowchart of the control program is shown in Figure 2.6.

17
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Figure 2.6 Flowchart of the control program
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Chapter 3 

Forward Kinematics of the Biped 

Robot

The forward kinematics model is presented for the biped robot built for the 

experiments. The biped robot consists of seven rigid links, one link for the upper 

body (Link 4), two links for the thighs (Link 3 and Link 5), two links for the shanks 

(Link 2 and Link 6), and two links for the feet (Link 1 and Link 7), as shown in 

Figure 3.1.

These links are connected with each other by six purely rotational joints, 

two joints at the hips, two joints at the knees, and two joints at the ankles. These 

rotational joints are driven by independent motors. For simplicity, it is assumed 

that all the joints are frictionless.

Reference frames are defined first using a Denavit-Hartenberg convention. 

Then, the model for the forward kinematics is derived. Finally, the inverse 

kinematics is discussed.

19
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Link4

Link5
Link3

Link2
Link6

Link7
L inkl

Figure 3.1 The frame for a biped robot

3.1 Denavit-Hartenberg Representation

A commonly used convention for selecting reference frames in robotic 

applications is the Denavit-Hartenberg (D-H) convention. In the D-H convention, 

a homogeneous transformation l+)T from Frame i to Frame i+1 can be 

represented by a product of four basic transformations [23]:

l+)T -  Rot z g Trans , d Trans x a Rotx a

cos 0j -  sin 6j 0 0 ' "1 0 0 O' ' l 0 0 a i '1 0 0 0

sin dj cos 9j 0 0 0 1 0 0 0 1 0 0 0 cos a i -  sin a, 0

0 0 1 0 0 0 1 d, 0 0 1 0 0 sin a, cos a, 0

0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1

cos 6j -  sin 6j cos a 1 sin <9, sin a a, cos 0-
sin 6j cos <9, cos a j -  cos dj sin a i a, sin 0*

0 sin a cos a . d,
0 0 0 1

(3.1)
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where 9t is the angle between x,_, and x,. measured about z,_, , af is the 

distance along x,. from o, to the intersection of the x, and zM axes, dj is the 

distance along z,._, from ow to the intersection of the x, and z,._, axes, and a t is 

the angle between zM and z,. measured about x ,. (See Figure 3.2)

/-I
i - 2

Joint i

Jo int i-1

Link i-1

Link i
‘ Jo in t i+1

i - i

/ - l

Figure 3.2 Denavit-Hartenberg frame assignments 

With the homogeneous transformation ,+)T from Frame i to Frame i+1, any 

vector p t in Frame i can be expressed by

P m _/ + 1 J~< P i

_ 1
i

1

where p l+x is the same vector written in Frame i+1.

For the biped robot, the reference frames are defined as shown in Figure 

3.3. Frame r, orxryrzr , is chosen as a fixed frame. Frame / ,o,x,y,z,, is generally

oriented as follows: the origin of Frame i is located as shown in Figure 3.3, z, 

points into the page along the direction of the axis of rotation of the joint i , x, 

points from the origin of Frame / - I  to the origin of Frame i ,  y : points to the
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direction determined by a right-hand rule for the Cartesian frame, <9, is the angle

of rotation of link i with respect to link / - I  about the z, axis.

It is worth noting that Frame 0, o0x0y 0z0, is chosen as follows: the origin of

Frame 0 is located at the tip of the toe of the right foot, z0 points into the page

with the intersection between the sole and the ground as the axis of rotation, x0

points from the origin of Frame r  to the origin of Frame 0, y 0 points to the

direction determined by a right-hand rule for the Cartesian frame, <9, is the angle

of the sole of the right foot with the ground. Note that 6> =0 corresponds to the

situation when the right foot fully touches the ground.

The parameters in D-H representation are shown in Table 3.1.

Table 3.1 D-H parameters for the biped robot

link a, a , d, 0, JiT

0 X a
-90 0 0 0  rji

r

1 h 0 0 -(180 -  (Qx + a r)) \T

2 A 0 0 02 \T

3 h 0 0 -*3 3r21

4 h 0 0 - 0 ,
4  nr>

3

5 0 0 3̂ 180 5t
4

6 h 0 0 0 6  n~<
5

7 h 0 0 -0S IT

8 h 0 0 ftp

9 L 0 0 - 07 9t8
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3.2 Forward Kinematics for the Biped Robot

For the biped robot, if the joint variables# = (9X,91,---91) , i.e. the angles between

the robot links, are given, then the position and orientation of the biped robot can 

be determined by the forward kinematics.

According to the walking features of human beings, the angles shown in Figure 

3.3 should satisfy the following conditions:

The homogenous transformation matrices from Frame i to Frame j is 

determined by

Figure 3.3 The reference frames of a biped robot

0 < 0, < 90°,  0 < #8 < 90° ,  0 < e2 < 90° ,  - 9 0 °  < #2 < 90°,

- 9 0 °  < # 7 < 9 0 ° ,  0 < # 3 < 9 0 \ 0 < # 6 < 9 0 ° , 0 < # 4 < 9 0 ° , 0 < # 5 < 9 0 ° .

(3.3)
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The homogenous transformation matrices from Frame r to Frame j is calculated 

by

Let x0i , y 0i , and z0i denote the x-coordinate, y-coordinate, and z- 

coordinate of the origin of Frame / with respect to Frame r, respectively. Then, 

according to the definition of the homogenous transformation matrix, x0l. ,  y0l, and

z0, can be determined by the first three items of the fourth column of the matrix 

\ T . Therefore, the following equations can be obtained from Equations (20)-(28) 

in Appendix.

* 0 1  =  X a  - T o C O S ( # i  + a r )

<y0, =0 (3.5)
z0l = 70 sin(6», + a r)

x02 = x a - l ] cos(<9, + 92+ a r) - l 0 cos(9x + a r)

' T0 2 = 0 (3-6)
z02 = /, sin(<9, + 9 2 + a r) + l0 sin(6( + a r)

xo3 ~ xa~h  cos(0, + 92 + a r - 93) - / ,  cos(0, + 92 + a r ) - l 0 cos(9X + a r)

(3.4)

The matrices \_xT,i = 0,1,...,9 , [T,i = 0,1,--,9 , and \T ,i  = 0,1,...,9 are given in

Appendix.

y  03 = o

z03 = l2 sin(6>, + 9 2 + a r - 9 3) + lx sinf#, + 92 + a r ) + /„ sinff?, + a r )

(3.7)

*04 = x a +  77D3

y  04 = 0

z04 = -DD4

(3.8)
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* 0 5  =  D D 3  +  * 0

y  05 — h
z05 -  - D D 4

(3.9)

* 0 6  =  D D 5  +  * «

y  06 ~  ^3

1 * 0 6  =  ~ D D 6

(3.10)

x07 = DD1 + xa

z07 = -£)£>8

(3.11)

* 0 8  = DD9 + xa

y  08 =  ^3 

zno = -D D\0

(3.12)

xoq = DD\ 1 + xa

z09 = -DD\2

(3.13)

where

£>£>1 = - l 2 cos(0, + (92 -  6>3 + a,.) -  /, cos(<9, + 6>2 + a r ) -  /0 cos(<9, + a , )

£>£>2 = - l 2 sin(0, + 02- 0 3+ a r) - l l sin(/9, + 02 + a r) -  /0 sin(0, + a r)

DD3 = - l 6 cos(£, + 02 -  03 -  04 + a r) + DD\

DD4 = - / 6 sin(0, + 6>2 -  £3 -  04 + a r) + £>£>2

£)£)5 = £ cos6> + DD3

DD6 = £ sin 0„ + DD4

D D l  = l4 cos(0a - 0 5) + DD5 

DDS - l4 sin(<90 - 0 5) + DD6

DD9 = /5 cos(0a - 0 5+ 0 6) + DD1
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DD\0 = l5 sin(#a -  #5 + #6) + DD%

DD\ 1 = lan cos(#a -  #5 + #6 -  #7) + DD9 

DD\  2 -  lm sin(#a -  #5 + #6 -  #7) + DDl  0

9  a — 9 \  +  9  2 — 9 1 — # 4  +  CCr

a .  =  tan-1 —

3.3 Inverse Kinematics for the Biped Robot

The problem of Inverse kinematics for the biped robot can be stated as follows. 

Given the positions and orientations of both feet and hip, find the joint 

angles#;, 03,0^,9,,9b,9,.

Note that the position of the ankle of the right leg is determined by 

(x01,ym,zQl) and its orientation is indicated by 9X, while for the left leg, the

position of the ankle is O 08,.y08,z 08) and the orientation is determined by the 

angle between the sole of the left foot and the ground, denoted #8. On the

other hand, the position of the hip is given by (x03, j 03,z 03) and its orientation is

determined by the angle between the upper body and the vertical plane, which

is always set to zero for the straightforward walking. With the above

information, the joint angles 9'2,9i ,94,95,9(>,91 can be determined as follows[24], 

It follows from Equations (3.5) and (3.7) that

x 03 - xoi = cos(#, +92 + a r - #3) - /, cost#] +02 + a r) (3.14)

Z03 ~ Z0! = ^2Sin(^l + #2 + a r  _ 3̂ ) + A Sm(#, + #2 + « r) (3.15)

Adding the square of (3.14) to the square of (3.15) yields
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(•*'03 _ -̂ Ol) "*"(̂ 03 _ Z01 ) ~h + 21J 2 COS#3

from which, we have

COS #3 — ((xQ3 — X01 ) + (zf l 3 — z0| ) — /j —l2 ) / 2/,/2

Considering the mechanical structure of the biped robot, we assume that

-90° < <93 < 0, that is, -1  < sin#, < 0,0 < cos#3 < 1.

Let

Dr -  cos03 -  ((x03 - x 0,) + (z03 - z 01) —/, —/2)/2 /j/2 

Then, 0 < Z). < 1 and

sin #3 = -V l -  cos#, = - - J T - I ) /

As a result, #3 can be calculated by

# 3  = tan-1 (--JI — Dr2 ,Dr) (3.16)

Equations (3.14) and (3.15) can be rewritten as

x03 - x01 = cos(#, + #2 + a r) ( - /2 cos# 3  - l x) - l 2 sin(#, + #2 + a r) sin#3 (3.17)

Zq3 -  z01 = sin(6l1 + #2 + a f )(/2 cos #3 + /,) -  /2 cos((9, + #2 + ) sin #3 (3.18)

Solving Equations (3.17) and (3.18) for sin(#, +#2 + a r) and cos(#, + #2 + a r) 

results in

sin(6*1 + #2 + a r) = ((z03 - z01 )(/2 cos#3 + / , ) -  (x03 - x01 )/2 sin#3) /(/,2 + / 2 + 2/,/2 cos#3)

(3.19)

cos(#| +#2 + « f ) = ((z01 - z 03)/2 sin#, — (x03 - x 01)(/2 cos#3 +/,))/(/,2 + /2 +2/,/2 cos#,)

(3.20)

from which, it follows that
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tan(0  + 0  + a  ) — (zo3 ~ zoiX 2̂ c o s ^3 + A )~(*o3 ~ x 0 l ) l 2 s ' u \ 6 ^

O o i  _  Z 03 X 2 ^ 3  _  ( * 0 3  _  "'"01 X ^2 C O S ^ j  +  / ,  )

Consequently, 02 can be determined by

0  = tan " 1 ^Z°3 ~ Z q i~ ^ 2 C° S ^  ~ ^ X ° 3 ~ ^ 01X 2 ^ ^ ^ 3  q  _ a  (3  2 1 )
( Z 01 _  Z 03 X 2 ^ 3  _  ( * 0 3  _  * 0 1  X ^ 2  C O S  0 3 +  / ]  )

Note that 0 2 is not the ankle rotation angle. From Figure 3.3, it can be deduced 

that the ankle rotation angle 02 can be determined by

$'2 = 90-c t r - 6 1 (3.22)

Substituting Equation (3.21) into Equation (3.22) gives

q < _ gQ_ tan“ ' ^Z03 ~ Z0lX 2̂ C0S^3 A ) (*03 ~^Qi)^2Ŝn ^3 _j_ q

( Z 01 -  Z 03 ) h  S i n  ^ 3  -  ( * 0 3  -  * 0 1  ) ( * 2  C 0 S  0 3 + h )

According to Figure 3.3, it can be verified that 0X,0'2,02 and <94 are related by 

the following equation

- 0 , +e2 +e2 +d4 =o

which means that

0 , = 0 l -0 '2- 0 3 (3.23)

Similarly, 0S,06,01 and 0S are related by the equation 

e1 =e6- 6 5+e, (3.24)

Due to the symmetry between the right leg and left leg, 05 , 06 and 0n can be 

derived from Equations (3.10), (3.12) and (3.24) as follows.

06 = ta n -*(-y i - D ^ D , )  (3.25)

-1 ( Z 08 Z 0 e X 4 S i n ^ 6  + ( * 0 8  * 0 6  ) ( ^ 4  C O S $ 6 + / j  )07 = tan- ' A-®*-----“ AJ *— 1-“*----- “ 214------- 6--------+ ̂  (3.26)
( Z 06 -  Z 08 X / 4 C 0 S  06 +  15 )  +  ( * 0 8  -  * 0 6  )h  S l n  96
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0, =0A- 0 7+0, (3.27)

with

Dj  COS 0b —((^08 -̂ 06 )  "^(^08 0̂6 )  4̂

In what follows, the first derivatives of 02, 03 and 04 are calculated.

According to Equation (3.16), the first derivative of 03 can be determined by

Define

P\ ~ P] ^  ̂ 2 COS )(̂ C01 — -*"03 ) P (Z01 _ ^03) ^ ^  ̂ 3 

/̂ 2 — (̂ 03 — 201 X̂ 2 ÔS ̂ 3 A ) ~ (*̂ 03 0̂1 )̂ 2 3̂ )
/? = /,2 + 2/ j /2 cos03 + /22

Then, (3.19) and (3.20) can be rewritten as

cos(6l1 + d2 + a r ) = /?,/ P
(3.29)

sin(0, +02+ a r) = P2IJ3

Differentiating the first equation with respect to time produces

- sin(0, + d2 + a r)(0, +02+ d r) = *  0 (3.30)

(3.28)

where

with

/?i l2 sin 0303(xqi x03) + (/| + /2 cos03)(Xg| Xb)

+  12 COS 0303 ( 2g| _  Zg3)  +  l 2 s in  02 ( 2g j — Zg3 )

P -  -21J2 sin 6*3 03
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It follows from Equation (3.30) that

0l + 02+<i = M = M ±  = M z M
P  A  P,P

that is,

q P x P z A t - e  a (3.31)
P2P

From Equation (3.22), it is easily seen that

d [ = - a r - e 2 (3.32)

It follows from Equation (3.23) that

e, = 0, +e2 - 0 3 + d r (3.33)

By following the same reasoning, the first derivatives of05,06 and 91 can be 

determined as follows:

06= - r L = D l ,Dl * l  (3.34)
y 1 ~ D]

q = PsP -P iP _  + 0 (3 35)
M '

(3.36)

where

A  =
2(X08 -̂ 06 )(̂ 08 -̂ 06 ) ^(Z08 Z06 X̂ 08 0̂6 ) 

2 l j 5

Pi ~ (z08 Z06)^4S'n ^6 (*08 *06X^4 COS$6 5̂ )

Pi ~ (Z06 — Z08 )(̂ 4 6̂ 5̂ ) ~̂ (*08 — *06 )̂ 4 6̂
p' = I 2A +2 /4/5 cos6>6 + l 25, p ' *  0
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A  = (*08 -  *06 )K Sin 06 + (*08 -  Z06 )h cos A  A

+  ( * 0 6  -  * 0 8  ) ( * 4  COS 06 +  15 )  -  ( Z 06 “  Z 08 )h  S in  & A

P' = -2 l j 5 smd6d6

Simulation is carried out to check the singular points for (3.31) and (3.35). 

Simulation results are shown in Figures 4.19-22. It is easily checked that 

P2 = 0 as 6>3 = -37.8861° and A  = 0 as 06 = -37.8 861°. In order to guarantee the 

smoothness of the walking pattern and limit the speed of the desired joint 

angular velocities, a digital filter is used to remove the big jumps on92,d4,05,O7, 

see Figures 4.16 and 4.18, which are caused by the singularities.
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Chapter 4 

Design of Walking Trajectories

Walking trajectory planning is crucial for two-legged robots. For a stable motion 

of biped robots, basic constraints, such as the existence of solutions to inverse 

kinematics of robot legs, joint angle range and so on, have to be satisfied 

throughout the entire walking cycle. A basic requirement for walking 

trajectories is to achieve a smooth walking pattern. If both foot trajectories and 

the hip trajectory are known, all joint trajectories of the biped robot can be 

determined by inverse kinematics. Therefore the walking pattern is defined by 

two foot trajectories and the hip trajectory. A smooth walking pattern can be 

achieved by both foot trajectories and a hip trajectory with continuous first and 

second derivatives. The third-order spline interpolation can be used to 

generate a function with both first and second derivatives continuous from the 

original data.

4.1 Third-Order Spline Interpolation

Interpolation is a method used to generate intermediate values between t ", or 

more given values. These intermediate values can be generated by an 

appropriate interpolating function. Cubic spline interpolation is one of 

interpolation methods, which generates a continuous function with a 

continuous derivative from the original data by piecing together cubic 

polynomials.
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Consider points( x , , ^ )  ,(x2,y2),--- ,(x„,yn) with x, < x2 < ••• < xn. A cubic 

spline is a function /  : £ ->■ R defined by

/ ( * )  =

px (x) X{ < X < x2

p2 (x) x2 < X < x3
(4.1)

P„_,(x) x„_l < x < x i7 

with cubic polynomials

Pk(x) = yk + c* i ( * - xJ  + c*2 <>-x *)2 +c*3 ( * - * * ) 3» \ < k < n - \  (4.2)

The first and second derivatives o fp k{x) are given as follows:

' d 
2x 
d

a. PjW  = Ch + 2c*2( x - x t ) + 3ci3(x - x * )
ox2 \ < k  < n - \  (4.3)

a. j P k ( x) = 2ck2 + 6ckl(x~Xk)OX

A cubic spline can be constructed by interpolating a cubic polynomial 

p k between each pair of consecutive points ( x ^ y ja n d  Ou+1,.yi+1) with the 

following constraints:

1. Each polynomial passes through the point(xk+l,yk+l), i.e.

Pk ( ^ +]) = , 1 < A < « -1

2. First derivatives match at interior points:

-z-Pi(xl+i) = — p k+l(xk+l),  \ < k < n - 2
ox ox

3. Second derivatives match at interior points

d2 d2
Pk(xk+]) = —r P k+l(xk+x), \ < k < n - 2

dx1 k+ dx2

4. First derivatives vanish at the end points:
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^-/? i(x ,) = 0, ■zrPn-\(Xn) = Q
ox ox

The above constraints can be used to determine the coefficientsckl,ck2,

andc43. For convenience, let hk = xk+] - x k, f k = yk+x - y k,k = \ ,2, .. .,n-\.

If follows from the first constraint that

.U+i = yk + U ,(**+i - * * )  + ci2(x*+i ~ xk f  + c*3(**+i ~ xk ) \  \ < k  < n - \  (4.4)

Equation (4.4) can be rewritten as the following:

/*  = ° kA  + c k2 hk2 + ckihk , \ < k < n - \  (4.5)

The second constraint can be expressed as

Ui +2c*2(x*+1 - x k) + 3ck,(xk+l - x kf  =c*+u, \ < k < n - 2  (4.6)

Equation (4.6) can be rewritten as the following:

Ck\ +  ^ Ck 2 ^ k  ^ C k 3 ^ k  ~  C k+1,1 ~  \  <  k  <  Tl ~  2  (4.7)

Similarly, from the third constraint, we get

2ck2 + 6ckJ(xk+l - x k) = 2ck+ll, \ < k < n -  2 (4.8)

Equation (4.8) can be rewritten as the following:

2c*2 + 6 c l3hk - 2 c k+h2 =0, \ < k < n -  2 (4.9)

It follows from the fourth constraint that

c*i = 0
(4.10)

C n - 1,1 2 c , ? - ! , 2 ^ n - l  +  ^ C n ~ ] , 3 ^ n - l  ^

Combining Equations (4.5), (4.7), (4.9), and (4.10), the following equation can 

be obtained.
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A

' i i

12

113

21

' 22

' 23

0

0

0

f ,

0

0

f ,

' ( n  -1)1

(n -1 )2

' ( n  -1)3

where

0

f

A

1 0 0 0 0 0 0 0 0 0 0

1 2hj 3h2 -1 0 0 0 0 0 0 0

0 2 6h, 0 -2 0 0 0 0 0 0

h, h? h? 0 0 0 0 0 0 0 0

0 0 0 1 2h2 3h22 -1 0 0 0 0

0 0 0 0 2 6h2 0 -2 0 0 0

0 0 0 h2 ^2 h2 0 0 0 0 0

0 0 0 0 0 0 0 0 1 2hn,

0 0 0 0 0 0 0 0 h n-l h i, ho.!

As a result, the coefficients c can be uniquely determined as the following:
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C11 "0
c12 0

C13 0

c21 f,
C22 0

C23 1 0

t ^
<-M 

...

C (n-1) 1 0

C(n-1)2 0

_C(n-l)3_

The coefficients (cn ,c12M3 , - , c „_ lA,cn_la ,cn̂ 3) determined from Equation (4.11) will

be used to calculate foot trajectories.

For the hip trajectory planning, there are only three points ( x , , , (x2,_y2),

and (x3,y 3), so the following constraints should be used to determine the cubic

spline interpolation.

1. Each polynomial passes through the point(xi+1, ^ +1) with K=1 and 2, i.e.

Pi(x2) = y i ’ p 2(x3) = y3

2. First derivatives match at the middle point:

8 ^  8 r a— P i0 2) = — P2 O 2 ) ox ox

3. Second derivatives match at the middle point:
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- P \  ( x i )  =  7 P i  ( * 2)dx2 * dx1

4. First derivative at the starting point is the same as that at the end point:

Pl(Xz)dx dx

5, Second derivative at the starting point is the same as that at the end 

point:

According to the constraints stated above, it is not difficult to prove that

the coefficients can be calculated by the following equation.

hl hf hf 0 0 0 ’Cll" V
1 2hj 3h* -1 0 0 C12 0
0 2 6h, 0 -2 0 C13 0

0 0 0 h2 h22 h32 C21 h

-1 0 0 1 2h2 3h2 C22 0

0 -2 0 0 2

■ 
1 _C23_ 0

As a result, the coefficients are given by

~cu~ hl h? h? 0 0 0 -1
V

<M2 1 2h, 3h3 -1 0 0 0
CI3 0 2 6h, 0 -2 0 0

0 0 0 h 2 h 32 f l

c22 -1 0 0 1 2h 2 3h 2 0
_c23 _ 0 -2 0 0 2 6h2 0
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In summary, the cubic spline interpolation (4.11) with n=4 will be used 

for calculating foot angle trajectories while (4.11) with n=5 for foot position 

trajectories. The hip trajectory will be determined by using the cubic 

interpolation (4.12)

4.2 Walking Patterns of Biped Robot

Biped walking is a periodic phenomenon [3], A complete walking cycle can be 

divided into two phases: a single support phase and a double support phase. 

During the single support phase, while one foot is stationary on the ground, the 

other swings in the air from the rear to the front. During the double support 

phase, two feet are in contact with the ground.

Assume that odd steps start with the heel of the right foot leaving the 

ground and end with the heel of the right foot making first contact with the 

ground, while even steps begin when the heel of the left foot leaves the ground 

and terminates when the heel of the left foot touches the ground. Let Tc denote

the period of the walking cycle and Ds the step size. Then the K-th step with 

K  an odd number starts with the double support phase at t = KTC and ends 

with the single support phase att = (K + \)TC. During this double support phase, 

the right foot starts to turn about the toe away from the ground until it reaches a 

certain angle #Awith the ground. At the same time, the left foot begins to turn

about the heel from the angle 6^ with the ground until it is fully on the ground. 

Let Tdbe the time interval of the double support phase. Then, at t = KTc + Td , 

the double support phase ends and the single support phase starts. In this
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single support phase, the left foot is stationary on the ground, whereas the right 

foot leaves the ground and swings from the rear to the front until its heel 

touches the ground with the right foot having the angle 6f  with the ground.

Assume that the swing foot reaches its highest position at t = KTC + Tm .

The (K + \)'h step is an even step. At this step, the first phase is also the 

double support phase. Unlike the previous step, the left foot turns about the toe 

away from the ground and the right foot turns from the angle 6f toward the

ground until the left foot reaches the angle 6b with the ground and the right foot 

is on the ground. The double support phase ends and the single support phase 

begins att -  (K + \)TC +Td. As soon as the double support phase terminates, 

the left foot starts leaving the ground and swings until the heel of the left foot 

gets in contact with the ground at the angle 6f  while the right foot stays on the

ground. A consecutive walking simulation is shown in Figure 4.1.
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Right Left leg

Double support phase

t=kTc

Single support phase

t=kTc+Td

Double support phase

Left

Single support phase

t=(K+2)Tp

o
Figure 4.1 Walking cycle: single and double support phases
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Assume that the biped robot walks straight forward, so that the lateral 

position of both feet is constant, that is, the y coordinates of both feet do not 

change with time. With this assumption, the right foot trajectory can be denoted 

by ixra( t \ z ra(t),era(t)) and the left foot trajectory by (xto(0 ,z/fl(0A (0) where 

(xro(t),zra(t)) and (xla(t),zla(t)) denote the coordinates of the right and left 

ankle position, respectively, dra(t) and 6la(t) represent the angles of the right 

and left foot with the ground, respectively, (see Figure 4.2)
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Hip
Trajectory

Right leg

Foot trajectory

an

(a) W alking param eters o f the right leg

Hip
Trajectory

Left leg

Foot trajectory

^  (*/«.*/«A )

(b) W alking param eters o f the left leg

Figure 4.2 Trajectories of the biped robot 

The hip trajectory can be denoted by (xh(t),zh(t),dh(t)) where

(xh(t),zh(t)) is the coordinate of the hip position and 9h(t) denotes the angle of 

the hip with respect to the vertical direction. Figure 4.2a and 4.2b show the 

right and left foot trajectories, respectively, together with the hip trajectory.
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4.3 Foot Trajectories

Foot trajectories are determined according to the physical constraints on the feet. 

For example, the foot angles and positions are subject to certain geometric 

conditions and the derivatives of the foot trajectories are zero at the transition 

moment between the single support phase and double support phase. For 

simplicity, we start our analysis from the K-th step with K  an odd number. It can 

be seen from Figure 4.2a that the right foot is subject to the following 

constraints[1 ]:

\0_&

orait) =

0b

Se

t -  KTc 

t = KTc + Td 

t = (K + \)Tc 

t = (K + l)Tc + Td 
(K  + \)Tc + Td < t  < (K + 2)Tc

(4.13)

(0 =

KDS
KDS + lm sin 6h + laf (1 -  cos 6„)

KDS + la 
(K + 2)DS 
(K + 2 )D, 
(K + 2)DS

t = KTC 
t = KTC + Td 

= KTC+Tmt ■
- l a„ sin e f -  lab (1 -  cos eb) t = (K + \)TC (4.14)

t = (K + 1 )TC + Td 
(K + 1 )TC +Tj < t < (K + 2)TC

Z ,-a (0

1 a f  s i n  Q b +  L  C 0 S  d t.

H ao
l ah sin 0f  + lm cos ef

t = KTc 
t = KTc+ Td 

t -  KTc + Tm 
t = (K + 1 )TC 
t = (K + 1 )TC + Td 
(K + 1 )TC + Td < t < ( K  + 2)Te

(4.15)
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where 6gs and 0ge are the angles of the ground surface under the support foot, 

particularly 6 ^  and 6 equal 0  on level ground. 6h and 6 ^ are the angles of the 

right foot and the left foot as it leaves and lands on the ground, respectively. lao 

and H ao denote the position of the highest point of the swing foot, KTC +Tm is the 

time when the swing foot reaches its highest point. lan is the height of the foot, laf 

is the length from the ankle joint to the toe, and lab is the length from the ankle 

joint to the heel.

Equations (4.13)-(4.15) are determined as follows: At the beginning of the 

double support phase, t=KTc, the right foot is on the ground, which means that 

= 9b’xra(.0 -  KDS’ zra(0  = hr, when t=KTc. At the end of double support phase, 

t=KTc+Td, the right foot has an angle of ^w ith  the surface of the ground, which, 

according to the trigonometrical relations,

e ra ( 0  =  6 b  > ( 0  =  K D s +  h f  s i n  ° b  +  h f  ( !  -  C 0 S  ° b  )>  A a  ( 0  =  h f  S i n  ° b  +  h r, C 0 S  d b

as t=KTc+Td. When the swing leg reaches its highest point at t=KTc+Tm, the foot 

angle is not specified and xm(t) = KDS + lao,zm(t) = H ao. At the end of single

support phase, t=(K+1)Tc, the right foot has an angle of 6 ^ with the surface of the

ground, which, according to the trigonometric relations,

6ra (0  = Qf > xn (0  = (K + 2)D S -  lan sin 9f -  lah (1 -  cos 6f ), zro (t) = lah sin 9f  + lm cos 9f

as t=(K+1)Tc. The right foot stay on the ground during (K + l)Tc +Td < t <  (K + 2)TC, 

which implies that 9„(t) = dge,xra{t) = (K + 2)Ds,zra(t) = lan.
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Since the entire sole surface of the right foot is stationary on the ground at

t = KTc and during the period of time (K + 1)7, + Td < t  < (K  + 2 ) 7 . , the following

derivative constraints must be satisfied:

fO t = KTr
e ( 0 =  (4.16)
raW [0 (K + 1)7) +Td < t < ( K  + 2)TC

ft) t = KT.
x (t) = \ (4.17)

™W [0  (K + \)TC +Td < t < ( K  + 2)7..

Z  ( 0  =  { 0 t  =  K T c ( 4 1 8 )
™ lo  (K + \)TC+Td < t < ( K  + 2)Tc

Similarly, the left foot is subject to the following constraints:

*to(0 =

0b

Of
6„.

ege

t = KTc 

t = KTc + Td 

t = (K + Y)Tc 
t = (K + Y)Tc + Td 

(K +1 )Tc + Td < t  < (K + 2)Tc

(4.19)

*la ( 0

KD, t = KTC
KD S + lan sin Bb + laf (1 -  cos 6b) t = KTC + Td
KDs+ lao t = KTc+Tm
( .K +  2)DS -  lm sin 9f -  lab (1 -  cos 6b) t =  (K +  1 )TC
(.K + 2)D, t = (K + 1)7C + Td
(.K + 2)DS (K + \)TC +Td < t < (K  + 2)TC

(4.20)
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2  la  ( 0

L f  sin e h +  l m  cos e b

H ao
l ah sin e f  +  l an cos 0 f

L

t = KTC 
t -  KTc + Td 
t = KTc + Tm 
t = (K + \)Tc 

t = (K + Y)Tc +Td 
(.K + \)TC +Td < t < (K + 2)TC

(4.21)

0,ai 0  = '
t = KTc

{K + \)TC +Td < t < ( K  + 2)Tc
(4.22)

* l a (  0  =  '

t = KTc
(K + l)Tc +Td < t < { K  + 2)Tc

(4.23)

i /a(0 =  -

t = KTc
{K + \)TC +Td < t < ( K  + 2)Tc

(4.24)

To generate a smooth trajectory, it is necessary that the first derivative be 

differentiable and the second derivative be continuous at all time t. So the third 

order spline interpolation method introduced in Section 4.1 can be used to 

generate the right foot trajectory based on the constraints defined by Equations 

(4.13)-(4.18), which guarantees the continuation of the second derivative. 

Similarly, the left foot trajectory can be calculated from the constraints defined by 

Equations (4.19)-(4.24) by the third order spline interpolation method. Note that 

there are four points for the foot angle constraints, 0ra{t),6la( t ) , so the third order 

spline interpolation (4.11) with n=4 must be used while the foot position 

constraints, xro (t),zra(t),xla(t),z,a( t ) , have five points, hence (4.11) with n=5 is
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needed. By varying the values of constraint parameters 6b,9f , H ao and/ao, we 

can produce different foot trajectories.

4.4 Hip Trajectory

The hip trajectory is subject to only geometrical constraints imposed by the 

structure of the biped. Assume that the biped walks on the level ground. Then it 

is desirable to keep the trunk angle 0h(t) at 90° with the ground. zh(t) is set to 

the constant H z.

Let xsd and xed denote distances along the x -axis from the hip to the 

ankle of the support foot at the start and the end of the single support phase, 

respectively (see Figure 4.2). Then xh(t) has the following constraint:

**(0 =

KDs+ x ed t = KTC
(K + \)Ds- x sd t = KTC + Td (4.25)
(K + \)Ds+xed t = (K + \)TC

To generate a smooth trajectory xh (t) , the following derivative constraints must 

be satisfied:

i l (KT,) = i„( (K + 1)7;)

r j K Z ^ x J t K + M T )  (4.26)

Equation (4.12), which is the third-order interpolation introduced in Section 4.1, 

can be used to determine the hip trajectory for xh{t) with the constraints (4.25)-

(4.26).

Note that the values of xsd and xed have big effects on the stability of a 

biped robot walking. [ 1 ] has proposed a method to design xJrfand xedso that the
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biped robot has a largest stability margin. This thesis focuses on testing the 

tracking performance of the biped robot hanging from the track. So there is no 

stability problem in the test. Therefore, x !rfand xeJare chosen as 0.45Dy to get a 

smooth hip trajectories.

4.5 Joint Trajectories

Desired joint trajectories 0 ',0 3 ,04 ,0i ,86,d1 can be determined from the foot

trajectories and the hip trajectory generated in Sections 4.4 and 4.5 by using 

inverse kinematics introduced in Section 3.3. In particular, for the foot trajectories

((xra( t \ z ra{t),0ra( t M x la(t),zla(t),eia(t)) and the hip trajectory (xh(t),zh(t),Oh(t)) ,

the desired trajectories 0'2,92,6^ds,6(i,61 can be calculated by using the following 

Equations:

03= tan -'(-V l ~D r\ D r)

Qt _ gQ_ (zo3 ~ zoi) ( ^ 2  cos 9 2 + /)) — (x03 — xQ1) /2 sin 6*3 ^  ^
(^ 0 1  ^03 )^2  sin0 3 — (x03 — x01 ) ( / 2 cos0 3 + / j)

eA = 6 »i -  e ' -

@6 = tan_1(--Jl -  D,2 ,D,) , D , ^ 0

6 — tan”1 ^Z°8 ~ z°6-^4S*n ^6 ^ 0 6  )(̂ 4 cos 9̂  + /5)  ̂ ^
( Z 06 “ ’ 2  OS X ^ 4  ^ 6  h  )  ( X 0S ~  X 0 6  ) ^ 4  ^ i n  ^ 6

~ + ̂ 8

e , =  J — b „ D , *  l
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e = M z M - e x - < z r , p 2 p *o

04 = 9X + 62 — + 6tr

- D ,,D i ^  1

e M z M L + i
' n  n> + 6>8,/?4/T * °

(4.27)

where

*01 ~  X r a ( 0 ’ z 01 Z r a ( 0 ^ 1  @ ra  ( 0

* 0 8  —  X  la  ( 0 ’ 2  OS ~ 2 \ a ( f ) $ i  ~ @ i a ( 0  

* 0 3  = * f r ( 0 > Z 03 ~ Z h ( 0  

* 0 6  = * / ? ( 0 ’ Z 06 ~ 2 h ( 0

4.6 Simulation Results

The biped robot’s trajectories are comprised of two parts: foot trajectories and hip 

trajectory (see Figure 4.2). If we know both foot trajectories and the hip trajectory 

of the biped robot, all its joint trajectories can be determined by inverse 

kinematics. Therefore, the walking pattern can be determined by both foot 

trajectories and the hip trajectory. By using the third-order spline interpolation, the 

foot and hip trajectories can be generated.

The parameters of the biped robot are listed in Table 4.1. Simulations are 

carried out based on the parameters shown in Table 4.1. Simulation results for
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the left foot, right foot, hip, and joint trajectories are shown in Figures 4.3-4.18. 

Figure 4.3 shows both left and right foot trajectories in x-axis. Figure 4.5 shows 

both left and right foot trajectories in z-axis. Figure 4.6 shows both left and right 

foot trajectories of the angles between the feet and floor. Figure 4.9 shows the 

hip trajectory in z-axis. Figures 4.11-4.18 show the ankle, knee, hip joint 

trajectories and their speed.

Table 4.1 Parameters of the biped robot

Parameters(m) L A H ao A k

Values 0.95Ds 0.4 0.14 0.3 0.3

Parameters(m) k k k k L

Values 0.3 0.3
> /£ + £ + laf

0 . 1

Parameters(m) A L
j_r

hman ^h  min

Values 0.13 0 . 1 0.64 0.64

Parameters(s) A A Tc

Values 0.2 Tc 0.55 Tc 1 . 0

Parameters(degree) A A

Values 0 0

Parameters(m) A ,

Values 0.45 D, 0.45 Ds
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Figure 4.3 Right and left ankle trajectories in x axis

d x rQ / d t  
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Figure 4.4 Right and left ankle velocities in x axis
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Figure 4.5 Right and left ankle trajectories in z axis
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Figure 4.6 Right and left ankle velocities in z axis
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Figure 4.7 Right and left foot angles
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Figure 4.8 Right and left foot angular velocities
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Figure 4.9 Hip trajectory in x axis
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Figure 4.10 Hip velocity in x axis

0.15

“Oaj -
0.1

0.05JD
bD oc
<  -0.05

-O. 1 5

- 0.2

2.5 3 .50.5

Time (si

Figure 4.11 Foot angle trajectories
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Figure 4.12 Foot angular velocities
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Figure 4.13 Knee joint trajectories
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Figure 4.14 Knee joint velocities
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Figure 4.15 Hip joint trajectories
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Figure 4.16 Hip joint velocities
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Figure 4.17 Ankle joint trajectories
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Figure 4.18 Ankle joint velocities
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Figure 4.22 /3’ and (34 trajectories 

The simulation results show that the foot and hip trajectories can be 

determined based on the third order spline interpolation. On the other hand, the 

ankle, knee and hip joint trajectories can be determined based on inverse 

kinematics. Finally, the walking pattern is simulated by using both Matlab and 

OpenGL.
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Chapter 5 

PID Controller Design

5.1 PID Control Theory

PID controllers can be applied to most of industrial robots. A PID controller 

consists of three parts: the proportional, integral and derivative components.

Proportional control is a primary alternative to on-off control. If the error 

between the actual output signal and its desired value is large, then a large input 

signal is applied. If the error is small, then a small input signal is used. 

Mathematically, the control signal in a proportional controller is given as follows: 

u = K pe (5.1)

where e is the error signal, K p is the proportional gain of the controller and

indicates the change in the control signal per unit change in the error signal.

Proportional control is satisfactory if requirements on a control system are 

not strict. However, in most cases, it is required to design a controller to meet 

some strict requirements on the response time, overshoot, and steady-state error. 

It has been proven that a large proportional gain can reduce the steady-state 

error with a large overshoot and sometime it gives rise to an oscillatory response. 

Therefore, it is hard, even impossible for many practical systems, to find a 

proportional controller to achieve certain control objectives.

Proportional-Derivative (PD) controllers of the form
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u = Kpe + Kt. de 
d dt

(5.2)

are widely used in industries where Kd is the derivative gain.

The controller output of the PD controller is calculated based on both the 

error and the rate of change of the error with respect to time. The net effect is a 

slower response with a far less overshoot than a proportional controller alone. 

The derivative action may also result in difficulties if high frequency measurement 

noises are present. These difficulties are normally resolved using additional 

filtering techniques.

Generally speaking, steady-state errors can be reduced by integral control. 

The PID controller is defined by

where Kt is the integral gain.

Each of the three components of the PID controller has its own distinctive 

function to fulfill certain control objectives. In real applications, different 

combinations of the P, I and D components may be used depending mainly on 

the process and the control requirements.

For the biped robot built for experiments, both PID and PD controllers are 

used to control robot walking.

(5.3)
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5.2 Control Design

In this section, PD and PID controllers will be designed for the biped robot based 

on the desired joint trajectories derived in Chapter 4. To this end, we still use 

6 >2 , 0 3and <94to denote the desired angles of the right ankle, knee, and hip joints,

respectively, while a 2,a3 and a 4  represent their actual angles. 92,93,9i ,d2,a 3

and « 4 are the desired angular velocities and the actual angular velocities of the

right ankle, knee, and hip joints, respectively. On the other hand, 05 ,06and

<97 represent the desired angles of the left hip, knee, and ankle joints, respectively,

whereas « 5 ,a6and a n represent their actual angles. 0s,O6,91,d5,d 6 and a1 are

the desired angular velocities and the actual angular velocities of the left hip, 

knee and ankle, respectively. Then, a PID controller can be used for each joint 

motor to achieve walking pattern control. PID controllers are given as follows:

U\ — u0] + K pl (92 — cc2) + {92 — d 2) + Kn j'(92 — cc2 )dt

u2 = u02 + K p2(93 - a 3) + KJ2(93 - a 3) + K a ^{93 - a 3)dt

u3 — w03 + K  3 (9 4 — cr4) + K d3 (94 —- d 4) + K j3 f ( $ 4 — cr4 }d t
. . , (5-4)

W4 — ̂ 04 p̂4 (̂ 5 ~ ̂ 5 ) ^ d 4 (̂ 5 5̂ ) /̂4 J (̂ 5 — ̂ 5
U5 = U05 Kp5 (@6 ~ a 6 ) ^  d5 ( ^ 6  — ^ 6  ) j " ( ^ 6  ~

W6 — W06 ( ^ 7  _ ^d6 — ) + K t5 J( $ 7 — CC2 )d t

where u, is the voltage of the motor / or the duty-cycle to the motor driver for the 

motor /, u0j is the desired voltage of the motor / or the desired duty-cycle to the
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motor driver for the motor i , which corresponds to the value that makes the link 

stop, K pi,Kdi,K u are the proportional gain, derivative gain, integral gain,

respectively.

For the biped robot used in our experiments, w, represents the duty-cycle 

because each motor is controlled through a motor driver, which accepts a PWM 

signal.

Note that theoretically u0i are the desired duty ratios corresponding to

the designed trajectories, which can be calculated based on the dynamical 

model of the biped robot. However, the dynamic model is very complicated for 

the biped robot, it might take too much time for the computer to calculate the 

u0i. Therefore, u0i = 50% will be used to achieve the tracking control for the 

biped robot in the lab, which might give big errors.
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Chapter 6 

Experimental Results

The PID controllers designed in Chapter 5 are implemented on the biped robot 

hung on the track. The desired trajectories used in the experiments are 

determined by using the inverse kinematics based on the foot and hip trajectories, 

which were calculated by the third order spline interpolation method discussed in 

Chapter 4.

Two sets of experiments were carried out. The first set of experiments was 

done for the PD controllers while the second set of experiments was performed 

for the PID controllers (see Figure 6.1).

Figure 6.1 The biped robot experimental setup
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6.1 Experiment with PD Controllers

In the first step, the controller gains are chosen as

kp1 =50.0; kp2=50.0; kp3=50.0; kd 1 =0.01 ;kd2=0.01 ;kd3=0.01; 

kp4=50.0; kp5=50.0; kp6=50.0; kd4=0.01;kd5=0.01;kd6=0.01; 

in order to speed up the biped robot at the beginning of walk. From the second 

step, lots of parameters are tried to use in the experiment. The following suitable 

controller gains are used.

•  Control parameters I

kp1=110.0; kp2=200.0; kp3=140.0; kd1=0.01; kd2=0.01; kd3=0.01; 

kp4=110.0; kp5=200.0; kp6 = 150.0; kd4=0.01; kd5=0.01; kd6=0.01;

Control parameters II

kp1 = 100.0; kp2=180.0; kp3=150.0; kd1=0.1; kd2=0.01; kd3=0.1; 

kp4= 100.0; kp5=180.0; kp6=150.0; kd4=0.1; kd5=0.01; kd6=0.1;

The experimental results with the control parameters I and II are shown in 

Figures 6.2-6.25.
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Figure 6.13 Tracking performance for the left hip (Parameter II)
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Figures 6.2 to 6.13 show the real and desired angle trajectories of both 

legs of the biped robot with the control parameters I and II, respectively. Figures 

6.14 to 6.25 show the tracking errors between the real and desired angles for the 

biped robot with the control parameters I and II, respectively.

70

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Lakehead University

6.2 Experiment with PID Controllers

In the first step, the controller gains are chosen as

kp1=50.0; kp2=50.0; kp3=50.0; kd1=0.01; kd2=0.01; kd3=0.01; 

ki1 =0.01; ki2=0.01; ki3=0.01;

kp4=50.0; kp5=50.0; kp6=50.0; kd4=0.01; kd5=0.01; kd6=0.01; 

ki4=0.01; ki5=0.01; ki6=0.01; 

in order to speed up the biped robot at rest. From the second step, we tried to 

use lots of controller gains in the experiment. The following suitable controller 

gains are used.

•  Control parameters I

kp1=90.0; kp2=100.0; kp3=90.0; kd1=0.05; kd2=1; kd3=0.05; 

kp4=90.0; kp5=100.0; kp6=90.0; kd4=0.05; kd5=1; kd6=0.05; 

ki 1=0.1; ki2=0.1;ki3=0.1; ki4=0.1;ki5=0.1; ki6=0.1

•  Control parameters II

kp1 = 100.0; kp2=180.0; kp3=150.0; kd1=5; kd2=5; kd3=5; 

kp4=100.0; kp5=180.0; kp6=150.0; kd4=5; kd5=5; kd6=5; 

ki1 =30; ki2=30;ki3=30; ki4=30;ki5=30; ki6=30 

The experimental results with the control parameters I and II are shown in 

Figures 6.26-6.49.
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Figures 6.26 to 6.37 show the real and desired angle trajectories of both 

legs of the biped robot with the control parameters I and II, respectively. Figures 

6.38 to 6.49 show the tracking errors between the real and desired angles for the 

biped robot with the control parameters I and II, respectively.

6.3 Analysis of Experimental Results

It can be observed from the tracking error graphs that the tracking errors in the 

first step are bigger than those in the intermediate steps. The reason for this is 

that the smaller controller gains are used in the first step in order to reduce the 

biped robot’s shaking at the beginning of walk.

After the biped robot reaches the steady state condition, the tracking 

errors become smaller. For comparison, the maximum steady state tracking 

errors in degrees for the PD and PID controllers are summarized in Tables 6.1 

and 6.2, respectively.

Table 6.1 The maximum steady-state tracking errors with the PD controllers
Control Parameters I Control Parameters II

Right Leg Left Leg Right Leg Left Leg
Ankle(degree) 12.48 14.05 5.825 6.972
Knee(degree) 21.65 21.75 20.40 21.35
Flip(degree) 9.511 9.33 7.42 9.445

Table 6.2 The maximum steady-state tracking errors with the PID controllers
Control Parameters I Control Parameters II

Right Leg Left Leg Right Leg Left Leg
Ankle(degree) 8.682 9.104 5.755 5.059
Knee(degree) 28.28 30.05 17.18 17.52
Hip(degree) 9.725 11.21 5.975 7.69

For the PD controllers, it can be observed from Table 6.1 that the tracking 

errors for the control parameters II are smaller that those with the control
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parameters I, which implies that the errors can be reduced by appropriately 

choosing the proportional and derivative gains. Similarly, the tracking errors can 

be made smaller by properly selecting the controller gains for the PID controllers. 

It is obvious that the controller parameters II produce smaller tracking errors 

compared with the control parameters I.

Comparing the PD and PID controllers, the PID controllers with the control 

parameters II outperform the PD controllers with both control parameters I and II.

Even though a great effort has been made to adjust the controller gains to 

reduce the tracking errors, the tracking errors from the best controllers, i.e. the 

PID controllers with the control parameters II, are still far from the design 

objectives. The poor control performance of the PID controllers proposed in 

Chapter 5 might be contributed by the following reasons. First, the PID controllers 

are designed without taking into account the factors, such as the gravity, friction, 

dynamics of the motors and the robot links, backlash of the gear systems, and so 

on. Second, the PID controllers are implemented by using two serial 

communication channels with the baud rate of 9600bps. The serial 

communications create some time delay for the controllers. This might indicate 

that the PID controllers might not be suitable to control the biped robot. More 

advanced control techniques might be required and the dynamics model might be 

needed to achieve a better performance. For example, smaller tracking errors 

might be achieved by using PID control with gravity compensation, sliding mode 

control, computed torque control, adaptive control, and so on.
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Chapter 7 

Conclusions and Future work

7.1 Conclusions

A 6 DOF biped robot with two legs, two feet, and one trunk has been developed 

with aluminum plates, aluminum angles, and rubber materials. Six gear head DC 

motors with built-in encoders have been selected to actuate the biped robot joints.

A control system, including six gear head DC motors with encoders, two 

microcontrollers, and one PC computer, has been designed for the biped robot. 

Two Atmega16 microcontrollers have been used to process data from the biped 

robot and the PC computer and two RS232 serial communication channels have 

been designed to achieve data transfer between the microcontrollers and the PC 

computer.

Foot trajectories and hip trajectory have been calculated by using the 3rd 

order spline interpolation method. Walking pattern has been designed by using 

the inverse kinematics. Simulation has been carried out to demonstrate the 

walking pattern.

Both PD and PID controllers have been designed for controlling the biped 

robot to move according to the designed walking pattern. Experimental results on 

the PD and PID controllers show that the biped robot with the designed 

controllers is able to follow the desired walking pattern even though the tracking 

errors are noticeable. The reason for the noticeable tracking errors may be
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caused by frictions, biped robot dynamics, motor dynamics, delay resulted from 

communication between the microcontrollers and PC computer, and so on.

7.2 Future work

It should be pointed out that the biped robot built for this research is the first 

prototype, so it is not well designed. For example, the motors used could not 

provide enough torque for the biped robot to stand up by itself, which is why the 

robot was hung from the track; faster communication method is required to 

speed up data transfer between the microcontrollers and PC computer. In 

addition, biped robot dynamics is not taken into account when the controllers 

are designed, which leads to the poor control performance. Therefore, a 

mathematical model is needed for the controller design. Both static balancing 

and dynamic balancing have not been discussed in this thesis. All the above 

discussed are important topics in the field of biped robots which will be 

addressed in the future prototypes.
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Appendix

Homogeneous Transformation

The matrices, \ T , are given as follows:

1 T =

T ■

\T =

\T-

■cos(6*1 + a r )  s in ^ + a , . )

- s in ^ , + a r ) -  cos(0i + a r )

\T =

0 0
0 0

cos 9 2 -  sin 92 0 /; cos 92

sin 92 cos 9 2 0 /, sin 92

0 0 1 0
0 0 0 1

COS 6̂3 sin #3 0 12 COS 92

-sin<93 cos #3 0 - 12 sin 93

0 0 1 0
0 0 0 1

cosf?4 sin 6*4 0 h cos <94

-  sin 6*4 COS04 0 -  l 6 sin 6>4

0 0 1 0
0 0 0 1

-1 0 O O

0 -1 0 0
0 0 -1 l3
0 0 0 1

0 cos(6l1 + a r )

0 - / 0 sin(<9, + a r )

1 0
0 1

(1)

(2)

(3)

(4)

(5)
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1 0 0 /6 
0 1 0  0 

0 0 1 0  

0 0 0 1

T

cos 6*5 sin i95 0 / 4 cos 05
- sin 05 cos 0 - 14 sin 05

0 0 1 0

0 0 0 1

\T

I t

cosf?6 -  sin 06 0 l5 cos 06
s in ^ cos06 0 l5 sin 0b

0 0 1 0

0 0 0 1

cos# 7 sin# 7 0 la„COS07
-  sin 01 cos 6*7 0 -Ln  sin ^ 7

0 0 1 0

0 0 0 1

The matrices, T , are calculated as follows:

T =

cos(6 \ + a r ) 

- sinff?, + a r ) 

0 
0

sin($, + a r ) 0

-cos(6 ,l + a r) 0  

0 1
0 0

-  / 0 cos($, + a r) 
- l 0 sin(0 ! + a r ) 

0 
1
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2n-> \ r p 2 r p  _
n-* A-*- U

-  cos(6 \ + a r ) 

-sin(0! + a r) 
0 
0

-  sin 9-,

sin(^, + a r) 

-cos(^ + a r) 
0 
0

cos#
sin 6 k cos 9,

0
0

0
0

/, cos 6*2 

/, sin 92 
0 
1

0
0
1
0

-  cos(#, + 92 + a r ) sin(#, + 92 + a r)

-  sin(6*, + 92 + a r ) -  cos(#, + 92 + a r)

0 0
0 0

/ 0 cos(#, + a r ) 
- / 0 sin(#, + a r ) 

0 
1

0
0

1

0

■ /j c o s ^  + 92 + a r) - l 0 cos(6*, + a r ) 

- /, sin(<9! + # 2 + a r) - 10 sin(6 ll + a r) 

0  

1

(11)

T=\T3J  =

-cos(#, + # 2 +ar) sin(9x+92+ar) 0 cos( # , + # 2 + « , . ) - / 0 cos(#,+ar)
-  sin(#, + 92 + a r ) -  cos(0, + # 2 + a r) 0 -  sin(#, + # 2 + ) -  / 0 sin(#, + a r) 

0  

0

cos 93 sin # 3 

-sin#, cos#,
0

0

0

0

0

0

1

0

0
0

l2 cos ̂  
- l 2 sin# 3 

0 
1

1
0

-cos(#, +92- 9 3+ar) 
-sin(#, +92-9 3+ar) 

0  

0

sin(#, + 92 -  # 3 + a r ) 0 DDl
-  cos (#, +92 -9 3 + a r) 0 DDl

0 1 0
0 0 1

(12)
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\T=\T\T-.

-  cos/#, + 02 -  03 + a r ) 
- sin(6>1 + d2 - 0 3 + a r)

0
0

cos 64 sin 04 0
-  sin 04 cos 04 0  

0 1 
0 0

sin(<9, + d2 -  d3 + a r)
- cos(0 , +02 -  03 +ccr) 

0 
0

0
0
1
0

l6 COS 04 
- 16 sin d4

0
0

DDl
DDl

0
1

0 
1

-  cos/#, + d2 -  d3 -  # 4 + a r ) sinL^, + 02 -  03 -  d4 + a r) 0
-  sin(#, + 02 -  03 -  # 4 + a r) -  cos(#, + 02 -  03 -  04 + a r) 0

0 0 1
0 0 0

lT=\T\T =

- cos/#, + d2 - 6*3 - # 4 + a r) sin(#, + 02 - 0 2 - 0 4 A-ar) 
-s in (^  +d2 - 0 3 - 0 4 + a r ) -cos(#, +02 - 0 3 - 0 4 + a r )

0
0

0
0

- 1 0  0 0 

0 - 1 0 0  
0 0 - 1 / 3

0 0 0 1 

cos(<9, +  02 -  03 -  <94 +  ar )  

sin/#, + 0 2 - 6*3 - 0 4 + a r ) 

0 
0

-  sin 0t 
cos0a 

0 

0

-  sin(#, + 02 -  # 3 -  04 + a r ) 

cos(#, +02 - 6*3 - 0 4 + a r) 
0 
0

cos#a

sin<9„

0
0

0
0

-1
0

DD3
DDA

h
1

0
0

DD3
D m

U

DD 3 
DDA 

0 
1

0 DD3
0 DDA
1 0 
0 1
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cos<9a - s in 0 a 0 DD3 ' 1 0 0 h
sin£a cos0 a 0 DD4 0 1 0 0

0 0 - 1 h 0 0 1 0

0 0 0 1 0 0 0 1

cos(9a - s in 6>a 0 DD5
s\\\0a cos6 *a 0 DD6

0 0 - 1 h
0 0 0 1

cos 0a -sin(9o 0 DD5 cos d5 sin ̂ 0 / 4 cos# 5

6 rr r̂r _ smOa cosda 0 DD6 -s in # 5 cos# 5 0 - l A sint?5

u 0
0 0  - 1 h 0 0 1 0

0 0  0 1 0 0 0 1

cos(0a - 0 5) -sin((9a - 0 5) 0 DDl

sm(0a - 0 ,  ) COS& - 0 5) 0 D m

0 0 - 1 h
0 0 0 1

(16)

8 rp 7 rp%rp  
0 0 7

~cos(Oa - 0 5) -s in  (0a - 0 5) 0 D D l cos<96 -  sin 06 0 l5 COS06
sm(0a - 0 5) cos(0a - 0 S) 0 DDS sinf?6 cos06 0 ls sin 06

0  0 - 1 h 0 0 1 0

0  0 0 1 0 0 0 1

cos(ea - 0 5 + 06) - sin(0 a - e5 + 06) 
sin(<9a -  05 + 0b) cos(0a - 0 5 + 06)

0
0

0
0

0
0

-1
0

DD9
DDIO

h
1

(17)
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cos(0a - 0 5 + 06) - sin(0a - 05 + 06) 0 DD9

9 r _ 8  T 9T  = sin( ^  -  + 0 6 ) C0S( ^  -  # 5  + ̂ 6  ) 0  D D \ 00 0  ̂ 0 0 -l /3
0 0 0 1 

cos 61 sin 97 0 lan cos 07
-  sin 01 cos 07 0 -  lan sin 61

0 0 1 0  

0 0 0 1 

cos(#a - 9 5 +96 - 9 7) - sin(<9a - 95 + 96 -  97) 0 DD\ 1
sin(0a -  # 5 + # 6 -  07) cos(6 *a -  6*5 + 96 -  97) 0 DD\ 2

0 0 - l / 3
0 0 0 1

where

DD\ = - l 2 cos(0, + 02 -  03 + a , ) -  /, cos(<9, + 02 + a r ) - 10 cos(9X + a r )

£>£>2 = -Z2 sin(0, + 92 - 9 3+ a r) - l x sin(6 », + 02 + a r) - l 0 sin(<9, + a r )

DD3 = - / 6 cos(0, + 92 -  9, -  9, + ) + D£>1

DD4 = - l 6 sin(0, + 0 2 -  03 -  94 + a r) + DD2

DD5 = l6 cos 9a + DD3

DD6 = l6 sin 9a + DD4

DD1 = / 4 cos(0a - 9 S) + DD5

DDS = / 4 sin(0a - 0 5) + £ > £ > 6

£)£>9 = / 5 cos(0a -  05 + 06) + DD1

D D \0 = l5 sm(9a - 9 5 + 9 6) + £ > £ >8

£)£)11 = lan cos(9a - 0 5 + 9 6 - 9 7) + DD9

DD\ 2 = lm sin{9a -  9S + 96 -  97) + DD\ 0
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9 a =  Q \  +  ^ 2  _  ^ 3  _  ^ 4  +  a r

The homogeneous transformation matrices, \T , can be expressed as follows:

I

1 0 0 x a

0 0 1 0

0 - 1 0 0  
0 0 0 1

(19 )

\T=*rT)F =

I*o01

-cos((9, + a r) sin(<9, + a r ) 0  --/„ cos(<9, + a r )

0  0  1 0 -s in ( 0 , + a r ) -cos(6 )1 + a r ) 0 - 10 sin(^, + a r)
0 - 1 0 0 0 0 1 0

1

ooo
i 0 0 0 1

-  cos(6 )1 + a r ) sin(0 , + a r) 0 xa - / „  cos(£, + a r)
0 0  1 0

sin(6 (1 + a r) cos(6 >, + a r ) 0 / 0 sin(0 , + a r )

0 0  0 1

(20)

2r = ° j2/  =

1 0 0 :ea

0 0 1 0
0 - 1 0 0  

0 0 0 1

- cos(0 , + 02 + a r ) sin(0 j + 02 + a r) 0 -  cos(0X + 02 + a r) - l o cos(6' 1 + a r)
-  sin((9 , + 02 + a r ) -  cosf#, + 02 + a r ) 0  -  /, sin(0 , + 02+ a r) - l o sin(6>, + a r)

0 0 1 0

0 0 0 1

- cos(6 \ + 02 + a r ) sin(<9, + 02 + a r) 0 xa -  cos(0, + 6>2 + a r ) - 10 cos(0, + )

0 0 1 0

sin(#, + 02 + a , ) cos(0 , + 02 + a r) 0  /, sin(^ + 02 + a r ) + 10 s in ^  + a r)
0 0 0 1

(21)
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I ry    0 rT ' 3rn  __
r r 0 “

1 0 0

0 0 1

0 - 1 0  

0 0 0

-  cos( #, + 6 2
-  sin( #, + 6 2

0

0

-  cos( #, + 82 -  
0

sin( #, + 9 2 -  ( 
0

0
0
1

■#3 + « r )
<93 +«,)

sin( #, + # 2 -  # 3 + a r ) 0
- cos( (9, + 6*2 -  <93 + a f ) 0

0 1
0 0

9 3 + a ,)  sin( #, + ?2 -  # 3 +  a r ) 0

0 1
+ a ,)  cos( #, + # 2 -  9 3 + a ,) 0

0 0

DD 1 
DD 2 

0 
1

4- DD 1 
0

■ DD 2 
1

(22)

'1 0 0 -c o s ^  +#2 - # 3 - # 4 + a r) sin(#, +02 1 1 + £ 0 DEB

0 0 1 0 -sin(0[ +#2 - # 3 - # 4 + a r) -COS ĵ +6*2 - # 3 - # 4 +ar) 0 Dm

0 - 1 0 0 0 0 1 0

_0 0 0 1_ 0 0 0 1

-cos^1,+# 2 -# 3 -# 4 +ar) sin(#,+#2 -# 3 -# 4 +ar) 0 xa+DLB
0 0 1

sin(#, +02 - # 3 -8 4 +ar) coŝ 9, +02 - # 3 -0 4 +ar) 0
0 0 0

0
-Dm

i

(23)

' 1  0 0 cos 9a -s in # a 0 DD3
0  0 1 0 sin 9a cos 9a 0 DDA
0  - 1 0 0 0 0 - 1 h

1 O o 0 1 0 0 0 1

COS#a sin# 0 o xa + DD3
0 0 - 1 h

-s in  9a - cos#*  o -  DDA
0 0 0 1

(24)
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' 1 0 0 cos#0 -s in0a 0 DDS~
0 0 1 0 sin0a COS0a 0 DD6
0 -1 0 0 0 0 -1 h
0 0 0 1 0 0 0 1

cos6?a -sin6>a 0 xa + DD5
0 0 -1 h

-sin0fl cos#0 0 -DD6
0 0 0 1

' l 0 0 ~cos(0a --0,) -sin(0 a -o s) 0 D m '

0 0 1 0 sin(6>a - 0s) cos(6a -0s) 0 D m

0 - 1 0 0 0 0 - 1 / 3

_0 0 0 1 0 0 0 1

cos {0a -O5) -sir\(0a - 0 5) 0 xa+DDl
0  0 - 1 / 3

- sin(0 o - 0 S) cos((90 - 9 S) 0  - D m
0 0 0 1

' 1 0 0 'cos (0a -o , + 6 fi) -sin((9fl -Os+^e) 0 DE9

0 0 1 0 sin(6>, -0s + 9$) c°s(0a ~0s+06) 0 D ao

0 - 1 0 0 0 0 - 1 h
0 0 0 1 0 0 0 1

cos(0a - 0 5) -sin(0a - 0 s) 0 xa+DE9
0  0 - 1 / 3

-sin(i9a - 0 S) -cos(<9a - 0 S) 0  -DLA0

0 0 0 1

"1 0 0 cos(0a -9s + 06 -On) -sin(6>a- 0 5 +06-On) 0 DDL I

0 0 1 0 sin(6>0 -6s +<96 ~9n) cos(0 fl --0S +06 -On) 0 D a  2

0 - 1 0 0 0 0 - 1 h
0 0 0 1 0 0 0 1

cos(6 *a - 6*5 + # 6 - 9 n) -s[n(9a- 0 5+06- 9 1) 0 xa+DD\\
0  0 - 1 / 3

-s\n(9a- 9 5 + 06 -  97) -cos(0a- 0 5+06- 0 1) 0 - D U 2 
0 0 0 1
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LMD 18200T H-Bridge

>  BOOTSTRAP 2

>  OUTPUT 2

>  THERMAL FLAG OUT

>  CURRENT SENSE OUT

>  GROUND

>  Vs POWER SUPPLY

>  PWM INPUT

>  BRAKE INPUT

>  DIRECTION INPUT

>  OUTPUT 1

>  BOOTSTRAP 1

Atmegal6
PDIP

(XCK/TO) PBO r-_
—

1 40 r j PAO (ADCO)
(T1) PB1 ! 2 39 i PA1 (ADC1)

(INT2/AINO) PB2 I 3 38 i PA2 (ADC2)
(OCO/AIN1) PB3 C 4 37 Z) PA3 (ADC3)

' (SS) PB4 ! S 36 i PA4 (ADC4)
(MOSI) PB5 L_ 6 35 PA5 (ADC5)
(MISO) PB6 LI 7 34 PAS (ADC6)

(SCK) PB7 t. 8 33 ..J PA7 (ADC7)
RESET j 9 32 p AREF

VCC ! 10 31 I GND
GND m 11 30 J AVCC

XTAL2 c: 12 29 □ PC7 (TOSC2)
XTAL1 r - 1 3 28 p PCS (TO SC 1)

(RXD) PDO r 14 27 :n PC5 (TDI)
(TXD) PD1 ■_ 15 26 □ PC4 (TDO)
(INTO) PD2 [ 16 25 :::i PC3 (TMS)
(INT1) PD3 c 1 7 24 ::i PC2 (TCK)

(OC1B) PD4 i_ 1 8 23 3 PC1 (SDA)
(OC1 A) PD5 r 1 9 22 3 PCO (SCL)

(ICP1) PD6 — 20 21 □ PD7 (OC2)
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Circuit diagram:

+ m l+1»|

Circuit diagram for the control system of the biped robot
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