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ABSTRACT

The effect of a single or a pair of polarizable
impurities on the vibrational frequencies of a solid is
investigated. It is shown that the introduction of impurities
alters the energy of the crystal due to the coupling of the
dipoles through the polarization of the impurities and perturbs
the longitudinal-optical frequencies of the crystal. Both the
perturbed frequency and the change in energy of the crystal are
calculated explicitly and the results are examined at very small
and very large separation of the impurities to demonstrate

agreement with the literature.



INTRODUCTION

The intensity of the vibrational frequencies of a solid
are affected by external stimuli such as heat and Tight and also
by internal stimuli such as impurity atoms or by defects in the
body of the solid such as vacancies and interstitial atoms.
Since these imperfections help determine some of the most impor-
tant properties of crystals their effect on solids has been
extensively studied in Physics both theoretically and experimentally
for the past fifty years and has led to increasing understanding

of the solid state.

It is the purpose of this thesis to investigate the effect
of a single or a pair of po]arﬁzable impurities on the vibrational
frequencies of a solid. The solid is considered to be polar and
with a single vibrational frequency and the impurity is assumed
to be a loosely bound electron of a hydrogen-Tike atom as is

commonly found in semiconductors.

The method of investigation involves deriving the force
acting on a dipole due to the presence of an impurity or pair of
impurities. The equation of motion for the ions can then be solved
to obtain the Tattice frequency which consists of the crystal's
natural frequency, w s and an additional part, 5wo, due to the

force arising from the impurities.



Summaries of much of the early work in the field of
lattice dynamical defect problems and extensive study of the
effect of non-polarizable impurities which are heavier or lighter
than the host were published by A.A. Maradudin, E.W. Montroll

and G.H. Weiss.!

The effect of a single polarizable impurity atom on
the frequency of optical vibrations has been previously studied.
Dean, Manchon and Hopfield? observed lattice modes bound to
neutral impurities in GaP, which were due to the coupling between
the impurity atom and the lattice, and subsequently calculated
the energies associated with these modes. J. Mahanty and
V.V. Paranjape3 have also calculated the effect of a polarizable
impurity atom on’ the frequency of optical vibration and their
result agreed with the former work when the appropriate limit was

imposed.

The result for the change in energy of the lattice due to
the introduction of one or two hydrogenic impurities obtained in
this thesis could be tested by using the Selective Pair Luminescence

technique devised by H. Tews and H. Venghaus."

\

In chapter 1 of this thesis the secular equation will be
derived and solved to find the frequencies of the local modes for

the general case. The second chapter will describe the details

of the particular problem of two hydrogenic impurities in a polar



crystal. The four terms which constitute the frequency are
evaluated in the appendix and these results will be given in

the third chapter. It will also be shown that the result obtained
for the change in energy of the lattice due to the introduction

of the impurities reduces to that stated by Johri and Paranjape?®

when the impurity is neglected, and to the London form when very

large separation of the impurities is considered.
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CHAPTER 1

ANALYSIS OF THE INTERACTIOM BETWEEN LATTICE AND IMPURITY

The optical modes in a polar crystal arise out of
dipolar oscillations in different lattice cells. When impurities
are introduced additional coupling, due to the induced polarization

of the impurities, occurs and the optical modes are perturbed.

In the absence of an impurity the equation of motion
for the displacement ﬁ? which causes the polarization within the
th )l (1.1)

where u is the effective mass associated with the dipolar oscilla-

£ cell of a crystal can be written -uwzﬁz = §:<FT|Z—Z'
ZI

tions in each cell. F{|Z-Z'|) is a force constant tensor which

gives the force, due to direct interaction, on the Eth dipole by

h

the £'t dipole and which depends only on the éeparation 12-2'].

If we introduce impurities additional coupling between

h

the zt and K'th cells necessitates an extra term in the equation

of motion which now becomes
"Uwzaz = %ﬁlz'zll)'a;él + %mz:f.l\)'a}z' (]2)

The force constant term'ﬁTZ,Z‘) is dependent on the position
of the impurities and on % and 7' separately. One can use the

Fourier transforms
b

Ef = 1//N" 2:_z-13°?v(z> (1.3)
k



and v(K) = T//W"Z;Zik'zaz , (1.4)
2

where N is the number of cells and K is a wave vector within the

Brillouin zone, in the equation of motion (1.2) to obtain

? (WN“Z z"”z'zvm) - X P -(1/@216”2"7—3@" ))

—IZ Z' K
+Z‘D’(Z,?')~<1//N"Z,e‘ﬂz"?'3(i<")> . (1.5)
Z.l _I-ZI
ﬂ()“-z

By multiplying by £ and summing over 7 one can obtain the equation

of motion in the following form

-u [w2-02(K)] V(K) = 20Kk )v(k) (1.6)
k!
where  D(k,K') = 1/N 2:_573,2')£-1(%'Z;E"ZI) : (1.7)
Yok

w(K) is the frequency of the optical modes of the lattice without the

impurity atom, and

~pw? (k) =Z["_'Z'F*’F+( 1T-£]) . (1.8)
1

In the case of 'a single impurity polarization is induced

on the impurity by the dipole qﬁ? at £ and then the energy of the



dipole qﬁz. at 7' in the field of the impurity can be calculated.
The total change in energy can be obtained by summing over all
the lattice sites. The change in energy due to this indirect

coupling is

AE = 1/2 3 EZfBTZ,Z*)-GZ. (1.9)
H.

The potential energy of one impurity electron, when the

impurity atom is located at the origin, due to the dipole in the

zth‘ce]1 is

-eq ﬁz- (?—ﬁz)

V(Z) = (1.10)

ew]F-ﬁ—El 3

where q is the effective charge of the dipole in the lattice cell,
e is the high frequency dielectric constant, ¥ is the electronic

coordinate and ﬁ? is the coordinate of the 2tN cell.
By second order perturbation theory the change in energy

can be written

<1s|V(Z)|n><n|V(z')|1s>[En~E]S]

(1.11)
2.20n (Ey-Eqg)?- ()2



One can see that equations (1.9) and 1.11) are in essentially the

same form and thus D{¢,?') can be determined.

It will be shown in the following chapter that it is
possible to express*ﬁYZ,Z') as a sum of separable factors which
correspond to the various electronic transitions of the impurity

atom during its polarization,

If one retains only two terms
L) = AT @@ + LT} (1.12)

where the factor A is evaluated in the following chapter.
Substituting this into the equation of motion gives
-ufw?-0? (K]V(K) = A (T1(R)T3(K') + T(K)T, (K))V(K") .

>

kl
(1.13)

Multiplying this expression by ?3(?) and summing both sides

—
over Kk

wlz-u? 1% = A TATOT 08 + 0T, (0} (1.14)
4

Now multiplying (1.13) by TQ(K) and surming over kK gives



W[u2-u?]¥ = AL { )T (R) X + TL,(E’)TZ(TZ)Y} (1.15)
k
where X = %73(1) v(k) (1.16)
Y= S T(K)V(K) . (1.17)
K

Equations (1.14) and (1.15) are two homogeneous equations

in two unknowns. By rearranging one can obtain the secular equation:

w(w2-u?) - AX TLRT(R) A DT, k
K K =0

—A%: 10T, (k) b(w? u?) - A };n(ﬁﬁz(k)
| (1.18)

The roots of this determinant give the Tongitudinal-optical

frequencies of the perturbed lattice. If we let 2 = wg - w2 then

[1a- AZT ][p{ﬁ—AZT IAGIEEIRAGY z)][_Aifgm)Tz(m} 0

K [4
(1.19)

[pzm-uszzA,g 1, (F)T, (R)-u028 3T (B)F, (B)+A2 3] T, (B) T, () 3 1 (B) T ?)]
K k K K

] Azz_yjmml(‘;z)ffs(fﬁ)fz(ﬁ) = 0. (1.20)
K K
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This is in the form of a quadratic equation ax2 + bx + ¢ = 0 where,

in our case,
BRI PR AGIAGEIRAUING]

¢ = A2 T, (0T, (RS T, (0)T,(K) - AzzT ()T, (R) T4 (0 T,(%)
K 4 K 4

If we use a result from the following chapter which states

ZRETE =210 E and ZET3<T’<’>T2<T<*)=ZR;TL,(E>T1(E>
K

(1.21)

then a

.2 b=-uA[ZZT4(—I€)T2(T<>)]

>

O
1}

AZ[ZTL*(T?)TZ(R’)] ‘. AZ[ZTM(E)’E(?)J ‘) (1.22)
K

[3

Therefore

[zm’ (R)T, (% ]+/4,J2A°[zf (BT, (K )]2-4u2A2{[Tzzu(fé)?z(?)12~(§q(?)7’1(7€)12}2'

Q? =
2u2

w2 =AY T, (KT, (K) = AY_T,(0)T1(K)
K

K
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(62-02) = —K (1.23)

Now

Thus  wavw |1 -1/2 [A}E: -

2
W
r M 3 K

T, ()T, (k) A Tu(E)Tl(K)}

1, (0O1,(0) (0T °
] g
¥

w [{M
H o] H (6]

+1/8 [(A }%;

+ 2A2 k (1.24)

PRRGIAGIPRGIAG) J

(hw?)?
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Thus one can see that the introduction of impurities
alters the energy of the crystal due to the coupling of the dipole
through the polarization of the impurities and perturbs the longi-
tudinal-optical frequencies of the crystal. The method described
in this chapter enables us to evaluate both the force constant

term‘ﬁTZ,Z') and the perturbed frequencies.
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CHAPTER 2

CALCULATION OF THE CHANGE IN FREQUENCY OF THE LOCAL MODES

In this chapter the details of the calculation of the
change in frequency of optical vibrationzdue to two polarizable

impurities will be described.

We will consider two hydrogenic impurities at a distance
ﬁl and R, from the origin where ¥; and ¥, are the respective

electronic coordinates and ﬁz'and Kz] are the coordinates of the

£°" and cells.

The ground state wavefunction can be expressed

<0f = ¥y (F1)vy(T2). (2.1)

If we are interested in the change in frequency due to the transition

from the 1s to the 2p state then the appropriate symmetric wave-

function can be written

n,> = ‘.P]S(‘?l)lbzp(?zi) + w]s(?z)pr(?l) . (2.2)

and the anti-symmetric function is

Iny> = wls(F1)¢2p(?z) - w]s(?2)¢2p(?1) . (2.3)

¥is and pr are hydrogenic. wavefunctions defined in Appendix A.
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From eq. (1.11) the change in energy due to this

transition is

(2.4)

<0|Y(2) |n><n|V(Z")|0>(E _~E )
£ 2{: [V(£) [n><n{V(2")|ox(E -E

P (Ep-Eq)2- ()2

Z,Z',n=n1,n2

L3 OB, V210 5o
2.7 (EnyEo) - (me)?

<0|V(2) | ny><n, [V(2')]0>(En,-Eq)

(Ep - E)2-(m)

=Z I, + I, (2.5)

However, one can use the expression for V(Z), egn. (B.5),

derived in Appendix B to rewrite I, and I, in the following form.

«1€q > > 1 1 > >
I, = - U3V *(F)) o X(F) | —=——= + 17 (F1)v, (rp)d3rd3
1 €, us {jﬁ;s ALBRAS PRRLY [|R1+P1'§Zl |§2+¢2_§Z1] 1s r? 2p ry)dr;dor,

(T w2 1 1 -> >
+fingrFding (rz),[l o §2+?2_§Zl]wls(rzwzp(rl)d%ld%z}
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1 i e

*y
wd

" 3
] 1 by (F1)ug (rp)d3rd rz}
“F ) (Fl) v ! E +¥ -RZII s
+ﬁ]s (ry Y2p l%ﬂrﬁz-l IR+,

(2.6)

(2.7)
] °“1<gef>2"z' {'T’Mf"z)*?z(ﬁz)} { Tl )+l } ly

(E,nl-E )
where ay = £ £ F ()
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2

I = oc2(—29‘) ﬁz- {Ti(az)ﬁz(az)} {_T)s(az.)'Tu(azn)} '37_. (2.8)

(E, -Eo)

= e
(Enz-EO)-(ﬁ'w)2

o2

To obtain these results one must recall

/:JE.(?)uE’(?)d% = (1 if E=£'

0 otherwise

Substituting eqns. (2.7) and (2.8) into (2.5) gives

2
_AE2p =211(’§‘3) G—E- {Tl (Gz)i-Tz(Gz)} {T3 (—Jz, )+ﬂ*(ﬁzl )} [}Zl
27

2 . ) .
+ dz(fg') ﬁf {Tl(ﬁ})-?z(ﬁz)} {ﬂ(ﬁz.}-ﬁ(%.)} -ﬁz.

Thus .
2
1By = 2 2(29) ﬁz‘{ ) ()T )+ ()T (i )}'ﬁzn
z,2
where (En'Eo) |

(2.9)

T =

2
(Ep-Eg)=(Ma)?
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If one compares this expression to eqn. (1.9) which states

s = 172 DT L),
2%

2

then m,m=4a(§){Tl(aﬂ)maz,)+T2(a£m(a£,)}. Then
if Ty, T,, T3, and T, are evaluated both the force constant tensor
'BYZ,Z') and the change in energy of the lattice due to the intro-

duction of two impurities can be obtained.
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CHAPTER 3

RESULTS AND CONCLUSIONS

It is the purpose of this chapter to state the results
of the calculations performed in the appendices. These results
enable us to define explicitly the values for the change in

frequency and the change in energy due to the introduction of the

two impurities.

From appendix C we have

D T Tap) = L Tttty = M 02M2) (4,

1.7 Z J a, 6561
x 2

D FEp s = ) Tt = - ;1-0— Nmoz[——-—--—mrﬁz|3

z,2 z,2

-3|R;-R, |
LT = ]

e Zo {(Za)lﬁ A J Al - 7Y R )

0 0 0
ﬁ ﬁ 1 3\3 3840 /3 \? 7680 /3 7680

. 355(2a0) l | + 315(2a ) + ot |<2a) + ,Iﬁl-ﬁz|2k260)+ T

(3.2)

These results can be substituted into equation (1.24) to obtain a
value for the perturbed frequency w as a function of the unperturbed

frequency W, and the separation of the impurities.
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One should note that at ﬁl = R,, that is, when there
is only one impurity, that by expanding the exponential in (3.2)

according to the expression
k

f=Y L
k=0 k!

and performing the multiplication then all terms containing

1 s 1 and S
lﬁl'ﬁzi l§14ﬁ2|2 iﬁ1-§2|3

and those independent of lﬁl-ﬁzlcancel and (3.2) vanishes. In this

case we can use eqgn. (1.23) to obtain

2
w2 = 2. fl-~I§l—ﬂ—(—e—q) a(mo)

0 uao €

[}

where C is the numerical factor, as the frequency of the longitudinal
optical modes perturbed by only one hydrogen-like impurity. This
corresponds exactly to the result obtained by G. Johri and

V.V. Paranjape .

When the two impurities are separated by very large

distances one can use the expression for the perturbed frequency,
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eqn. (1.24) to show that the exponential terms can be neglected
and the remaining term dependent on the separation is of the

form which agrees with the London form.

1
[R1-R, |®
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APPENDIX A

The hydrogenic wavefunctions are

1 1 =
b = 57— © r/a,
(n)* (a,)"?
0
11 1 r \e-r/2a
Vos T T T %\" 3, )
(m) 2 (2a_) 0
bap = 1% 1 ” (Jl)e'r/zao x |cose for p,
0,21 (n)* 2(2a )72 \a, sinecos¢ for p

+1]
sinesing for p_]

where r,0,¢ are the electron coordinates and a, is the Bohr radius

of the atom.
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APPENDIX B

The potential energy of an impurity electron due to a

dipole in the Kth cell is given by
(¥-R3)
V(@) = - Al (B.1)
- |F-Rp|
However -V +.I =172 3 R R ! I
Ir-ﬁzl d oy 9z [(x-X£)+(y-Y£)+(z-Z£)]2
(B.2)
- (X’Xz) iy (Y'Yz) + (Z'Zz)
- ’ _y 3 3
(x-Xp)3  (y-Y,)° (z-7,)
>
r-ﬁ?
= (B.3)
¥ -R3|3 |
Then the potential energy becomes
V(Z) = (B.4)

1
I?-ﬁzl
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In this problem the electronic coordinate of the first impurity

is (Ry+r;) and that of the second impurity is (Ry+¥,).

potential energy becomes

V(@) = ! ‘

o

We can now make use of the relation

1 1 /eif- (7—?") 5
= - d3k
|F-7 | 2n2 k2
to express
1 ] fevi—lz'(ﬁﬁ?l'ﬁz) d3k
lﬁl"‘?l—ﬁzl 21T2 kZ ‘
and 1 ) 1 fei—lz' (§2+?2-§z) 43k
|§2+?2-§Z| 2'”2 k2 F

The total potential energy can now be rewritten

“f'w Rt Ryl Ryl |

The total

(B.6)

(8.7)

(B.8)
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iR (R -Ry) ik: Ryt -Ry)
. _eq > _ 1 : (-]) -
Vz) = i V; znzfe k2 P fe k2 o

(B.9)

‘iTZ- (§2+—F2"§Z) 1-12‘ (§1+?1-§z)
= _ €9 az.vgfe d3k +/e d3k (B.10)

2ﬂ2€m k2 k2
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APPENDIX C

The purpose of the following calculations will be to

evaluate the terms ?1, Té, ?3 and T, found on page 15, and to
> > -> > ->
calculate ; Tl(uz)ﬂ(uz,) and g T ()T (ug,)

First, consider

-> - * -> ] > _
ful@) = VU‘“S bt 3|ﬁl+¢1-ﬁzl % "’2"(””3”] (e

Using the hydrogenic wavefunctions given in Appendix A and the

expression (B.7), T, becomes

-r '—E. ﬁ -|-—> _ﬁ—» —r‘1/2a
) . /3, . ; (Ry*r1-Rp) 5] e Oricose 4
:EG;Z) =Vl - S d?k} = 37— 4°r1
wﬁao 2 [ 2n? k2 m*(2)(2a,) %a,

2n

One can see that only the ¢2p term remains as J/~ cos¢de = 0 and
2w o 0

./f singd¢ = O cause both the y and ¢ terms to vanish.
Yo P P
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Rearranging
e e (R Ry)
Tl(ﬁ—z) = ;/] = 37 V[fe O;fe d3k£
1Taao 2(2112)1r2(2)(2a0) 2 ry k2
-ri/2a_ r,
e ° Z coso d3r{}
a0
.
K-Ri-Rp) ez iKeF, e
= —“‘:gﬂ"g*'v e fe Vo 1cose(—i-)r 2drysinede d3g]
3, 397 2 ' a,) ! ! ’
4 a, 2 Kk g o
(C.2)
If we now let cose = t and integrate by parts,
ik- (R,- -3r, /2 .
T (3 ) ) q V[fel ( 1 ﬁZ) . 3Y‘1 /‘-aorlg./- 1kY‘1ttdt d d3k
1\U>) = ——— : : e r
£ 2n2a032’§ k2 rooag =1 :
- > -
ik-(R;-Ry)  -3ry/2a -3r,/2a
e 1T e Or,3cos(kry)) o !

-i Or;3sin(kn)
vl L 3
E;%;za 3 k2 a_kr 2 Andk
o<1 ao(krl)
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i?’(ﬁl-ﬁZ)

-brl 2
?1(3») = -1 . .y /e /e ri COS.(kY‘l)
L 27233 k2 3k
—br1 . K )
e r;s1n( ry ar, d% (c.3)
aok
3
where b = +—
2a0
It is now possible to use two well known integrals °7
w— n g" B
J/; BXxncos(bx)dx = (-1) — (C.4)
LT b2+82
0
n - n an b
and x"e BXsin(bx)dx = (-1)" &— (c.5)
o 98 bZ+p?
When n = 2, (C.4) becomes
- 2
/e BXx2cos(_bx)dx = (-1)2 9” ,B
0 662 b2+82
_ 9 [b?-8?
aB b2+32
- 287-6gb% (C.6)

(b2+82)3
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When n = 1, (C.5) becomes

[}

fx'e'ﬁxsin(bx)dx = (-1)—‘-9— (——Q——>
. aB b2+82

= _mggﬁ__, (C.7)
(b2+g2)2

Substituting the results into T, gives

o[ 2- 9 ,

3
27k \(] . 4"7‘1‘02)
:

k- (Ry-Ry) ; 85 2/ 24k2a42
e

n2a 3 k2

4a 4ka /3
0 0

” IkZa_7\2 f
9K (1+ o)

9

d3k

where rib=5—=x

' 12‘(§i'ﬁz) (8a&)<?32k2302>
S B fe 27k J\ 9 x| (c.8)

' k23 2\3
< (“ 9°>




-29~

TF' (KI-KZ)

- 'l.f(*' (ﬁl ‘ﬁf)
Evaluating the gradient Vﬁz e :

-jke

2 257 2
| ik (Ry-Ry) (8% )(-32k 3 )
ke 27k 9 43K

TI(EZ) = '_T] 4k2a 27 3
2’51r2a 3 k2 < o >
0 1 +
9
Similarly
2. 2
ik (R,-%3) 8a02 32k“a |
ORI | & MRV AN .
3
2 £ 2 /2."2a03 k2 z_l '+ 41(;30253

iE'-(ﬁi-ﬁz,) 8a02> -32k‘2a02),
Ts(ﬁzc) ) 1 .)f? e (27k _( 9 43K

3
2(2n2a03 K2 <1 . 4k2312)3

]

T‘-&_ (620 )

1 sz' e
3 T
2/2112a02 K'2 (] s 4k :a02>3

K- (R Ry 8%2)(-32'< ' 2%‘")
27K 9 43K

(C.10)

(c.11)

(C.12)
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We can now make use of the Dirac delta function to

simplify the products Tl(ﬁz)Tg(ﬁz.) and Tz(ﬁf)fu(ﬁz.).

S(X) = 1im Sin(gX)

g X

o

+g
/ i (ky-2y )x (ky-€y)x
e dx i
- 00 g”)<>° _g

2sin (9(kx-£x))
g (kx‘fex)

= lim

= 2m6 (ky-Ly) (C.13)

Consider

dR

> il )R, i) R, f—iﬁéﬁ')-ﬁ,i i (R+K') Ry
e = N X € ' A
X

, X e e
z

L, +g
i(K+K') R, 3_1(k+k )-Re
2 i (k+K")

=g

i(k+K') R,
27N e §(k+k"') (C.14)

Therefore k = ~k',
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A A

If we now rewrite K = ik, + jk, + kk, and use spherical

y
coordinates
ky = ksinecose
Ky = ksinesing
kz = kcos®6

then, after integrating over ¢, only the %%, 33 and kk terms of

the product KK remain in the expressions for T;T; and T,7,.

If we consider now 2 T,T4, that is, the summation over

’

all lattice sites,

K KZ) (8&02 ( 32k2a 2 )
PIRACINCTIEDD ‘ ﬁ“" ek o d3k

(27723 3)2

R ST CORY S (P )

. ﬁ _ﬁé. 8a -32k'2a 2) '
/m’ (Fa-fg) (77%)(“—9—‘—"' ¢k

. IkTZa_7\3
K (‘ M- 0)

(C.15)

and use eqn. (C.12)
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8(32)a *\2 3
Tl tslp) = 35— /mz Y ( °>‘“‘
Z 1\Ug/ sz (2/2172303)2 e (1 +4k.37) 27(9)

2,2 9 .

_ 8Nn3(8)2(32)2a03./fikxfjky+zkz)(1kx+jky+kkz) 4 (. 16)
3 ’ 4kZa Z\b
292
27292(2%x22 3)2 |, (] y 2o )

Substitute the spherical coordinates and integrate over ¢ to obtain:

292923 436

3 Tl ) - iR / < /

1) igiury ) = VG 2wsin3e
N Ja 7 ( 4k a, )

Y] Z' k

»

+ 2ncos?esine do dk

(4m) 82322Nn3a ® J/’ k2 Na 2221 J/‘ k2 dk
= (4n ‘ 5 - dk = 5
272922374 6 | AkFagty 31023 T

(C.17)
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n+1

3
S‘“C?J(;1“3<ax)dx - . cos(ax) , cos(ax) ;o4 feosM(ax)sin(ax)dx = - 05— (aX
a 3a (n+1)a
o 8
1 dx 1 (VY r(wv)r(1n-u/v)
Also f voniT = Tl (-——) [O<u/v<n+1]
5 (prax’) vp G I'(1+n)

enables us to solve the final integral

)R A N =Na°222.1[ 5 G )% HI2LEI/) | 03246
e 2 2(

31023 1)6 \4a 2 r(1+5)
N2 "%
(c.18)
4a 2
where u=3,p=1,q= 90 sVv=2,n+1=6
Y
2918
N2y 32 \? e (15)(7)/1?] (C.19)
310 2 \(2a))?) 2(51) 2"
Now r(nt1) = n! 1if n=0,1,2,3,....
r(m+1/2) - ]'3"5"'(2“’]"])/’!?
oM
) r(6) = r(1+5)=5!
1(3/2) = r(1+s) = I
(1:35.7)/7

r(6-3/2) = r(4+%) =
24
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“Then D _Ti()Ta(ls) = Na2 2o 31 5T (C.20)
3 7 £ £ 310 ao3 29 5x4x3x2x1

2918
=N a0 2 {71r 33 ]
10 3 212
3 a0 2

_ Nm_7(26)

a_ 37

Nr_7(64)
a, (6561/3)

12N 112

aq. 6561

Therefore

2 TGt =) Tt Gy = M 02002) (¢ o)
Z’ZZ, 1(Uz) 3(‘UZ ) %; 2(,UZ) u(uZ) a 6561

The following calculations describe the method used to evaluate the

terms ZTZ(I}Z)TP,(B}.) or ‘ZTI (HZ)T‘*(GZ')’ These terms are
2,2 | L2
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required for substitution into egn. (1.23) to determine the
perturbed frequencies.

If we express Tl in the following form

ik (ﬁl-ﬁz)

2\ /29125 2
o ) (8a0 32k a0 )
_ i k 27k 9 3
T, F e £ ( 4k2a07)3 d3k  (C.22)
o 1 + 5

ﬁz’ (§1‘§Z) (_23)(25)ka04

. e
) VR, / K2 3332 43K
2%n2a 3 (_ 4kzaoz>3
o] 1+ 5

4
— ey 9 3
27 24 335 R, ( 4k2602)3 a*k
0 vk \ 5
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Then

ik« (R -ﬁz)

k2a23
k (l + )

d3k

Z T1(U2)Tu Up.) = _i727f Z V§1V§2/
t,7

ZZ’ 231T‘+a06310

-i(k+K)- ﬁz ik-R; iK' R,

-2 d3kd k'
i 2 10 Z‘: V§1V§2 f 4k2a : K 23 2\3  ° (C.23)
T LT k! (] f g ) (] f g )

Using the result from page 30

D iR, kR KR, R RR,
7 e e = 2m e e s(k+k")

Then (C.23) becomes

ik (R;-Ry)

8(8mr3N)
=22 gy € do §82 Y 2dksinodeds (C.24)
o4 6 10 Ry Ry 4k<a
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8 3
S LA %, ./[ Hagsiari dksinededs
mta 6310 1 4k2a )

ik (R;-R,)

8(8n3 ,
- z2t3(2m) Vi Va ./f € A %9 égn ) dksineds
n'a 6310 2 (] s 9a )

[}}

-213Qn)a02(8n3V 1k|ﬁ -R, | cosg
VgV sinededk
g 6310 R "R, 4k232>
0

If we let cose = t

+1
-213(2n)a ®(8r3N) 1 ik|R;-R, |t
Z T (U—>—)T (U-—).) 6310 / dkZa 2 6/6 t dtdk
% ¢ (] fg ) i

(C.25)
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-213(2n)(8n3N)a 8 f 1 2sin(k|§1-ﬁzi))
= -2 73 2V | = dk
m310a © Ri 'Rz ¢ (1 + 4k9a0 ) ( k| Ry -R |

n

4k2a_2\b ’
4310
m3 1+ ‘go)klﬁl'ﬁzl

21 (2n) (BN sin(k|R;-R,|) o
R1 R, (

—2“’(21r)(81r3N)a02 / sinx dx ( )
= Vg V C.26
4310 Ri'R, (] + g-;)sx|ﬁ1_§2|
9|R;-Rz |2
where 0!.2 = *—‘°2———
4a0
x = k|Ry-R |
-21‘*(2n)(8n3N)a02 1 /sinx dx
= Vs ¥ :
24310 R; 'R, IR,-R, | X(O‘_z;ﬁ)s
—2“*(21:)(81r3|'\l)a\_02 al2 sinx dx ;
= Vﬁ VR» f : (C27)
n310 1R Ry- Ryl [V x(a24x2)8
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We can now make use of the following resu]t3

-aB
[——L—S‘"(ax v [y & Fale®) (C.28)
g2+x2)" 232n+] 2"n!

where a>0, R,8>0, Fo(z) =1, Fi(z) = z+2,..., Fn(z) = (z+2n)
Fn_](i) g anL](z) . Inourcasea=1,8=candn =5 and

Fs(a) = F5(aB).

From this we obtain

2. -0,
J/"s1nxdx __m [] - E__Eiﬁll] (C.29)
J x(a24x2)6 2012 2°5.

where Fg(a) = o5 + 200" + 18503 + 97502 + 2895q + 3840. Therefore

=214 (2n)(8u3N)a 2« 1
(G i) - o L
zzzz- s 310 e [lﬁl-ﬁzl

(1 - = (a'5+20a"‘*+]85a3+975a2+2895a+3840))] (c.30)
255!
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3|R;-R, |
2a
0

where one recalls that o =

4310 2

-214(27)(8w3N)a 2 2 _ o0
0 S -V}, VR (a5+20a4+18503+97502+28954+3840) | .
|Ry-R,|3 1 "2 255!

(C.31)

One must now evaluate the second term. If we consider

SN,
Y, %,° b |Ry-Ry |

and let r = |R;-R,| then

-br
. n.n
v§1v§ze b'r

-b|R;-R
R, R, Pt b" R, -R,|"

]

-br

-br
bnvr-{-e br" + nrn']e }

bne’br{bbzrn - 2bne™ ) 4 n(n-])rn'z} .

(C.32)
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-b|R;-R, | -br
Then if n=4 Vg Vg e b*|R;-R, | = b4 e  {b2r4-gbr3+12r2
1R,

-b|R;-Ry | -br

n=3 VR, VR,C 3|R;-R,|3 = ble {b2r3—6br2+6r}
" “blﬁl"ﬁzl ‘br
n=2 R,R,° b2|R,-R,|2 = b2e {b2r2-4br+2}
. 'blﬁl"ﬁzl -br

n=1 R, "R,® b|R;-R,| = be {bzP-Zb}

-blﬁ -R ! -br
_ , L
n=0 V‘ﬁlVﬁze = b‘e

‘bvlvﬁl-ﬁﬁz‘ -br

If we substitute these results into the second term of eqn. (C.31)

we obtain

b|R,-R, |

- 17R2
L gz b*|R,-R, | 4+20b3|R,-R, | 3+185b2|R;-R, | 2+975b|R, -R, | +2895
9551 1 Ro 1772 1772 1772 1772

3840

+ > >
b|R;-R, |
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=D o {(bSr¥-8b5r3+12b%r2) + (20b5r3-120b%r2+120b3r)

+ (185b"r2-740b3r+370b2)

+ (975b3r-1950b2) + (2895b2) + (3840b , 7680 7680>$

r r2 br3

-br
2
= D& Jp6phe12p6r3477b5r24355b4r+1315p3+ SS40D- 4 7680b , 7680 g :
(C.33)

Thus
Z T (uz)T (uz ) —Z T (UZ)T3(UZ
g

217Nna 2 ) 3[Ry Ry |

- Ta © 2a ! 7

' 77(2 ) kel

0
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+ 355(§>4|§1-§2| + 13]5(22 )3 i T;j?§2[(2:0)2+ Tgf?ﬁﬂz(;o)

o 0

, 7680 ‘ (C.34)
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