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ABSTRACT

The principal question discussed in this dissertation
is the problem of characterizing the linear and convex
functions on generalized line spaces. A linear function
is shown to be a convex function. The linear and convex
functions are characterized, that is, a function f: X—R
is linear [convex] if and only if f£ is linear '[conveﬂ
in the usual sense on each line of a generalized line
space X. We prove that if a function has at least one
support at each point on its graph, then it is a convex
function.

In the first chapter the basic concepts of abstract
convexity spaces are introduced. The next chapter is
concerned with join systems which are shown to be examples
of abstract convexity spaces. On the other hand, a
domain-finite, join-hull commutative abstract convexity
space with regular straight segments satisfies the axioms
of a join system. Consequently, such abstract convexity
spaces satisfy the separation property.

In Chapter III, the linearization of abstract spaces
is done using a linearization family.

The following chapter is on generalized line spaces
and graphically it is shown that Pasch's and Peano's axioms
do not hold in a certain generalized line space. It is

also proved that the separation property may not hold, in
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general, in a generalized line space.

Finally, the convex and linear functions are studied
on generalized line spaces. The linearization of gener-
alized line spaces is done by means of the properties of

a linearization family.
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CHAPTER I

ABSTRACT CONVEXITY SPACE

1.1 Introduction

Convex subsets of linear spaces have been studied for
a long periodiof time. For e&ample, Valentine [}i] is a
good reference for the concepts of convexity. 1In this
thesis, an axiomatic setting for the theory of convexity
is provided by taking an arbitrary set X and distinguishing
a family § of subsets of X which is closed under arbitrary
intersection. The notion of such a pair, called an
abstract convexity space, was first introduced by Kay and
Womble [9]. This yields a weak type of closure or hull
operator on the power set of X.

This chapter introduces some of the basic definitions
and fundamental propositions of linear spaces and abstract
convexity spaces on which some of the results of this
paper are based. Many of the elementary and well known
propositions of convex sets in linear spaces, which follow
are not proved here; however, standard proofs of these
propositions can be found in Roberts and Varberg [15] and
Valentine [1 71 .

The abstract convexity spaces have been studied with
many examples and then convex sets are defined axiomat-
ically. Several other approaches were introduced. One by

Prenowitz [1{] which is included in this thesis, called here



a join system or called a convexity space by Bryant and
Webster [2]. The join system with several axioms has a
meaningful theory of convexity and its axioms are stronger
than those of abstract convexfﬁy space. It is shown that
the join system satisfies the axioms of an abstract con-
vexity space. However, the reverse condition is also true
if we add some additional axioms to the abstract convexity

space.

1.2 Linear Spaces

1.2.1 Definition

A linear space X is a set on which addition, +, is

defined so that (X,+) is a commutative group; and multi-
plication by scalars satisfying the distributive laws
t(a +b) = ta + tb and (s+ t)a = sa + ta-

where s,t are scalars, a,b e X, and satisfying (st)a =
s(ta), and l.a = a.

The elements of X will be called vectors and for the
purpose of this dissertation, the field of scalars will
always be the reals denoted by R.

1.2.2 Definition

A subset of a linear space is convex if and only if
it includes the line segment joining any two of its points.
More precisely, a set A is convex provided ta + (l-t)b is
in A, for all scalars t satisfying os t<g1l, and a,bgA.

1.2.3 Definition

A non-empty subset A of a linear space is called



affine if tA + (1-t)A<A for all scalars t. Thus, a set
A is affine if it is a translate of a linear subspace.

1.2.4 pefinition

n ' n
> - =

is called a convex combination of\a,a s++.,4_, the latter
12 n

being elements of a linear space X. If the condition

t. 20 is removed then a is called an affine combination

Of al’azloo-'anO

1.2.5 Proposition

If {Ai},ie I, is any family of convex [affiné]sets,

then M = {7161 Ai is convex [affine].

1.2.6 Proposition

A set A g X is convex [affine_] if and only if every
convex E’:lffiné] combinition of points of A lies in A.

1.2.7 Definition

The intersection of all convex [affiné] sets in X

containg a given set A is called the convex [affine]

hull of A. The convex hull of A is denoted by §(A).

1.2.8 Proposition

For any A <« X, the convex [:affine] hull of A consists.
precisely of all convex[?ffiné]combinations of elements of A.

1.2.9 Definition

Let A be a convex subset of a linear space X. A
function £f: A—»R is convex if
f(ta + (1-t)b) < t f(a) + (1-t) £(b)

for all a,be¢ A and t in the open interval (0,1).



1.2.10 Definition

If A is a subset of a linear space X and f: A—>R then
the epigraph of f is the set in X x R described by
epi (£) = {(a,r): aed, reR, rzf(a).

1.2.11 Proposition

Let A be a convex subset of a linear space X. A
function f: A-3R is convex if and only if the epi(f) is a
convex set in X x R.

1.2.12 Definition

Let X and Y be two linear spaces. The mapping f of X
into Y is called linear if
f(a + b) = f£(a) + £(b) , f£(t a) = tf(a)
for all a,be X and t eR.

1.2.13 Definition

Let X and Y be two linear spaces. The mapping A: X—Y
is affine if for every a ¢ X, A(a) = f(a) + t where f is
a linear function from X into Y and t is a constant in Y.

1.2.14 Definition

Let U be a convex subset of a linear space X. A

function f: U—>R has a support at a,e U if there exists

0
an affine function Aa,: X-5R such that AaO(aO) = f(ao)
and Aao(a) < f(a) for every a€U. The graph of a support

function A;, is called a supporting hyperplane for f at a,.
0 0

If U is an interval of the real line R then the affine
function is defined as Aao(a) = f(ao) + m{(a - ao) and the

supporting hyperplane is known as the line of support.

Convex functions are characterized as those which



admit supporting hyperplanes at each point on its graph
as indicated in the following:

1.2.15 Proposition

Let U be an open-convex subset of a linear space X. A
function f£f: U—R is convex if and only if there is at least
one supporting hyperplane for f at each ace¢ U.

In the above proposition, if U is an open interval of
reals, then the supporting hyperplane is replaced by a line
of support.

Next we define an abstract convexity space which is of
basic importance. The remainder of this chapter will be
concerned with the abstract convexity spaces and their

associated properties.

1.3 Abstract Convexity Spaces

1.3.1 Definition

An abstract convexity space is a pair (X, ¥) consisting

of a non-empty set X and a family ¢ of subsets of X, called

a convexity structure for X, which (i) contains X and the

empty set ¢; and, (ii) is closed under arbitrary intersection.

The members of § are called §-convex sets, (or just convex

sets, if § is understood).

1.3.2 Definition

The convex hull operator on the power set of X gener-

ated by the convexity structure § is defined by
g(s) =Nfce §: s=c}
for each S< X. The set §(S) will be termed as ¢-hull of s.



When S = ayradgreees,ay is finite, we will simply write
¢(al,a2,....,an) for its hull.’

1.3.3 Proposition

The hull operator £ has the following properties:

(1) S c E(S) for each S c X;

(ii) S ¢ T implies §(S) < §(T);
(iii)  B(E&(8)) = §(8);

(iv) S € § if and only if B(s) = s.

Proof: (i) This is trivial by the definition of E(S).
(ii) By definition, §(T) =1 {C e B: Tc C} and also
by (i) we have S< T c E(T); but &(S) ¢ C for all C 2 S
when C € §. Therefore §(S) « §(T).

(iii) It is sufficient to prove that E(E(S)) = &(s),
since the reverse inclusion follows from (i). Suppose
aec ¢(¢(S)) =N {C: ceg, () C}. This implies

aée C for all ¢ §(S). But by definition §(S) ¢ §.

So in particular a ¢ §(S).

(iv) Clearly, S = n{C e §: sc C} e &.

Conversely, suppose S ¢ ©. To prove S = §(S), it is
sufficient to show t(S)cz S. By definition ¢(S):= {C e &:
s C.C} that is; §(S)< C for all C > S when C e &. But
S e § and s ¢ S, therefore §(s) c s.

1.3.4 Definition

For a,b ¢ X, the set [a,b] = &({a,b}) is called a

s ggent.

1.3.5 Definition

Segments are said to be non-discrete if for all



a# b, [a,b]\ {A,S} = (a,b) = ¢.

1.3.6 Definition

Segments are called decomposable if for all a # b and
c ¢ [a,b] both [a,d N [c,b] = c and [,c] U [ec,v] = [a,b] hold.

1.3.7 Definition

Segments are said to be extendible if for each a # b,

there exists ¢ # a,b such that b e [?,c].

1.3.8 Definition

An abstract convexity space (X,§) is said to have
regular segments:if its segments are non-discrete, decom-
posable and extendible.

1.3.9 Definition

An abstract convexity space (X,§) is said to have
straight segments if and only if the union of two segments
having more than one common point is a segment.

1.3.10 Definition

For a¢ X and S<X, S # ¢ the Q-join of a and S is the
set ays = U{é(a,s) : ses}.

1.3.11 Proposition

For each ae¢ X and S<=X then a¢¢(s) = g(avs).
Proof: Suppose xe¢ a¢¢(s). Then by definition of the §-join
of a and §(S), we have xe¢ §(a,s’') for some s'e §(S). By
proposition 1.3.3 (ii), ¢(S)g §(auvs), but s'e §(S), which
implies s'e $(aUs). Therefore xe§(a,s') c §(avs).
Hence a¢¢(S)c: ¢lavs).

It is to be noted that the reverse inclusion of propo-

sition 1.3.11 is not always true . Here is an example.



1.3.12 Example

2 and § be the collection of points, straight

Let X = R
line-segments between two points, ¢ and Rz. Now take any
point a € X ané let § be any line-segment which does not
contain a. By definition of §-join, we have

a¢s =U{&(a,s) : ses}
which are the line segments between a and S. But E(ays) =
R? which is the smallest §~convex set containing a and S.
Hence §(alS) is not contained in $-join of a and S.
(Strictly speaking ¥(aUS) should be written §({fayU s).
However, in the interest of simplicity and consistency with
[9], we will use §(a U S) instead).

1.3.13 Definition

An abstract convexity space (X,§) is said to be join-

hull commutative if the reverse inclusion of proposition

1.3.11 is true, and in this case we have

¢(a¢S) =E(alsg) = a¢¢(S).
1.3.14 Definition

An abstract convexity space (X,8) is said to be

finitely join-hull commutative if the definition 1.3.13

holds for finite subsets S.

1.3.15 Definition

An abstract convexity space (X,?) is said to have the

property of domain-finiteness if §(S) =U{§(T): Tecs, |T|< 00}

for each S« X. Here |T| denotes the cardinality of T.).

1.3.16 Theorem




IE (X,?) %s an abstract convexity space which has the
property of doﬁain~finiteness then join-hull commutativity
and finite join-hull commutativity are equivalent.

Proof: Obviously join-hull commutativity implies finitely
join-hull commutativity.

Conversely, it is sufficient to show that for any
ae X, S X, §laVu s) < a¢¢(s) holds since the reverse
inclusion follows from proposition 1.3.11. Let xe §(aus).
By domain-finiteness there exists a finite set T < S such
that x € §(aUT), and by finite join-hull commutativity
(au T < a‘;t}‘(T) <= a¢¢(8)' Hence X € a¢¢(s).

1.3.17 Theorem

For a join-hull commutative and domain-finite abstract
convexity space, a subset A is ¥-convex if and only if
$¥(a,b)c A for each a e A, b e A.

Proof: Suppose A is §-convex. Then if a ¢ A and beA,
B(a,b)c §(A) = A.

Conversely, suppose for each a € A, b € A then ?(a,b)
< A. It follows by induction and join-hull commutativity
that for any finite set T< A, §(T)< A. Now by domain-
finiteness it follows

B(a) = U{{s(T): Tca, |T<w} = a,
Therefore §(A) = A.

1.3.18 Examples

(i) Suppose X is a vector space and a family § consists

of X, the empty set ¢ and convex subsets of X as defined



by 1.2.2. Then (X,§) is an abstract convexity space. The
convex hull operator §:P(X) — P(X) is §(S) = 1 {CeX : C
is convex, S ¢ C}.

(ii) Suppose X is an arbitrary set and § = {all

subsets of X}. Then (X,§) is an abstract convexity space.

The convex hull operator §: P(X) —=> P(X) is §(S) S.

(iii) Suppose X is an arbitrary set and ¢ = {¢,X}.

The pair (X,¢) is an abstract convexity space. The convex
S £ ¢

s = ¢

(iv) Consider a topological vector space (X,¥) and §

X
hull operator §: P(X) = P(X) is §(S) = {¢

is a family of closed sets in X. Then (X,§) becomes an
abstract convexity space and in this case the convex hull
operator ¢: P(X) — P(X) is a topological closure operator,
that is, §(s) =N {c: ce® c = s}.

(v) Suppose X = R2 and § = { points, line segments,
¢,X}. The pair (X,$) is an abstract convexity space. The
convex hull of a non-empty set having three or more non-
collinear points is the whole space, otherwise, it is just

the line segment between two points.

(vi) Suppose X = R% and ® = { compact convex subsets

of X, ¢, X}. The pair (X,®) is an abstract convexity space.

The convex hull of an unbounded set is the whole spacé and
for a bounded set it is the usual closed convex hull of

the bounded set.

10
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CHAPTER I1I

JOIN SYSTEMS

2.1 Introduction

This chapter introduces a structure called a join
system, which is an example of an abstract convexity space.
Such a system was first introduced by Prenowitz [14]. An
arbitrary set ﬁith an operation called a join of two points
to form a segmént is the basic operation. Next in importance
is the consideration of an operation of extending segments,
which can be stated in terms of join. These operations
satisfy several axioms to form a Join System. One axiom,
sometimes called Peano's axiom, which gives a formal
relation between join and extension, is of basic importance.

It should be emphasized that these axioms are complete-
ly general and hold for all degenerate or "limiting" cases.
For example, the associative law for join holds‘if all
points are distinct and collinear or any two points are
the same or even if all points are the same. These axioms
are too weak to characterize Euclidean geometry. Much has
been omitted. For example, (i) a parallel postulate,

(ii) reference to congruence, (iii) the basic incidence
properties are left out. Moreover, all the axioms do not
imply that the points on a line are "fully orderedf"

Finally, note that no dimensionality restriction is included.



It is proved that a join system is an abstract
convexity space and also that the converse is true if the
abstract convexity space (x,¢) is domain-finite, join-hull

commutative with regular straight segments.

2.2 Join Systems

2.2.1 Definition

Consider a non-empty set X and -: X xX —P(X) a function
which associates with each ordered pair of elements a,b of X
a subset of X called the product or join of a and b,
denoted by a.b or simply ab.

2.2.2 Definition

The inverse operation is defined as
a/b ={x : a€ bx}

2.2.3 Definition

If A,B are subsets of X then the product and inverse
of these sets are AB = Ll{ab t:a€ A, be B} and
A/B =UJa/b : acA , be B} respectively.

Before beginning the join system, we explain the
notational conventions which are adopted in this chapter.
A finite set whose elements (not necessarily distinct) are
al,az,....,an is denoted (al,az,....,an). The relation
A meets B or A intersects B is defined by A = B. If A = (a)
and B = (b) the relation reduces to the equality a = b. Also
it covers "element containment"” relations - for example,

b € A is equivalent to (b) = A which is simply written as

12
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b = A.

2.2.4 Definiticn

A pair (x)-) is said to be a join system if it

satisfies the following axioms for all a,b,c,d e X:
(A1) ¢ # ab < X;
(a2) ab = ba;
(A3) a(bc) = (ab)c;
(r4) ¢ # a/bc X;

(A5) If a/b = ¢/d then ad # bc;
b

(A6) aa = a = a/a.

The axiom (A5) is sometimes called the transposition
principle and is central since it gives a formal relation
between join and extension. This is also called Peano's
axiom.

2.2.5 Examples

(1) The pair (X,+*) is a join system, if X is a real vector
space and . is defined by
a.b =4{sa + tb : 0<s<l and s + t ='1}
(ii) If (X,<) is a totally ordered set such that for each

a<cb there exists c,d,e € X with c<a<d<b<e, and +is defined

by



a if a=b
a.b =d4(c: a<c<b if a<b
(c: b<c<a if bza
then (X, °*) is a join system.
(iii) Spherical Convexity. If X = {ern: x| = 1 and
Xy > 0} where || || denotes the usual norm in E" and X

denotes the first component of x, and .is defined by
a.b={t (sa+ (l-s)b)e X : o<s<l, o<t}
then (X,-) is a join system. Here X is an open hemis-

phere and joins are minor arcs of great circles.

2.3 Formal Properties of a Join System

2.3.1 Proposition

Ac<B implies ACeBC and CA <«<CB.
Proof: Consider any element x € AC and deduce x e BC.
By definition, xe AC implies there exists ae¢ A and ceC
such that xeac. But A<B, so aeB. Thus xe¢ ac, aeB,
ceC. This implies by definition of Join of sets x €BC.
Similarly we can show CA <CB.

2.3.2 Corollary

A'c¢A, B'<B imply A'B'<c AB.

2.3.3 Corollary

aeA, beB imply ab « AB.

2.3.4 Proposition

AcB implies A/C < B/C and C/Ac< C/B.
Proof: Suppose xe A/C. Then x¢ a/c where a € A, c € C.

But Ac B so a € B. Thus x ¢€ a/c, ae€ B, ¢c € C implies

14
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x € B/C. We infer A/C < B/C. Similarly we can show
C/A < C/B.

2.3.5 Corollary

A'c A, B'c B imply AYB' <~ A/B.

2.3.6 Corollary

aeA, beB imply a/b c:A/B.

2.3.7 Proposition

A~BC if and only if A/B~ C.
Proof: Suppose A = BC. Then there 'exists a such that
ae¢A, ae BC. The latter implies a € bc for some b € B,
c € C. Thus, aebc and, by definition of a/b, we have
c € a/b. This implies ¢ € A/B, but c € C therefore
A/B = C.

Conversely, suppose A/B ® C. Then there exists c¢ such
that ¢ € C, ce€ A/B. Thus c € a/b where a ¢ A and b ¢ B.
By definition of a/b, we have a € bc. Thus a ¢ BC and,
since a €« A, we conclude A = BC.

2.3.8 Corollarv

a = bc if and only if a/b & c.

2.3.9 Proposition

A/Bx C/D implies AD = BC.
Proof: By hypothesis there exists x such that x ¢ A/B,
x € C/D. Hence by definition x € a/b where a ¢ A, b € B,
and x € c/d where c ¢ C, d € D. Thus a/b « c/d, and (A5)
implies ad ~ bc. By Corollary 2.3.3, ad « AD and bc < BC.

Hence AD % BC.
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2.4 Convex Sets

2.4.1 Definition

A set A is convex if x,y€ A implies xy « A. Observe
that X, the basic set, is convex and that each element a
of X is a convex set since by (A6) a = aa.

2.4.2 Theorem

A is convex if and only if (a) A>AA or (b) A = AA.
Proof: Suppose A is convex. Then X,y € A implies xyc A.
By corollary 2.3.3, we have AA — A.

Conversely, if AA<A then certainly xy < A, for xeA
and y¢ A, and A is convex.

2.4.3 Corollary

a,ajaz .... a  is convex.
Proof: By the generalized associative, commutative laws and
(26)
(ala2 ....an) (alaZ""an) = (alal)(azaz)....(anan)
= ala2a3' L N ] 'an‘

2.4.4 Corollary

If A is convex and S, T<A then ST< A.
Proof: S « A, T< A can be combined to yield ST « AA or
ST < A.

2.4.5 Theorem

Any intersection of convex sets is convex.
Proof: Suppose F =n(Fi : ie I and Fi is convex) and
a,be F then a,b belongs to each Fi' but Fi’ iel is

convex therefore ab belongs to each Fi. Hence ab < F.



2.4.6 Proposition

Consider the finite set (al,az,..,an). Let S be
the union of joins of ayr8y,-9a taken one or more at a
time:

S = aanzU..JfanUalaZUala

3U0000 ualaz""an

Then S is the only set which satisfies the following

properties:
(1) S is convex;
(ii) (al,az,a3,..,an)<: S;
(iii) If T is convex and (al,az,..,an)<: T then S < T.
Proof: (i) Suppose x,y € S. Then X,y belong to some
o s ' .
joins of a's. That is, let x € a,a,ag and y € a,aca..

Combining these we obtain xyc:(alazas)(a2a6a7) = a,a,azaca

oy
Thus xy <« S and S is convex by definition.

(ii) This is trivial by definition of S.

(iii) Suppose T is convex and (al,az,...,an)czT. By
Corollary 2.4.4, T contains any join of a's and so S« T.

To prove uniqueness, suppose S' satisfies (i), (ii)
and (iii). Letting T = S' in (iii) we have S <« S'.
Similarly S'« S so that S = S'.

Thus in constructing S we have converted the finite
set (al,az,..,an) into a convex set in a simplest possible
way. Since by (iii), any other convex set containing
(al,az,..,an) must be larger than S, this suggests a

precise formulation of the concept of convex hull

containing a given (finite or infinite) set.

17



2.4.7 Definition

Let A be any set. Let S be the only set which satisfies
the following properties (i) S is convex; (ii) A < S; (iii)
If T is convex and A< T, then S« T. Then S is called

convex hull of A, denoted by E(A).

2.4.8 Theorem

If (X,-) is a join system and § = 'iA : Ac X, AA = A}
then (X,B) is an abstract convexity space.

Proof: This follows from theorem 2.4.5.

2.5 Axioms for a Join System

So far we have shown that a join system satisfies the
axioms of an abstract convexity space. One can think of
the converse, that is, when does an abstract convexity space
satisfy the axioms of a join system? In order to prove this
we add some properties to the abstract convexity space so
that it at least implies axiom (A3), (A4), (A5), and (A6),
and the following will show that any system with a join,
satisfying the aforesaid axioms is a join system. The
following lemma was proved by Bryant and Webster [3] .

2.5.1 Lemma

If » is a join on X satisfying:
(1) (ab)c < al(bc) ;

(ii) a/b # ¢;

(1ii) If a/b « c/d then ad « bc;
(iv) aa = a = a/a;

for all a,b,c,deX, then (X,*) is a join system.

18
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Proof: Assume that (X,.) satisfies (i) - (iv). We show
that axioms (Al), (A2) and (A3) hold in it and conclude
that (X,°) is a join system.
(A1) ab # ¢:
For a,b € X we have, by (ii), a/b # ¢. Thus a/b « a/b
and by (iii)ab «~ ba. Hence ¢ # abNba ¢ ab as required.
(a2) ab = ba:
We need to show ab <€ ba then (A2) will follow by
symmetry. So let ce ab and by (Al) above we may choose
decb. Then be d/c(lc/a and so by (iii), da &« cc. Thus
by (i) and (iv), ¢ = ccxeda <= (cb)ac c(ba) and so c € c(ba),
c/c ~ ba and c~ba as required.
(A3) (ab)c = a(bc):
By (i) and (A2) above we have
c(ab) c a(bc) = (bc)acb(ca)=(ca)bac(ab) = (ab)c
and the result follows. Hence (X,*) is a join system.

2.5.2 bDefinition

In an abstract convexity space (X,8) the join of a and
b, a# b, is ab = g(a,b) \ {a,b} and extension of a and b
is described by a/b = { x: aebx } .

We introduce the convention that aa = a = a/a and remark
that the definition 2.2.3, Axiom (A2) and formal properties
of a join system from 2.3.1 to 2.3.8 will also hold in an
abstract convexity space, since these properties were proved
from the above definition only.

Finally, one can note that the straightness property in
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an abstract convexity space implies the following:
If ab ™~ ac then b = ¢, b « ac or ¢ =~ ab.

2.5.3 Definition

The line determined by a and b, if a # b, is

f(a,b) = a/bUa l ab U b U b/a.
2.5.4 Pasch's axiom

If a,b,c, are three pointé of X with x € ab and y e Xxc
then there exists a point z ¢ bc such that y ¢ az.

2.5.5 Peano's axiom

If x,b,d are three points of X w’ith a € bx and c ¢ dx
then ad N bc # ¢.

2.5.6 Lemma

If (X,®) isan abstract convexity space with regular

straight segments then for all a,b,c,deX, (i) (ab)b = a(bb);
(ii) a/a =~ c/d implies ac = ad and cd =~ ad; (iii) a/b = b/c
implies b o2 ac; (iv) a/b e a/c implies ab ~ ac; (v) a/b~ c/b
implies ab « cb.
Proof: (i) Suppose x ¢ (ab)b. We show x e€ ab = a(bb). By
definition x € (ab)b implies x ¢ yb for some y € ab. Since
X has regular segments therefore ab= ayUy yUyb. But xevb
implies x € ab = a(bb).

Conversely, if x € a(bb) = ab then ab = ax Ux U xb.
Choose some y e axcab. This implies ab = ayUy Uyb. But,

x € ab therefore, either x &€ ay or x ¢ yb. Suppose x € ay.
Then by the above result x € a(ax)c ax, which is a contra-

diction. Hence x € yb and so x € (ab)b.

(ii) We suppose X ¢ ac and deduce x € ad. By definition
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a € c/d implies c ¢ ad, and x € ac implies X e a(ad) = (aa)d = ad.
Hence ac ~ ad. Similarly we cén prove cd « ad.

(iii) Suppose X € a/b and X € b/c. By definition a ¢ xb

and b ¢ xc, these imply a e x(xc) = (xxX)c = xc. Since

X has regular segments therefore xc = xa U a U ac. But

b € xc implies”either b e xa or b ¢ ac. Clearly if

b € xa then b/x ¢« a. But a o« xb implies b/x xb or

b o x(xb) = (xx)b = xb, which is a contradiction. Hence
b & ac.
(iv) Suppose x o~ a/b and x o a/c, then by definition

a~ xb and a ¢ xc; this implies xb e xc. By straightness
property b = c or b %@ XC Oor ¢ ¢z Xb. If b = c then clearly
ab~ ac. If b xc then x o b/c, but x &~ a/b implies

a/b ~ b/c, by (iii) b ~ ac, and by (ii) ab s ac. If ce xb
then x o ¢c/b but x o, a/c implies a/c s c/b, by (iii)

c & ab, by (ii) ac « ab.

(v) Suppose X 7 a/b and x =~ c/b, then by definition a o2 bx
and ¢ = bx. Since X has regular segments therefore

xb = xa U aVUab, ¢ % xb implies c o xa or c o~ ab. Suppose
c~ xa then c/a »~ x, but x o a/b implies c/a o a/b, by
(iii) cb s a, and by (ii) ab ~ cb. If c ¢ ab, choose

y € cb, this with c € ab implies y € (ab)b = a(bb) = ab.
Hence ab = cb.

2.5.7 Lemma

If (X,{:) is a join-hull commutative abstract convexity
space with regular straight segments then for all a,b,c e X,
(ab)c = a(bc).

Proof: The case when a = b, b=c¢c, c=aora=D>b=c¢c
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follows from lemma 2.5.6. If a,b,c are collinear then

it can be easily provedl by usirng the regularity and straight-
ness properties. So we consider the case when a,b,c are

not collinear. First we prove that a,b,c do not belong to
a(bc). Suppose a € a(bc). This implies a/a % bc or

a o bc which contradicts the fact that a,b,c are non-collinear.
If be a(bc) then b ¢ ad for some d € bc. By lemma 2.5.6

bd <« ad and bd €« bc. Since the segment bd contains at

least a countable number of points therefore by the straight-
ness property ad U bc is a segment, which contradicts

the supposition that a,b,c are non-collinear. Similarly

we can prove that c does not belong to a(bc). Next we

show that if x ¢ a(bc) then x cannot belong to ab, ac or

bc. Suppose x ¢ ab then by straightness property ab o a(bc)
implies b~ bc, b~ a(bc) or abes bc. The last case

implies a = ¢, a o bc or c o ab. One can note that in

all these cases we get a contradiction. Similarly we can
prove that x does not belong to ac. The proof for the

case when x ¢ bc is different and is as follows. By
definition x ¢ a(bc) implies x € ad for some d € bc. Since

X has regular segments therefore bc = bdlUdUdec . But,

X € bc implies x € bd or x € dc. Suppose x € bd, by
straightness property adxbd implies a = b, be¢ ad<a(bc)

or a € bd @ b(bc) = bc. In all these cases we get a
contradiction. Similarly we can show x does not belong

to dc and hence x does not belong to bc. We suppose



x € a(bc) and show x ¢ (ab)c. By .definition and join-

hull commutativity, x € a(bc)c:a¢ ®¥(bc) = &(a,b,c) = Ce-
$(a,b). This implies x ¢ ®(c,d) for some d e &(a,b).

We note that x # ¢. Also x # d; for if, x = 4d then

x € §(a,b) and so x € ab, which is a contradiction. There-
fore x ¢ cd. Similarly d cannot be equai.to a or b.

If so, then x € ca or x € cb, which is again a contra-
diction. Therefore d € ab. Combining x € cd and 4 € ab
gives our result. The reverse containment follows similarly.

2.5.8 Lemma

If (X,%) is a join-hull commutative abstract convexity
space with regular straight seéments, then for each a # b
and ue f(a,b), u # a, ﬁ(a,b) c ﬂ(a,u).

Proof: Suppose u € {(a,b) and u # a, then by definition
either u = b, in which case the result is immediate or

(I) u € ab, (II) u e¢ a/b, or (III) u ¢ b/a. We suppose

X € @(a,b) and show x € f(a,u). The case when x = a and

x = b are obvious so we consider (i) x e ab; (ii) x € a/b;
or (iii) x e b/a with each of the above three cases.
Suppose (I) and (i) hold. Then u =~ ab and x ~ ab, so
u/a™~b and x/a~ b. Thus u/a ¥ x/a. It follows by lemma
2.5.6 that ua o2 xa. The straightness property yields u = x,
ueax or x ¢ au. In all these cases x ¢ La,u). Suppose
(I) and (ii) hold. Then u « ab and x ¢ a/b, so u/a®e b
and bay a/x. Thus u/a ¢ a/x. It follows by lemma 2.5.6

that ux o4 aa = a. Therefore x ¢ l(a,u). Suppose (I) and

23
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(iii) hold. Then u &« ab and x &~ b/a, so u/a @ b and

Xxa®~b Thus u/a & ax. It follows by lemma 2.5.6 (i) that
uns a(ax)= ax; Therefore x ¢ {(a,u). Now we consider
(Iﬂ‘with other three cases. Suppose (II) and (i) hold.

Then u & a/b and x o ab, so a/u & b and x/a % b. Thus
a/u & x/a. It follows by lemma 2.5.6 that ux ~ aa = a.
Therefore x ¢ ﬂba,u). Suppose (II) and (ii) hold. Then

u ®%a/b and x % a/b, so a/u % b and a/x« b. Thus
a/u e a/x., It follows by lemma 2.5.6 that ax~ au. By straight-
ness property it follows that x ¢ £(a,u). Suppose (II) and
(iii) hold. Then u ®~ a/b and x o b/a, so a/un~ b and

Xa b. Thus a/ue xa or a & u(xa). By lemma 2.5.7,

a g a(ux) or a/a o ux. Therefore x ¢ f(a,u). Similarly

we can prove (III) with (i), (ii) or (iii).

2.5.9 Lemma

If u,ve f(a,b), u#+ v, then La,b) = ku,v).
Proof: It now easily follows from lemma 2.5.8 that if
ue fa,b), u#t a, then f(a,b) = f(a,u), and thus if
v e {(a,b) = L(a,u), u # v, then f(a,b) = £(u,v); and

our result follows.

2.5.10 Lemma

If (X,8) is a join-hull commutative abstract convexity
space with regular straight segments then Pasch's axiom
hold.
Proof: Suppose a,b,c are non-collinear points of X with

X € ab and y e xc. This implies y € (ab)c, so, by lemma
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2.5.7, v € a(bc). By proposition 2.3.7, y/a « bc.

(See figure). Suppose z € bc and z ¢ y/a then y € az
and this qompletes our proof.

2.5.11 Lemma

If (X,8) is a join-hull commutative abstract
convexity spaée with regular straight segments, then
Peano's axiom hold.

Proof: Suppose x,b,d are non-collinear points with

b
a € bx and ¢ e dx.

Y.
Since X has regular segments, therefore, for some y we
have x € ay. By Pasch's axiom applied to triangle ady
there exists e ¢ ad such that c ¢ ey. (See figure).
By Pasch's axiom applied to triangle byd there exists
f € bd such that e ¢ fy. By Pasch's axiom applied to
triangle bcd there exists w € bc such that e ¢ wd. But

e ¢ wd and e € ad implies a,e,w,d lie on one line, i.e.,
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l(e,d). Now in triangle ybe, c ¢ ey and w ¢ bc, there-
fore by Pasch's axiom a € yb and w ¢ ae, but e € ad
implies w ¢ a(ad) = (aa)d = ad.

2.5.12 Theorem

If (X,§) is a domain—finite, join-hull commutative
abstract convexity space with regular straight segments
then it is a joiﬁ system.
ggggﬁ; By lemma 2.4.1, we only have to show that axioms
(A3), (A4), (A5) and (A6) of a join system hold in (X,?).
(A3) a(bec) = (ab)c for all a,b;c ¢ X.

The proof follows from lemma 2.5.7

(A4) a/b # ¢ for all a,b e X.

By one of the property of regular segments, i.e.,
extendibility of segments implies a/b is not
empty.

(A5) If a/b & ¢/d then ad & bc for all a,b,c,d e X.
The case when any two of them are same follows
from lemma 2.5.6 and if all are distinct collinear
or non-collinear follows.from lemma 2.5.11.

(A6) aa = a = a/a for each a ¢ X.

It follows from our definition.

2.6 Separation

In this section the separation property for convex
sets is proved. The discussion of the separation of convex
sets in a join system is based on the notion of a complemen-

tary pair. For a more complete treatment of separation



in a join system and further references see Bryant and
Webster [2] and Bair [l]

2.6.1 Definition

A complementary pair (C,D) is an un-ordered pair of

non-empty convex subsets of X such that C 1 D = ¢ and
c Ubp = X.

2.6.2 Definition

A join system (X,-) has the separation property if

for any convex sets A and B such that A1 B = ¢ there exists
a complementary pair (C,D) such that A< C and B« D or
Ac D and Bc C.

2.6.3 Theorem

In a join system (X,-) the separation property holds.
Proof: Suppose A and B be disjoint , non-empty convex
sets, and denote ¥ a non-empty collection of all ordered
pairs (Ai,Bi), where Ai and Bi are disjoint convex sets
with A < Ai and B <« Bi’ Define a partial order < on ¥ by
writing (Ai'Bi) < (Aj ,Bj) whenever A < Aj and B, < Bj’
i.e., by inclusion. ‘Every non-empty chain in ¥, say g,
is bounded above by C =U{Ai :(AiBi) < Z_}, D =U {Bi :
(A;,B,) £} . So by Zorn's lemma ¥ has a maximal
element (C,D). We show that (C,D) is a complementary
pair which separates A and B. To do this we need only
to show that C U D = X. Suppose CU D # X, and let
X {; C U D. Then by maximality of (C,D) it follows that

$(xUC) =xU=xcCUcxDand $(xU D) = x U xb U D cC.
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Since x k CUDand C N D = ¢ we must have xC ~ D and
xD ~ C. Hence by propositions2.3.7 and 2.3.9, we have
D/C &#C/D and C = CC~ DD = D which is impossible. Hence
(C,D) is a complementary pair which separates A and B.

2.6.4 Corollary

If (X,®) is a domain-finite, join-hull commutative
abstract convexity space with regular straight segments

then the separation property holds in it.



29

CHAPTER III

LINEARIZATION OF A@ ABSTRACT CONVEXITY SPACE

3.1 Introduction

Any vector Space V overan ordered field together with
its family of convex sets becomes the prototype for all
convexity spaces, and the famiiy of convex sets of V is
called the usual convexity structure for V. A deeper
question is the determination of an algebraic structure
for a given abstract convexity space (X,§) which makes
X into a vector space whose convex sets are precisely
the members of §. This is termed the linearization problem
for abstract convexity spaces.

An internal solution to this problem should use only
the properties of ¢. However, we give necessary and
sufficient conditions, in terms of & and real-valued
convexity-preserving functions on X, for the existence
of a real linear structure for X such that the collection
of all convex sets in the resulting linear space is pre-
cisely ;. This characterization is an external one and
was done by Mah, Naimpally and Whitfield [12]. Later
in the last chapter the linearization of generalized line
spaces is done by means of the results of [12]. There
are internal solutions to the linearization problem. See,

for example, Doignon [7] .
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3.2 Linearization

3.2.1 Definition

Let (X,$) and (X,8') be abstract convexity spaces.

A map f£f: X——eris said to be convexity-preserving provided

that £(C) ¢ ' for éll C e 8.

3.2.2 Definition

Let R denote the set of real numbers with the usual
convex sets. A convexity-preserving map from X to the reals

R is called a convexity-preserving functional.

3.2.3 Definition

A family‘x*,of convexity-preserving functionals on

X is called a linearization family for X provided that

the following conditions are satisfied:

(L1) There exists a distinguished point a; € X such that
f(ao) = 0 for each f € X*, and the family X* is point
distinguishing; that is, if f(a) = f(b) for each
f € X*, then a = b.

(L2) Each f € X* restricted to any line in X is either
a bijection or a constant map.

(L3) If f,g € X* and each separates two points a and b,
then there are s,t € R such that g(c) = s;f(c) + t

for each ¢ € 4(a,b).

3.2.4 Example

Suppose X is a vector space and if we consider the
zero vector as ag and X* is the set of all linear functions

on X to R, then X* is a linearization family for X.
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The purpose of this section is to show that if an
abstract convexity space (X,§) has a linearization family
X*, then X can be given a real linear structure.

The map restricted to the line {(a,b) will be denoted
by fab’ We begin with a lemma which will allow us to
define scalar multiplication on X.

3.2.5 Lemma

If f,g ¢ X* and f(a) # 0, g(a) # 0 then for each
S € R,
-1 , -1
(fa,a) (sf(a)) = (95,8 (sg(a)).

Proof: Since f and g separate a, and a, (L3) implies

0

that there is a t € R such that for all c e ﬁ(ao,aL g(c) = tf(c).
, 3 -1 , -1

mhus, g [(£, ) Gf@)] =t f[(faoa) (s£(a))] = t(sf(a))

= s(g(a)), and the result follows.

We are now ready to define scalar multiplication on X

as follows:

3.2.6 Definition
For each s ¢ R and a € X define

(i) sa. = a, and

0 0

(ii) sa = (faoé)-l(éf(af>, for a # a, where
f e X* and f(a) # 0.

3.2.7 Definition

For a, b € X, define (vector) addition on X as follows:
(1) a+b=2aif a = b, and
2 [(fab)-l(f(a) ; f(bn} if a # b, where

f is any member of X* that separates a and b.

(ii) a + b
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To show addition is well defined, we consider g € X*
such that it separates a,b and show

(£ b)‘l(f(au P EB)) () ((g(a) - 9(b).
By (L3), there are s,t e¢ R such that for each c e¢ £La,b),

g(c) = sf(c) + t. Thus,

g!:(fa )~ (Ja) : f(b))] — ef {(fab)"l <f(a) : f(b))] .t
- 5 (f(a) : f(b)) ‘e

— g(a) + g(b)
2

and the result follows.

3.2.8 Theorem

For all f € X*, s e R, a,be X, (i) f(sa) = sf(a);

(ii) f(a+b) = f(a) + f£(b).

Proof: (i) The result is obvious if a = ags SO we suppose
a # ag- Now two cases arise (1) f(a) = 0; (2) f£(a) # 0.

In case (1), we have f(Z(aoa)) = {0} by (L2), and since

sa € l(ao,a), f(sa) = 0. In case (2), sa = (faoa)—l(gf(a)),
and so f(sa) = sf(a). (ii) The result is trivial if a = b,
so we suppose a ¥ b. If f_ is constant, then since

(a + b)/2 € [(a,b) (by 3.2.7(ii)), we have, by the above

result,

f(a 3 b) =%f(a +b) = £(a).

Hence, f(a + b) = 2 f(a) = f(a) + £(b). If fab is not

constant, then by (L2), f seprates a and b. By 3.2.7(ii),
(a + b f(a) + f(b) |




By (i),

_ a+b
f(a + b) = 2 f< 5 )

f(a) + £(b).

3.2.9 Theorem

If (X;?) is an abstract convexity space with a linear-
ization family X*, then X, with addition and scalar
multiplication as defined by 3.2.7 and 3.2.6, respectively,
is a real linear space.

Proof: To show X is a vector space, we prove all the
prOperties for addition and scalar multiplication which
makes X a vector space.

(i) Commutativity: For all a,be¢ X, a + b =Db + a.

By theorem 3.2.8, we have

f£(a + b) = £(a) + £(b)

f(b) + £(a)

f(b + a) for all f € X*.

By (L1) it follows that:
a+b=D>b+ a.

(ii) Associativity: For all a,b,c e X, (a + b) + ¢c =

a+ (b +c).
Again by theorem 3.2.8 and (L1l), we have

f((a + b) + c)

f(a + b) + £(c)
= (f(a) + £(b)) + f(c)

f(a) + (f(b) + £(c))

f(a + (b + ¢) for all f € X*.

Se (a+b) +c=a+ (b+cC).

(iii) Identity: a, is the unigque member of X such that

a + a0 = a for all a e X.

33



This follows by theorem 3.2.8 and (Ll)vand.since

f(ao) = 0 therefore

f(a + aO) f(a) + f(ao)

f(a).

Hence a + a0 = a.

To prove uniguéness, consider a + a! = a so that by (L1)

9

and theorem 3.2.8, we have
f(a) +f(a(')) =f(a+a(')) =f(a) =f(a+ao) = f(a) +f(a0).
So 'f(aé) = f(ao).
L} —
Hence aO = aO.

(iv) Additive inverse: For each a € X there is a unique

b € X such that a + b = ao.

Let b = (-1)a = -a. By (Ll1), theorem 3.2.8

f(a + b) f(a) + £(b)

f(a) +f(-a)

f(a) - f(a) = 0 = f(ao).
Hence by (Ll1) a + b = ay-
To prove uniqueness, we suppose there exists b' such that

a+ b' = ao. Therefore f(a + b) = f(ao) = f(a + b'"). So,

f(a)+ £(b) = f(a+b) = f(a+b') = f(a) + £(b).

Thus f(b)

f(b').

(v) Distributive Laws: For all s,t e R and a,b € X,

(s + t)a = sa + ta and s(a + b) = sa + sb.

By 3.2.8, (i) we have

f((s + t)a) = (s + t) f(a) sf(a) + tf(a)

f(sa) + f(ta)

f(sa + ta).

Hence by (L1) (s + t)a = sa + ta.

34
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Similarly, (st)a = s(ta) and l.a = a can be easily proved.

3.3 Compatibility

Now we are ready to study the compatibility of the
linear structure for X as constructed above with the
family . We begin with a lemma.

3.3.1 Lemma

If a,b € X and a # b, then pa + (1-p)b ¢ l(a,b)
for all p € R. |
Proof: The result is trivial if p = 0, and so we consider
the case when p # 0. Let X = pa + (l-p)b and y = (fab)-l
((pf(a) + (1-p) f(b)), where f is any member of X* which
separates a and b. We prove that x = y by showing that
the contrary assumption leads to a contradiction. If x # y
there exists a g € X* which separates x and y. Then g
must separate x and b, for if g(x) = g(b), then g(x) = g(b)
g(b)

+ p g(a=b) = g(b). The latter equality implies g(a)
since p # 0. This, in turn, implies g(y) = g(a) = g(b)
and hence g(a) = g(b) = g(y) = g(x), which contradicts the
fact g separates x and y. Thus g separates x and b, and
consequently, must separate a and b also, for otherwise,
g(a) = g(b) in the following equation g(x) = g(b) +

p g(a - b) for p # 0 would imply g(x) = g(b). Since g
separates a and b, by (L3), there exists s,t € R such that

g(c) = sf(c) + t for all ¢ ¢ f(a,b). Hence

g(y) = s f[(fab)-l(pf(a) + (1-p) f(b))] +t
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p(sf(a) +t) + (1-p) (sf(b) + t)

p g(a) + (1- p)g(b)

g(x)
which is absurd.
We now prove the main result of this chapter.

3.3.2 Theorem

Let (X,¥) be an abstract convexity space which ié
domain-finite, (finitely) join-hull commutative, and with
the property that for all a,b,c e X, ¥(a,b) = &(c,b) implies
a = c. A necessary and sufficient condition that P is
the family of all convex sets generated by a real linear
structure for X is that X has a linearization family X*.
Proof: We prove only the sufficiency, the necessity being
trivial (see Example 3.2.4).

By theorem 3.2.9, X* induces a linear structure on X.
Suppose C € §, a,be C, a+#+b and 0 ¢ s < 1. To show
that C is convex in the real linear space X, we must
prove that sa + (l-s)b & C. éhoose f ¢ X* which separates
a and b. Then

f(sa +(1-s)b) = sf(a) + (1-s)f(b)c [f(a),f(b)] &

£ (§(a,b)),
since f is convexity-preserving. G}(a),f(bﬂ denotes the
closed interval formed by f(a) and f(b) in R). Hence
there is a ¢ € §(a,b) such that f(c) = f(sa + (1-s)b).
Since f is bijective on {(a,b), by lemma 3.3.1 and our

definition of £(a,b),
c=sa+ (1L -s)b € &(a,b)c C.
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Conversely, assume k is convex in the real linear
space X. We must show C ¢ § i.e., for all a,b € C,
§(a,b) ¢ C. The hypothesis of the theorem implies that
{a}c:C for each a € X, and so if a = b then, trivially,
$(a,b) = §(a) = {a} €« C. Suppose a # b and ¢ ¢ §(a,b).
Choose an f € X* which separates a and b. We claim that

f(c) e [f(a), £(b) ,
for if not, then,czﬁfa,b}. Without loss of generality,
we can assume that f(a) € [f(c), £(b)] that is, f(a) =
t £f(c) + (1-t) £(b) = f£(tc + (1-t)b) for some t € R,
0<t<l. Since a e {(c,b), then f separates b and c
for if not, then f(b) = f(c) in the above eguation would
imply f(a) = f(b) which is absurd. Hence it follows that
a=tc+ (1-t)b € &(c,b). But c € ¥(a,b) and a e §(c,b)
implies §(a,b) = &(c,b), and so a = ¢, which is absurd.
Hence

£(§(a,b)) = [£(a), £(b)] , and

f(c) = s f(a) + (1-s)£(b) = f(sa +(1l-s)b)
for some s, 0 < s < 1. Since f is bijective on /(a,b),
and ¢ ¢ £(a,b), c = sa +(1-s)b ¢ C. Thus &(a,b) € C and

so C e §.
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CHAPTER 1V

PRODUCTS OF LINE SPACES

4.1 Introduction

An arbitrary set.X with a family L of subsets of X
satisfying three simple axioms is called a line space
and was first introduced by Cantwell [4]. The axioms
described here make use of Pasch's axiom, the unigqueness
of line determined by two distinct points and the order
structure of lines and space rather than the linear or metric
structure. Thus, neither algebra nor topology play an
important role in this development.

Most of our results apply to the broader class of
spaces, introduced by Sandstrom and Kay [161 called gener-
alized line spaces which are line spaces without the
requirement of Pasch's axiom. Generalized line spaces
are studied because they behave well with respect to
products. A product of these spaces is again a generalized
line space. But the non-metric character of Pasch's
axiom leads us to the un-expected conclusion that Pasch's
axiom in a product implies that each factor is a vector
space. This result, together with most of the results
are due to Sandstrom and Kay [lé].

We give as an example of the product of the Moulton

plane Eli] and the real line, showing that the product



M x R cannot be a line space since M is non-desarguesian
and therefore, is not a subspace of a real vector space.
It is proved that a line space is essentially a join
system, leading us to the direct conclusion that the
separation property is true in line spaces. It is
perhaps surprising that a generalized line space, in
general, cannot satisfy the separation property. The
final chapter is concerned with convex and linear

functions on generalized line spaces.

4.2 Line Spaces

4.2.1 Definitions and Notation

Consider a pair (X,L) consisting of a non-empty set
X whose members will be referred to as points, and a
family L of linearly ordered subsets of X called lines.

If a # b lie on 2 € L, that is, a,b ¢ £ , then the
segment joining points a and b is the set

[a,b] = {c: a,b,cel, e L, and a s c3 b},
where $ denotes the linear order defined on [/ ¢ L.

We assume every line has a given total ordering and
will feel free to reverse the order when convenient.
Corresponding definitions hold for the open and half-open
segments denoted by (a,b) and [a,b) or (a,b] respectively.
We introduce the convention that [a,d] =[a,a) = (a,a] = {a}.
If a # b then the unique line determined by a and b is

denoted by £(a,b).



4.2.2 Definition

If a,b,ce Z'then a,b and ¢ are collinear.

4.2.3 Definition

Three points a,b,c constitute the triangle abc.

4.2.4 Definition

A line space is a pair (X,L) consisting of a non-empty

set X with a family L of linearly ordered subsets of X
satisfying the following axioms:
A. Each line is order-isomorphic to the reals.
B. Each distinct pair of elements of X belong to
a unique line.
C. For each three points a,b,c of X with d € [a,b]
and e € [d,c] there exists f € [a,c] such that

e€ [b,f] (See Figure).

C

It is easy to see that Axiom C remains true for non-
collinear points a,b,c with open segments replacing seg-
ments. Indeed, in this case, the point is unique with
the stated broperties.

4.2.5 Example

(i) Any real linear space R or any convex subset

of a real linear space R, with the property that a line

40
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2 of R which meets S meets S in an open interval of £,
satisfies axioms A, B and C.

(ii) NON-DESARGUESIAN PLANE - The non-desarguesian

plane sometimes called the Moulton plane, was introduced
by Moulton [13] and is defined in terms of an ‘ordinary
euclidean plane, co-ordinatized by the field of real
numbers. So, we may consider all pairs of (x,y) of real
nunbers to be non-desarguesian points. The euclidean
straight lines, except those which have a positive slope;
are non-desarguesian straight lines; the euclidean (broken)
straight lines with positive slope broken at the x-axis
.so that the slope above is a positive constant (not unity)
times the slope below are the remaining non-desarguesian
straight lines. That is, the non-desarguesian straight
lines are the euclidean straight lines parallel to the x-
and y-axis and the euclidean (straight or broken) lines

defined, in a new way, by the equation:

y = gy;e (x - a) tan 0 (A)

Here x and y are the rectangular co-ordinates of a point
referred to the given axes, a is the distance from the
origin_?o the point where the line crosses the x-axis,
0(o< 86< 1) is the angle between the positive end of
the x-axis and the prolongation of the lower half of

the line, and Sy g is a constant such that
’
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1 y <o 6 = any value
. >0
SY,G 1 y » o 8 /2
) y 0 8 < N/2
B
Y N M
)
1
)
X
o

Thus, in the figure, the lines A A2M,B B.,P, C.C,P, OY, OX

172 172

1

are non-desarguesian straight lines. It is easily seen

that Axioms A,B and C are fulfilled in this geometry and
hence, it is a line space which is not a subspace of a
real linear space.
For example, if we take x' = (x,,yY.), ¥' = (x, Y,)
1741 2,72
in M (Moulton plane) then we have four possible -cases:
(i) X = XZ' (ii) Y, = Yy (iii) Yy > ¥, and Xy < x, or

Y1 < ¥, and 3 > Xy4 (iv) ¥y > Yo and X, > X, or Y1 <€ Yy



43

and Xy < X, In the first three cases the lines are
euclidean straight lines. 1In case (iv), using equation
(A), we get the broken straight line at a point a on the
x-axis which makes an angle 6. The particular case we
are interested in is when y;> o and y, <o which gives
us the following values for a and 8,

Yy X3~ 2V Xp 2Y1>
a = Y, - 27, : and 6 = arc tan ;-3 .

4.3 Axiom C'

Next, we state an axiom in a line space (X,L) which
is of basic importance, namely Axiom C', as follows:

Axiom C': For each three points a,b,c of X with u ¢ [a,b]

and v ¢ [a,c] there exists w ¢ [b,v]N) [c,u].
a

c
Veblen in 1904 [18] proved that if the line determined

by two distinct points is unique, then Axiom C implies
Axiom C'.

4.3.1 Definition

In a line space (X,L), for a ¢ b, the join of a
and b, denoted by ab, is the set of points on Z(a,b)
strictly between a and b, and the extension of a and b
denoted by a/b is {x : a ¢ bx}. We introduce the con-

vention that aa = a = a/a.
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4.3.2 Theorem

A line space (X,L) satisfies the axioms of a join
system.

Proof: 1In order to show (X,L) is a join system, by
lemma 2.5.1 we need to show that axioms (A3), (A4), (A5)
and (A6) of a join system hold in (X,L).

Léé) For all a,b,c € X, a(bc) = (ab)c:

It is easy to prove that if a,b,c are collinear or
any two of a,b,c are same or even all are same, then (A3)
holds. So we only consider the case when a,b,c are not
céllinear. We suppose x € a(bc) and show x ¢ (ab)c. By
definition x € a(bc) means x € ad for some d € bc. By
Axiom C applied to triangle abc (see figure), there exists
e € ab such that X’é‘ec. Now combining/these two we get

X € (ab)c. Similarly, we can prove (ab)c < a(bc).
b

a X

(A4) a/b # ¢ for all a,b € X.
It follows immediately, since each line is isomorphic

to the reals and one can find a point x ¢ 4(a,b) such

that a € bx.

(A5) If a/b & c/d then ad % bc for all a,b,c,d € X:
Suppose a/b meet c/d at x. Then by definition

a € bx, ¢ ¢ dx. Since (X,L) has the straightness property
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and regularity and also Pasch's axiom, i.e., Axiom C,
therefore, by Lemma 2.5.11], (AS5) holds.
(A6) a/a = a = aa:

It follows from our definition.

4.3.3 Corollary

In a line space (X,L), Axiom C implies Axiom C'.

4.4 Generalized Line Spaces

Most of our results apply to the broader class of
spaces, which we shall call generalized line spaces.
These spaces are studied because they behave well with
respect to products.

4.4.1 Definition

A line space (X,L) without the requirement of Axiom

C is known as a generalized line space.

4.4.2 Definition

In a generalized line space, a set C c X is convex
if a,b € C implies [a,b) < C. If A< X, §(A) = the

convex hull of A = ﬂ{c : C>A, C convex}.

4.4,.3 Definition

A convex set C is convex-open if for every £ € L,

£ Nc=¢, apoint or an open interval of £.

4.4.4 Definition

F is a flat if a, be F, a # b, implies f(a,b)C:F.

If Ac X, f£(A) = flat spanned by A =l{F A : F a flat}.

4.4.5 Definition

A hyperplane is a maximal proper flat of X.




4.5 Product of Generalized Line Spaces

Axiom A guarantees an isomorphism (say §£ ) from
each line £ to the reals R, and we can define for each

such £ the directed distance function (relative to ¢ )

d¢:£->R by writing dgz(a,b) = Qn(b) - Ql(a) for a,be L.

Since by Axiom A the line joining a and b is unique
(if a # b), we can thus define a directed metric function
from X x X to R as follows.

4.5.1 Definition

Let (X,L) by any generalized line space. Then the

directed metric d: X x X R is defined by d(a,b) = dz(a,b)

for a,beﬁ.
Note that for all a,b € X, and any c ¢ £(a,b), we
have the following obvious properties

d(avb) - d(bla)l

d(a,b) = d(a,c) + d(c,b).

4.5.2 Definition

Let (xi'Li)’ i € I, be any collection of generalized
line spaces, with di denoting the directed metric of X, .
i \ = ]-[
The product glé(xi'Li) is the pair (X,L) where X ieIxi
and, letting a; denote the i-th co-ordinate of a ¢ X,

L is the family of all subsets of the form

Lap) ={cex:c e fla; b)), 4 (a;,c)d (a by
dj(aj,cj) di(ai,bi), for all i,j e ;} where a # b.

Note the fact that if a # b and c ¢ Z(a,b), and the

46



co-ordinates of a and b are such that a; # bi and
ay $# by, then the equation defining Z(a,b) may be
written as the ratio

4, (a,,c;) _ dj(aj,cj)‘

For, a # b, if c € £(a,b) and one of the co-ordinates

of a and b is the same (say a; = bi) then clearly c; = a

i
for that co-ordinate of c. So choosing j € I such that
aj + bj then di(ai'ci) = 0.
4.5.3 Lemma
For each a # b and ¢ € {(a,b) then {(a,b) «¢ {(a,c).
Proof: If c € {(a,b) and i,j € I, then by definition
di(ai,ci)dj(aj.bj) = dj(aj,cj)di(ai,bi). (1)
Also, for any z € [(a,b), we have
We wish to prove that z € f(a,c) or by definition, that
z, € Z(ai,ci) and
di(ai.zi)dj(aj,cj) = dj(aj.zj)di(ai.ci). (3)
From the equations (1) and (2), however, one obtains
dl(ai'zi)dj (aj'cj)di(ai'bl)dj (aj'b]) =
dj(aj'zj)di(ai'ci)di(ai’bi)dj(aj’bj)’ (4)

Now if one of the co-ordinates of a and b is equal,

say a; = bi' then «c¢; =a, = z; and (3) follows

immediately. If not, then di(ai,bi) 0 # dj(aj,bj),
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and we may divide the equation (4) by di(ai'bi)dj(aj'bj)
to obtain (3).

4.5.4 Theorem

The product of any collection of generalized line
spaces is a géneralized line space.
Proof: Let (xi’Li)' i € I, be any collection of general-

ized line spaces. To show that the product E} Xi = X

I
is a generalized line space, we show that Axioms A and B
hold in X. To obtainiAxiom A for X, we construct a bi-
jection opt : LR for each £ ¢ L as follows. Choose
any two distinct points a,b on 2 such that a; # bi for
some i. Then set

?L(c) = g%;;%%;%; cel,

i1’

where di denotes the directed metric of X, . Note that
$, is well defined follows from the definition of product
of generalized line spaces. It follows by definition
that ?t(c) = ¢l(c') implies c; = ci' for some i, and in

that case, for j # i the equations

di (ai'ci)dj (aj rbj)

dj(aj'cg)di(ai'bi)

imply that cj = cj' or ¢ = ¢'. Hence, ¢L is one-to-one
and onto, by definition. By writing ¢ < ¢' if and only
if ¢2 (c) < ¢Q(C') , one obtains that the members of L are

linearly ordered sets in X. To obtain Axiom B for the



product, it follows by lemma 4.5.3 that if a,b ¢ £ and

c ¢ l(a,b),c ¥ a, then £(a,b)

= f(a,c), and thus if

c,d ¢ f(a,b), c # 4, then £(a,b) = £(c,d), and Axiom

B follows. This completes our proof.

4.5.5 Example

(i) If each Xi is a real vector space and Li is

the family of 1- flats in X;» 1 € I, then (X,L) consists

of the usual product vector space and L is the correspon-

ding family of 1- flats in X.

(ii) .Here we consider the product of the Moulton

plane (see 4.2.5(ii)) and the

real line denoted by M x R.

Let dm denote the directed metric of M which is defined

as follows:

(%, - %

Y, = ¥,

if yl y2

if x1 = x2

2
dm((x']. 'Yl) ’ (xz 'YZ)-': q i\/(x2 -

2 if YoY, & x1<x2

x)) 2+ (y, - vy) ,
OF Y<¥y &X>X,

' 2 2
- + + i
tw/(xz a) Yo + if Y >, &X>X,
J(xl - a)2 + le or y1<y2 &xl<x2

where a is a point on x- axis

the choice of the + or - sign

of the Moulton plane and

is determined by the

location of the points. For example, for any two points

a, b € £, fix the positive sign when you go towards b

from a, otherwise negative.

The directed metric, dr’ of

real numbers is the usual directed distance between two

49
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points; (X,L) consists of the usual product, M x R =
{(am,ar) T a e M, a_e€ R} and L is the family of all

subsets of X of the form

Lap) =fc e x| c e Lay,b), e e R

d _(a_,c)d (a ,b ) = dm(am,cm)dr(ar,br)}

for a # b.

4,6 Axiom C in Product

Thus far in this chapter we have shown that the
product of any collection of generalized line spaces
is a generalized line space. Our next result of this
chapter relates to the question of whether the product
of line spaces is a line space; that is, does Axiom C

hold in the product .TI X. if each X

. . is a line  space?
iel i 1 P

In fact, it is perhaps surprising that if Axiom C holds
in a product then each factor is a vector space in the
following sense.

4,6.1 Definition

A generalized line space (X,L) is said to be a

vector space if and only if X has an algebraic structure

over the reals that is compatible with L; that is, X is
a real vector space such that the family L is precisely
the set of algebraic 1- flats of X.

In order to establish the above claim, we prove a

sequence of lemmas. Throughout the rest of this section,
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X will be considered as a generalized line space and X x R
as a line space. The following results were proved by
Sandstrom and Kay [16].

4.6,.2 Lemma

If a' = (a,r) ¢ X x R, b' = (b,r) € X x R such that
a # b, then lka',b') consists of the points x' = (x,t) €
X x R such that x ¢ f(a,b) and
_ _ d(a,x)) d(a,x) . _ d(a,x) d(x,b)
t= (1 dao)ft Tab) 5= aan ° taGas

Furthermore x' e[a',b'] if and only if x e [a,b] and

t e[r,s].
Proof: Let xl and x2 denote X and R respectively, and with
the identity map on R as the order-isomorphism between
R and the only line in x2 (namely, x2 itself) then
x' e f(a',b') if and only if
dl(xi,ai)dz(aé,bé) = dz(xé,aé)dl(ai,bi),
where dl and d2 denote the directed metrics of x1 and X,
respectively. This equation can be written,
d(x,a) (s-r) = (r-t) d(a,b),
and solving for t yields the desired result.
For the second result, suppose ¢£: l(a',b')——éR is
an isomorphism and x'e [a',b'] . Then by definition
¢£ (a') < ¢l(x') < ¢1(b').
FEaEL  (see 4.5.4),
Therefore, the above inequality reduces to

But ¢¢ (X' ) =

d(a,a)

d(a,x) d(a,b)
d(a,b)

d(a,b) S d(a,b)

<

d(a,x)
o < d(a,b) < 1.
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Hence by definition x € [a,b]. One can easily see that
t is a convex combination of r and s and hence t ¢ [r,s].
The converse is obvious.

4.6.3 Lemma

Let a,b,c be any three non-collinear points in X with
ue [a,b], v e (a,c), and w is the unique point of
[c,u] N[b,v]. 1If d(a,u)/ d(a,b) = d(a,v)/ d(a,c) = A

then

d(u,w) _ A d(u,w) _
d(u,c) T+ a and  F(c,w) A
Proof: Set x = d(v,w) and y = d(w,b), and consider for

each real m,n the points r = (a,0), s = (b,m), t = (c,n)

in X x R. Then if p = (u,Am) and g (v,An) it follows
by lemma 4.6.2 that p ¢ [r,s] and q ¢ [r,t] (see figure).

By Axiom C' there exists a (unique) pointe e,[p.t] n [ Q.S] .

p(u,Am) q(v,xn)

s (b, m) t(c,n)

Again by lemma 4.6.2 e = (w',u) for some w'e f(u,c) and

real a such that

_ d(u,w' d(u,w') - = X ,
(1 ata oy Am + ducy R=a-= ;rfr—§r m + ;T—f—;rArx

where x'= d(v,w') and y' = 4 (w',b). But clearly, by

lemma 4.6.2

w' € [u,c] n [v,b]

and w' = w . Hence the above equation (A) is true without

(a)



primes, and we obtain
_ d(u,w) _ X d(u,w)  _ _AY =
(A d(u,c) c)A x + y‘>m'+ (g(u,c) X +y n=o.

The coefficents of m and n in the last equation are constant

while m and n themselves are arbitrary. Hence,

_ du,w))_ X 1 d(u,w) _ Vv
AMo-4g)-wy e IR -

Summing yields

1 _ d(u,w) _
Solving, we get

d(u,w) _ A _,
d(u,c) 1+A

To obtain the second result, applying the identity
d(u,c) = d(u,w) + d(w,c) in the first result we obtain

d(u,w) + d(w,c) _ 1+A

d(u,w) A .

Solving, we get

d(u,w) _
d(w,c) — A

4.6.4 Corollary

The medians of a triangle are concurrent at a point
which is two thirds the distance on each median from the
vertex to the midpoint of the opposite side.

Proof: Set A = % in the lemma 4.6.3. Then on median

[u,c] we have

1
d(u,c) d(u,c) 1+ 1 37
2

Since w is unique on [ﬁ,c] with this propverty it follows
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that all three medians pass through w and that w has the 2/3
distance property with respect to all three medians.

4.6.5 Lemma

let a,b,c be any three non-collinear points in X with
w e [b,c], b' e [a,b], c' e [a‘,c], and w' ¢ [b',c'] n [aw].
If d(a,b')/ d(a,b) = d(a,c')/ d(a,c) =A and d(b,w)/ d(b,c) = AN,
then

= A and d(b'rw') = A
d(a,w) d(b',c") -

Proof: Consider the points (a,0), (b,1) and (c,l) in X x R.
Then (b',A) € [(a,0), (b,1)], (c',\) € [(a,0),(c,1)], (w',A)€
[(b', M, (c'»] and (w,1) e [(b,1)(c,1)] (see figure). Axiom C

implies (w',A) € [}a,O),(w,liI and hence

d(a,w' = A
d(a,w) (a,0)
(b',A)/ (c',A)
(W', A)
(b,1) (c,1)
(w,1)

To prove the second equation consider the points (a,0),(b,1)
and (c,t)in X x R, where t = (A' - 1)/,'. Then, as before
(b',» € [(a,0)0,(b,1)], (c',at) € [(a,0),(c,t)], (w',0) €
[(a,O),(W,O)], and (w,0) € [(b,A),(c,t)]. Hence (w',0) €
Bb',lh(c',Atﬂ and it follows that
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a(b',w') _ A
a(m',c") ¢

Before we ?rove our main theorem, we define the alge-

]

. . !
braic operations on X.

4.6.6 Definition

Choose some point o in X as origin, and define addition
of a,b € X by
a+ b=c¢c
where ¢ is the unique point such that [g,c] and[},b] have the
same midpoint (x is the midpoint of [a,b] if d(a,x)/d(a,b) = 1/2)

For scalar multiplication, if s € R then take sa = o

when a = o; otherwise,
sa = C
where c is the unique point on £(o,a) such that d(o,c) = sd(o,a).

4.6.7 Theorem

If X is a generalized line space and X x R is a line
space then X is a vector space.
Proof: Suppose X x R is a line space and to show X is a vector
space, we prove all the group properties for addition and the
properties for scalar multiplication making X a vector space.

(i) Commutativity: a + b = b + a for all a,b ¢ X.

Suppose a + b = ¢ and b + a = d then by definition ¢
and d lie on the lines passing through origin and the mid-
points of [a,b] and [b,a] respectively, but the mid-point
of [a,b] and [b,a] is unique (say x). Hence c and d lie on

the same line i.e., f(o,x). Uniqueness of x (the midpoint
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of [g,b] and [b,a] and distance property implies c and 4
lie on each otheér and the result follows.

(ii) ASséciativity: (a+b) +c=a+ (b +c) for all a,b,c e X.

The case is trivial when a 0, b = 0 and ¢ = 0. Assume

first that no three of o, a, b, c are collinear; this case
then implies (ii), in the case when, say, o, a, b are coll-
inear but ¢ ¢ f(o, a) by choosing c' so that no three of

o, a+ b, ¢, c' are collinear, and the later in turn implies
(iii) in the case when o, a, b, ¢ are collinear by choosing
c"¢ £(o,a). Let u=a+bandv=>b +c, and let my, m,,

m ', m,' be the midpoints of [a,b], [b,c], [a,v], [u,c]
respectively, which determine a + (b + ¢) and (a + b) + ¢

(see figure). u=a+b

c v=Db+c
The median [a,mz] of triangle o xv meets median [g,m'l] an r,

while median [c,mi] of triangle ocu meets median Enmﬂ at s. But[?,mj,
[c,mi] are medians of triangle abc, so meet at t, from which
it follows that r=t=s. Hence by corollary 4.6.4

3,

3
m,' = =3 s =m,' and therefore



a= (b +c¢c) = 2m1'\= 2m2' = (a + b) + c.
The identity element and additive inverses follow from the
definition of addition.
(iv) For all a e X ané s,t € R, (st)a = s(ta).

Since o, (st)a, ta and hence sS(ta), are collinear, it

suffices to prove that

d(o, (st)a) = d(o,s(ta)).

But, by definition

d(o, (st)a) = st d(o, a) = sd(o,ta) d(o,s(ta)).

(v) PFor all a,b e X and s e R, s(a + b)

sa + sb.

We take first the case when o, a and b are not collinear.
With a' = sa, b' = sb, let m and m' be the midpoints of [a,b]
and [}',bf] which determine a + b and a' + b' (see figure).

By lemma 4.6.5, since l(g,m') meets [a,b] at the midpoint
of ['_a,b] then m' ¢ Z(g,m), and d(o, m') = s d(o,m). Thus

m' = sm. a'

10

b'

Hence by (iii), b
sa+ sb=2m" =2 sm=s(wm) = s(a + b).
The case when o, a, and b are collinear follows from the

proceeding case by choosing c ¢ Z(g,a) and applying (iii)

f

(sa + sb) + sc = sa + (sb + sc) sa + s(b + ¢)
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s(a+ (b+ c)) = s((a+ b) + c)

s(a + b) + sc.
(vi) For all é X and s,teR, (s + t)a = sa + ta.

Suppose a' = sa and m be the mid point of [a',b'] . Since
o, sa, tb, (s+t)a, and a'+b' are collinears so it is sufficent

to show that d(o, (s+t)a) = d(o, satta). By definition,

d(o, (s + t)a) (s + t) d(o,a') = s d(o,a) + t d(o,a)

d(o,a') + d(o,b') + d(a',m) - d(m,b")

= 2 d(o,m) = d(o,2m) = d(o,sa + ta).
The other properties of a group can be easily verifiea and
that the question of compatibility can also be easily verified.

4.6.8 Theorem

Suppose X =WT-Xi. For p € X and any i,j € I, the space
ieI
X, x R 1is isomorphic to X. x L. x (TT p,) & X, where L,
i i K#i, k 3
is any line of Xj. Thus, if Axiom C holds for X it holds

for the space Xi X R for any factor Xi'

4.6.9 Corollary

A product of line spaces is a line space if and only if
each factor is a vector space.
Note: For the proof of the above theorem refer to [16].

4.6.10 Example

(i) Here is an example which not only supports theorem
4.6.7 but is also an example of a generalized line space that
is not a line space. The product M x R, where M is a Moulton

plane and R is the real line, is not a vector space and is not
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a line space, since one of the factors, M, is a non-
desarguesian, so it is not a subspace of vector space.
It is shown that Axiom C does not hold in this product
though Axiom A and B hold in it.

Let dm denote the directed metric of Moulton plane
and is defined as in Example 4.2.5 (ii). Let x' = (x,r),
y' = (y,s) € M x R such that x # y. Then by lemma 4.6.2,
L(x',y') consists of the points z' = (z,t) € M x R such

that z e f(x,y) and

a (x,z) d (z,y)
e A _m ‘7 —
T ey S ta oyt (2)

It is easy to check by using equation (A) that if the lines
in M are parallel to x- axis, y-axis or of negative slope,
then in M X R these are also straight lines. However, if
the lines in M are of broken straight lines, then the lines
in M x R behaves the same which helps us to show that Axiom
C (Pasch's axiom) does not hold in M x R.

We begin with the following points:
Take x' = ((7,4),7), y' = ((3.3.6,0),6) € M x R. By
equation (A) we calculated z' = ((2,-3), 5.29) such that
y' e [x',2']. Next take u' = ((4,-1),8) and y' = (3.35,0),6)
and calculations gives v' = ((2.5,1.35),3.3) so that
y' € [uﬁ,v'] . Finally, take v' = ((2.5,1.35),3.3) and
x' = ((7,4),7) which gives us w' = ((.2,0,1.45) such that
v' € [x',w'] . One can easily see there does not exist any
point on segment [h',wj so that y' belongs to the segment
[x',r'] where r'e [u',w'] . Hence Axiom C does not hold in M x R.

( see figure on next page).
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(ii)- Next we give an example which shows that Axiom
C' (Peano's Axiom) does not hold in M x R. We take the
following points in M x R. Take x' = ((7,4)7),
y' = (3.8 ,0), 7.35). By equation (A) we calculated

z'= ((3.5,-8),7.15) such that y' ¢ [x',z'] . Next take

u' = ((4, -1,)8) and z' = ((3.5,-.8),7.15) and calculation
gives v' = ((.2,0),1.4) such that z'e_[u',vq . Finally,
take v' = ((.2,0),1.4) and x' = (7, 4)7) which gives us

w' = (2.5,1.35),3.3) such that w'e [x',v'] . One can

note that [u',w'] N [x',z] = ¢. Of course, they look
that they intersect in M x R but suppose [lx',y'] and
[u',w'] intersect. Then by lemma 4.6.2 they must also
intersect in M which is not true. Hence, Axiom C' does

not hold in M x R. (See figure on last page).

4.7 Separation

In this section we show that a line space has the
separation property. However, it is also shown that if
the separation property holds in a generalized line space
then it becomes a line space.

4.7.1 Theorem

In a line space (X,L) the separation property holds.
Proof: It follows immediately from Theorem 4.,3,2 that
a line space is a join system and by Theorem 2.6.3 our

result follows.
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4.7.2 Theorem

A generalized line space (X,L) need not satisfy the

separation property.

Proof: Let a,b,c,d and p be any points in X such that

a e [p,b], c e[p,d] and [a.a] N [b,c] = ¢. since [a,d]
and [b,c] are convex sets in X, so by separation property
there exists non-empty dis-joint convex set (C,D) such
that [a,d] ¢ C and [b,c¢] « D and CU D = X. Since
CUD= X implies either p € C or p € D.

Suppose p & C; but [a,d] « C implies d € C; therefore
[p,d] < C. But c e [p,d_-[ < C implies ¢ € C, contrary to
hypothesis that C M1 D = ¢ since ¢ ¢ D. Therefore
[a,d] N [b,c] # ¢ which implies Axiom C' is true in X.

But Example 4.6.10 shows that Axiom C' need not hold in a_
generalized line space. Hence this completes the proof of

our thereom.



CHAPTER V

CONVEX AND LINEAR FUNCTIONS

5.1 Introduction

In this last chapter, we consider more general spaces,
that is, generalized line spaces, and study convex and linear
functions on these spaces. The concept of product is em-
ployed in defining these functions from one generalized line
space to another. We define, a function f : X—Y to be
convex if and only if the epigraph of £ is a convex set in
X x Y. Similarly, a map f : X—Y is said to be linear if
and only if the graph of £ in X x Y is a flat. It is shown
that a linear function is a convex function and the graph
of a linear functional is a hyperplane. It is also proved
that a function f is convex [linear] if and only if fl (the
map restricted to a line) is convex liinear] in the usual
sense on each line of a generalized line space. |

The idea of supporting hyperplanes is also introduced.
We prove that a function f defined on an open convex set U
is convex if f has a support at each point of U. Finally,
the linearization of generalized line spaces is done using
as a linearization family the dual X*, all linear functionals
on the generalized line spaces, and the linearization theorem

in Chapter III.
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5.2 Convex and linear functions

Throughout this chapter, we use X and Y to denote
generalized line spaces and study convex and linear functions

on these spaces.

5.2.1 Definition

If £ : X—sY then the graph of f is the set in X x Y
described by graph (f) = {(a,b) :a€e X, b= f(a)}.

5.2.2 Definition

If f : X—Y then the eoigragh of £ is the set in X x Y
described by epi(f) = {(a,b) : a e X, b;;f(a)}.

5.2.3 Definition

A function £ ¢ X—Y is ¢convex if and only if the epi-
graph of f is a convex set in X x Y,

5.2.4 Definition

Amap £ : X—Y is said to be linear if and only if
the graph of f in X x Y is a flat.

5.2.5 Lemma

A function f : X—R is linear if and only if it is
a line-preserving map from X to R which also preserves
ratios of distances on each line £in X relative to the
metrics d1 and d2 of X and R.
Proof: Suppose f is linear. By definition, graph (f) =
{(a,f(a)): ae X} is a flat in X x R. Now, if a,b,c are
points of a line £in X, a #+ b, then lemma 4.6.2 implies

that for some c' e f(f(a),f(b)), if f(a) # £(b), of R
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we have (c,c') € E((a,f(a)),(b,f(b))t: graph (f). That is,
c' = f(c) € L(f(a),f(b)), (1)

and again by lemma 4.6.2

d; (a,c) dq (c,b)
L = L L
o f(c) E%TETET f(b) + a{TETBT f(a).
Solving this, we get

dy(a,c) 4y (£(a),£(c))

= (2)
d, (&, by = I, (@), £m)

provided f(a) # f(b); otherwise £ is constant on £ since in that
case one has d(f(a),f(c)) = 0 for all ce £.

Conversely, it is clear that if (1) and (2) hold then
graph (f) is a flat in X x R.

5.2.6 Theorem

If £f : X— R is linear then f is a convex function.

Proof: Suppose a' = (a,r) , b' = (b,s) are two distinct
points of epi(f), and let x' e [a’,B'] where x' = (x,t) and

X € [a,b]. We wish to show that the epigraph of f is a con-
vex set in X x R, that is, x'e epi(f). By lemma 4.6.2

¢ = $a,x) o, dlx,b)
d(a,b) d(a,b) *°

But (a,r), (b,s) e¢ epi (f), therefore

£ > g(::g) f(b) + %%Ef%% f(a).

By lemma 5.2.5 (2), we have

: f(x) - f£(a) f(b) - f(x)
tZ2 -t (Pt T - Fa @

Simplifying the right hand side, we get



t > £f(x).
Hence x' e epi(f) and this completes our proof.

5.2.7 Theorem

A map f : X— R is linear if and only if the graph of
f in X x R is a hyperplane.
Proof: Suppose f is linear. Then by definition, graph (f)

is a flat. We prove in particular that if H' is a flat in

X' = X x R which properly contains graph (f)= F', then H' = X'.
Suppose x' = (x,r) € X' and h' = (h,t) € H'\F'. We shall
show that in all cases x' € H', and thus H' = X' as desired.

If r = £(x) then x' € graph (f) <« H', so we assume r # f(x).
Further, x # h, for otherwise with x"=(x,f(x)) e F'< H',
then (x,r) € 2((x,f(x)),(h,t)) or x' € £(x",h') € H' and the
result follows. Also it may be assumed that

f(h) - t # r - £(x),
for if equality holds then one may choose tl = %(f(h) + t)
and set h" = (h,t,), yielding (h,t;) e £((h,t),(h,£(h)) so
that h" e H'\F' but

f(h) - t r - f(x)

f (h) -tl= 5 = 5 #Fr-f(x).

Let £= [f(x,h). There exists y ¢ £ such that

b (v) _ e (x)(£(h) - t) + ¢ (h) (F(X) - x)
p 'Y f(h) = t ¥ f(x) - r

from which follows the equation

(y) = o (x) b (h) - % (y)
(y) = & (x) (h) - (y)
y =5 (% t + o) =%, (¥ f(x).
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That is

S oo + S8 < - SR e BB e
Set y' = (h,n), x" = (x,£f(x)) H', and h" = (h,f(h)) ¢ H'.
By lemma 4.6.2, (y,n)e XA((x,r),(h,£(h)) N L((x,£(x),(h,t)).
That is, since H' is a flat,

y'e l(x",h') c H' and x'e l(h",y')c H'.

Our next characterization of linear functions is in

terms of the restriction of such function to lines. The

map restricted to a line £ will be denoted by £ -

5.2.8 Definition

For each line 1 in X let ¢2 denote the isomorphism
guaranteed by Axiom A of a generalized line space. (see
definition 4.2.4), and let d be the directed metric defined
as before. Define addition (relative to ¢£) of a and b on
£(a,b) as follows:

a+bs= ¢[1(¢l»(a) + ¢, (b)) and

scalar multiplication (relative to ¢£ ) on{ is defined as

ra = ¢-l

/ (r¢£ (a)) for a e R.

5.2.9 Lemma

If a,be X and a # b, and let fl be an isororphism

from J(a,b) to the reals R. Then x ¢ [(a,b) if and only if

x =ra + sb for r,s R such that r + s = 1, and furthermore,

= 4(a,x) = 4(x,b)
¥ < 3(@,p) 2 ® T Ja,b)

Proof: Suppose x € ,[(a,b) . Since 9&1 is an isomorphism
from ,f(a,b) to the reals R, therefore for some r, s ¢ R such

that r + s = 1, we have
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¢2(x) = r 4)& (a) + s ¢, (b)
or x = ¢ 'l[r ¢, (a) + s %'(b)] :

Hence X = ra + sb. Next we show that r = g%%‘%% and s =
We know

¢y (x) = r ¢y(a) + (1-r) ¢,(b), and

b (x) =1 ¢, (x) + (1-x) ¢, (x).

Equating these, we get
r (¢, (x) - ¢, (@)) = (1-r) (¢, (b) - ¢,(x)).
But d(a,x) = 1)2 (x) - ¢, () and d(x,b) = 4)’_ (b) - b, (x).
Therefore the above eguation reduces to
r d(a,x) = (l-r) d(x,b)
which yields
r (d(a,x) + d{x,b)) = d(x,b)

or r d(a,b) = d(x,b).

Hence r = J{EP); and s = (1-r) implies s = ${2eX).
£ ’

Conversely, it is clear that if x = ra + sb when r =

d{x,b) d(a,x)

m and s = E_(a_,FT then x ¢ Z(a,b).

5.2.10 Corollary

Suppose a,b € X and a # b. Then x ¢ [a,b] if and only

if x = ra + (1-r)b for r ¢ R such that 0 ¢ r < 1 and further-

more r = g—%—;{'—g))—.
’

5.2.11 Definition

Suppose f : X— R is a function and a,b ¢ X such that

at+ b. We say the map f,: f(a,b)—»R is linear in the usual

d(x,b)
d(a,b)’
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sense if for r,s e Rand r + s = 1,
fp (ra + sb) = rfy(a) + sfy(b)
is satisfied.

5.2.12 Theorem

If £f : X—R then f is linear if and only if f2 is
linear in the usual sense on each £ e L.
Proof: Suppose f is linear and a,b ¢ £ such that a # b.
Let x be any point on the line (a,b) such that xu¥ a
or x#b . Then by lemma 5.2.9, x = ra + sb where r =

d(x,b) and s = d(a,x). Since f is linear and x ¢ /Z(a,b)
d(a,b) da(a,n)

therefore by lemma 5.2.5

d(a,x) _ f£(x) - f(a)
d(a,p) ~ E{®Y - f(a)"

But fp(x) = £(x), £,(b) = £(b) and ﬁz(a) = f(a), so we get
d(a,x) _ fp(x) - fg(a)
d(a,b) ~ fp (b) - fLZaS'
Solving for fp(x), we get
(1_ d(a'x))f (a) + d(arx)f (b)
: d(a,b)/ ~¢ d(a,by #¢

- SR @+ TEE

rfz (a) + sfl (b).

fe (x)

Hence
folra + sb) = rf,(a) + sfe(b).
Conversely, to show f is linear, we show that condition
(1) and (2) of lemma 5.2.5 hold.
(1) Let a' = (a,f(a)), b' = (b,f(b)) ¢ graph(f) and x e £(a,b),

: d(x,b)
2. = + sb = z =
then by lemma 5.2.9 x ra sb, where r Ja.o) and s
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d(a,x)
a(a,b)’

have (x,t) € £((a,f(a)),f(b,f(b)) c graph (f). That is

We show that for some t ¢ f(f(a), £(b)) = R, we

t = £f(x). By lemma 4.6.2,

d(a,x)
d(a,b)

d(x,b)

t = d(a,b)

£f(b) + f(a). (a)
But fy(b) = £(b), fy(a) = f£(a) and since f; is linear in

the usual sense therefore

t = sfe(b) + rf, (a)
= £, (sb + ra)

Therefore, t = f£(x).

(2) Substituting t = f(x) into equation (A), we get
£x) = §EgRem) + JERea) .

Solving yields

d(a,x) _ f(x) - f(a)
d(a,Fy f(b) - f(a)°

This completes our proof.

5.2.13 Definition

Suppose £ : X—R is a function and a,b e X such that

a+ b. The map £f5: £(a,b)—>R is said to be convex in the

usual sense if for all r ¢ R such that 0 <

-

r <1,

fz(ra + (1-r)b) < rfz(a) + (l-r)fz(b)
is satisfied.

5.2.14 Theorem

If £f : X—R then f ix convex if and only if £y is

convex in the usual sense on each line f¢ L.



Proof: Suppose f is convex. Let £ be any line and a,bef

such that a # b, and a' = (a,f(a)), b' = (b,f(b)) € epi(f)
then by definition [a',b'] ¢ epi(f). Let 4)2 be an isomorphism
from f(a,b) to the reals R. Set x' = (x,t) ¢ [a',b'] where

x e [a,b]. Then by lemma 5.2.9 x = ra + (1-r)b for r ¢ R

such that o < r <1, where r = g%if%% and (1l-xr) = %%%f%%-

By lemma 4.6.2

_ d(a,x) d(x,b)
t=Fao® *geomf@-

But f(a) = flz(a), f(b) = fz(b) and f(x) = fl(x), therefore
t = rfp(a) + (1-r) £y (b).
Hence, x' = (x, rfp(a) + (1-r)f,y(b)) e epi(f) implies
£(x) < rfy(a) + (1-x)f,(b), so
fl(x) < rfy(a) + (1-r) £y (b)
or fylra + (1-r)b) < rf,(a) + (1-r) £, (b),
Hence fyis convex in the usual sense.

Conversely, to show f is convex set in X x R. Let

a' = (a,s), b' = (b,t) € epi(f) and x' = (x,u) € [a',b'].
Then X ¢ [é,b]. By corollary 5.2.10 , x = ra + (1l-r)b for

| _ d(x,b) (1-p)- dla,x)
r ¢ R such that o < r ¢ 1 where r d—(a—,bTand (1 r)-m,

Then by lemma 4.6.2 and since (a,s), (b,t) € epi (f),

therefore

_ d(a,x) d(x,b)
u = d~a:b, t 3 a:b
or u 2 (l-xr)f(b) + rf(a)

But £(b) = £,(b), f£(a) = fp(a) and £(x) = £, (x)



and so u > (l-r)fl(b) + rfy (a),
Since f; is convex in the usual sense, therefore
u > f,(ra +(1-r)b)
= £y (x),
But ﬁz(x) = f(x). Therefore x' = (x,u) € epi(f) implies

epi(f) is a convex set in X x R: This completes our proof.

5.3 The support of a convex function

We will now consider the results obtained by extending
the concepts of support of a convex function to such func-
tions on generalized line spaces. In order to prove our
results we give the following definitions.

5.3.1 Definition

Let U be an open-convex subset of X. A function
f: U—R is said to be convex if and only if epi (f) is a

convex set.

5.3.2 Definition

Let U be an open-convex subset of X. A function f:
U —R has a suggort at Xg € U, if there exists a linear func-

tion A_ : X—R such that A_ (x )=f(x0) and A_ (x) < f(x) for

XO XO 0 ( x0

every X ¢ U. The graph of a support function Ax is called
0

a supporting hyperplane for f at Xq -

5.3.3 Theorem.

Let U be an open-convex subset of X. A function

f;: U—R is convex if flhaS'a‘support at each point of U.

Proof:
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To show £ is a convex function we prove that epi(f) is a
convex set in X x R. Let a' = (a,r), b' = (b,s) e epi(f) and
consider any point x' = (x,t) e [a',b'] such that x e [a,b] .

We show that x'e€ epi(f). By lemma 4.6.2 and since (a,r), (b,s)

e epi(f) therefore we have

= a(a,b) d(a,b) -
d(a,x) d(x,b)
> dla,x) ai\x,0)
2 3(a.b) f(b) + d(a.b) f(a).
If Ax : X—R is a linear function which supports f at x then
d(a,x) d(x,b)

> @la,x)
t = dE,p &Pt e A
By lemma 5.2.5 and since Ax supports £ at x therefore

t =2 Ax(x)
= f(x).

Therefore x' = (x,t) € epi(f) and this completes our proof.

5.4 Linearization of Generalized line spaces

5.4.1 Definition

The dual of a generalizgd line space X, denoted X*, is
the family of all linear functions from X to R.

Here we consider the results of Mah, Naimpally, and
Whitfield. A convexity space X is proved to be a (compatible)
vector space by means of four properties of a so- called
linearization family, as shown in chapter III for abstract
convexity spaces. In the case of a generalized line space
it will be a vector space if and only if there is a family

X3 of functionals from X to R satisfying:
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(GQ) Each f ¢ Xa is a convexity-preserving map from X to R.

(Gl) There exists a point a, € X such that f(ao) = 0 for each

f e xa, and the family Xs, is point distinguishing.

(G2) Each f ¢ Xa restricted to any line is either a bijection
or a constant map.

(G3) I1If £f,9 ¢ Xa and each distinguishes two points a and b, then
there exists constants r,s € R such that g(c) = r f(c) + s
for all c e,[(a,b).

5.4.2 Theorem

A generalized line space X is a vector space if and
only if its dual X* is point distinguishing.

Proof: It is obvious that if X is a vector space with the
zero vector a and its dual X* is the set of all linear
functions on X to R, then X* is a linearization family for
X and is point distinguishing.

Conversely, suppose the dual X* of a generalized line
space is point distinguishing. To show X is a vector space
we take

xt = {£ € x* : £(a,) = 0}
for some a, € X. We establish the properties Go - G3 for
Xa, which by theorem 3.3.2 will show that X is a vector
space.
(GO) Each f ¢ Xa is a convexity:preserving map from X to R:

Suppose C is any convex set in X and we show f(C) is
-also convex. Let f(a), f(b) be two distinct points of

f(C) for some a,b € C. We will show rf(a) + (l-r) £(b) € £(C)



for 0 < r <« 1. Since f is linear therefore by theorem 5.2.12
rfyp(a) + (l-r)fy(b) = fp(ra + (l-r)b) = fy(x) = f(x). Now
by Corollary 5.2.10 X ¢ [a,b], but C is convex therefore

x € C. This implies f(x) € C.

(Gl) There exists a point a, € X such that f(ao) = 0 for

0
each f € Xs and the family Xg is point distinguishing:
Since X* is point distinguishing and hence (G1l)
follows.
(G2) Each f € Xs restricted to a line is either a bijection
or a constant map:
Suppose a,b € X such that a # b, Then for any
c ¢ l(a,b) and £ € X*, by lemma 5.2.5 we have

a, @b - LEE,ED)

If f(a) = £(b) then f is constant on {(a,b) since in that
case one has dz(f(a),f(c» = 0. Now if f(a) # f£(b) then it
implies f is injective. By lemma 5.2.6 if follows that f
is surjective

(G3) 1If f,g ¢ Xa and each distinguishes two points a and b,
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then there exists constants r,s € R such that g(c) = r £(c) + s

for all c e L(a,b):

Suppose f(a) # £(b) and g(a) # a(b) then for any c ¢ [(a,b)

we have by lemma 5.2.5

f(a) - f(c) _ d(a,c) _ g(a) - gl(c)
f(a) - £(b) d(a,b) g(a) - g(b)

so that g(c) = r f£(c) + s for constants r,s. Hence the

proof of our theorem is completed.



5.5 Concluding Remarks

We remark that the results of this thesis along with
Doignon's [7] results can lead us to the linearization of
abstract convexity spaces. This may be stated as follows.

"An abstract convexity space (X,?) of dimension
greater than 2 is an open-convex subset of an affine
space if and only if it is domain-finite join-hull
commutative, complete and has regular straight segments."

In Chépter V, converse of 5.3.3 is an open question
and a solution appears to depend on a Hahn-Banach type

theorem for generalized line spaces.

Also, the question of continuity and differentiability

of linear and convex functions has not been addressed.
Of course, this could require that a generalized line

space be given an appropriate compatible topology.
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